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Laminar Gravity-Flow Film Condensation of
Binary Vapor Mixtures of Immiscible Liquids

The condensation of a binary vapor mixture of immiscible liquids has been studied.
The general formulation of this condensation problem includes the application of the
conservation laws to both liquid and vapor phase, along with the boundary and inter-

face conditions.

The results indicate that only for small condensation rates, that is,

for small temperature differences across the liguid film, do iransport processes in the

vapor boundary layer play an important role.

For large condensation rates, heat and

miass transfer can be calculated without the solution of the boundary equations of the
vapor flow as long as the condensate film is laminar.

Introduction

I.AMINAR film condensation of a single vapor or
vapor mixtures both in the presence and absence of noncondensable
gases has been the subject of detailed analytical and empirical
investigations. A predictive theory for condensation of a binary
vapor mixture has been formulated by Sparrow and Marschall
[1].} This theory is based on the assumption that the condensed
vapors are completely miscible, thus permitting one to formulate
descriptions of the condensate flow with the help of classical
Nusselt theory [2]. The condensation of vapors of immiscible
liquids has been the subject of limited experimental study. A
recent literature review on this special condensation problem
conducted by Bernhardt and Westwater [3] shows that experi-
mental data are always fitted into empirical or semiempirical
equations. All of these equations, including the one proposed
by Bernhardt and Westwater, contain only properties of the
condensate flow. Effects of transport processes in the vapor
boundary layer on condensation heat and mass transfer are
generally neglected.

The theoretical treatment of the condensation of vapors of
immiscible liquids has not been formulated. The present paper
is concerned with the formulation of a laminar theory to allow
conservative prediction for at least this flow regime.

The analytical formulation of the problem requires the ap-
plication of the conservation laws to both the liquid film and the
vapor phase. The present study deals with film condensation
on a cooled vertical isothermal plate. The condensate consists
of two immiscible liquids flowing downward along the plate

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division and presented at the
Winter Annual Meeting, New York, N.Y., November 26-30, 1972,
of The AMERICAN SoOCIETY OF MECHANICAL ENGINEERS. Manu-
seript received by the Heat Transfer Division August 8, 1971, Paper
No. 72-WA /HT-8.
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organic liquid

Fig. 1 Condensate film of immiscible liquids

under the action of gravity. All motion in the vapor phase is
induced by the motion of the condensate or by free convection
due to concentration differences; effects of forced convection are
neglected.

As Tobias and Stoppel [4] have discussed, the two-phase con-
densation is quite irregular. In the case of a mixture of water
and an organic liquid it has been observed that the organic liquid
adheres to the cooled wall while the water condenses as drops
on the film of organic liquid. The water drops often flow to-
gether, thereby covering large arveas of the organic-liquid film,
Fig. 1. A similar observation has been made by Akers and
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Wow

organic liquid

s<——— water

Fig. 2 Model for the description of the flow characteristics of the con-
densate film

Turner [5]. At low or moderate heat fluxes water will condense
as drops or lenses on the wetting or organic films. At high heat
fluxes water will condense in distinet channels or as a more or
less continuous film on the wetting organic phase. From a con-
sideration of spreading coefficients and static equilibrium, Akers
and Turner conclude that in no case could water be in contact
with the cooled wall. New experiments carried out by Bern-
hardt and Westwater [3] lead to a different result. It was
found that the organic liquid forms a film on the heat-transfer
surface. Water forms small mobi e drops which move with the
organic film. It forms also large standing drops which are in
contact with the metal surface. The last observation clearly
contradicts the results obtained by Tobias and Stoppel and by
Akers and Turner.

The present experimental evidence does not allow an exact
mathematical description of this particular condensation phe-
nomenon. Therefore, to make the problem tractable, appropri-
ate assumptions must be made. There are two basi¢ analytical
models which can be applied to the two-phase film flow. In the
first model the components are treated as a pseudofluid with
average properties. The description of the flow pattern is thus
reduced to the Nusselt theory with modified transport properties.
In the second flow model the phases are assumed to flow side by
side [6]. Separate equations are written for each phase and
coupled by equations for the behavior at the interface.

Since the evaluation of average properties, especially of vis-
cosity and thermal conductivity, is again based on a number of
assumptions and simplifications, the second model has been
used. The model of the condensate has been treated as two
film flows composed of the two materials. This simplification

film leads to a straightforward solution of the problem under
study.

A schematic diagram of the condensation problem is presented
in Fig. 2. The cooled vertical plate is at the uniform temperature
T.. The temperature at the liquid—vapor interface is the eutec-
tic temperature 7; which controls the interfacial concentrations
of the component vapors and the pressure P of the system; how-
ever, T; is independent of the interfacial concentrations W: of
the component liquids. Far away from the surface the vapors
have the prescribed congentrations W, and a prescribed tempera-~
ture 7,,. The total film thickness & at each vertical position
is the sum of thickness 6, and thickness 8, measured in the hori-
zontal y direction.

Mathematical Formulation and Solution

The formulation involves the description of the liquid film and
the vapor phase which are connected through the conditions af
the liquid-vapor interface.

Condensate Film. The film by film flow is treated using the
Nusselt model. Denoting the liquids with 1 and 2 as shown in
Fig. 2, the momentum equations are

Ofuy Qhuy 1)
M1 oy = P1fa Mo oy = P2fa
with the boundary conditions at
y=0 u, =0
y = 0 U = Uz
duy dus
R - 2
M1 dy M2 dy (2)
(f
y =0 e _
dy
The solution of equations (1) and (2) gives
4 ]
w = 22 [(— + 61) 2y — yZ] ®)
21 P .
and
a, ].
Uy = LPZ [(ﬁ - 1) 612 ~+- 26162 <‘— — 1>
24 e b

+ 2(6, + &)y — y2:| (4)

where p = p1/p2, b = M1/Mz, and §, = § — 6, From equations
(3) and (4) the mass flow rates m; and m. arve found by simple

integration to be
gup1253 3 ]
= |-—41
20d +

= 5
my 3 (5)

together with the omission of the wavy character of the liquid and
Nomenclature
¢ = constant m, i, My = local condensation rates b= viscosity ratio (liquid)
D = binary diffusion coefficient M, M; = molecular weights v = kinematic viscosity (vapor)
f = dimensionless stream func- ¢ = heat flux Py, py pv = densities
tion Se = Schmidt number o = density ratio (liquid)
pl . o F . <o rati
¢ = mass-fraction variable T: = eutectic temperature film thlcknes:s ratio
s . Tw» = wall temperature ¥ = stream function
go = gravitational acceleration e o
b = heat-transfer coeffici u1, U, % = velocities in x direction
= heat-transfer coe. (.:1('311135 ' n, v = volume fraction Subscripts
by, by = ther.mal conductivities (lig- Wi, W = mass fractions in vapor
uid) z,y = coordinates © = interface (liquid-vapor)
K3 = constant 8, 01, 8, = liquid-filmh thickness v = vapor
m = mass flow ratio (liquid) n = similarity variable w = wall
my, My = local mass flow rates in liquid A, Ay, A = latent heats 1, 2 = component fluids
film M, M2, Mo = Viscosities o = bulk

2 / FEBRUARY 1973

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

Transactions of the ASME



2022023
7;12=gp2—2~[§£@2+£¢>+1] (6)
2 n M

where ® = 6,/0.. Denoting the ratio mi/my = m, equations
(5) and (6) yield

3m mu

31
<I>3+<I>2~2——!;(1—m)—<I>p2 py

=0 )
Equation (7) combines the film thickness ratio ® with the ratios
of the mass flow rate m, the densities p, and the viscosities u.
Assuming d27'/dy? = 0, the local heat-transfer rate ¢ is

ks

LB -
s + oads ¢ ) ®

q

Tor the local mass-transfer rate it follows that

Ferke 1
T B — (T — Ty)
AP SRS )
1 1 @ 2
dm;  dms
T ds + dz ®)
where
1 1
1 1-+m
1+~
m
is the latent heat of the condensate. Since
my dmy/dx
- = 11
" my  dme/dx (1
equation (9) can be written as
q dm,y 1
=14 = 12
A dz < + m ) (12)
From equations (5), (9), and (12) it follows
4 kik T — Ty : s
biw) = 2 : (13)
gop® (D eV (2 1) (14 L
e P \2p® m
Since the film thickness 0 is
6 =204 6 (14)
it is readily derived that
6 1
a=51+gj=61(1+5) (15)
and
0
62 = ;i

An inspection of the foregoing equations shows that for given
surface temperature 7 and wall temperature T, the velocity
Uy at the film surface, film thickness 8, heat flux ¢, and con-
densation rate # could be determined provided that the film
thickness ratio ® were known. The ratio ®, however, is not
known a priori but is one result of the calculations which in
general have also to be based on the behavior of the vapor phase.
Therefore consideration is now to be given to the processes in the
vapor phase.

Vapor Phase

The vapor boundary layer is fully described by the equations
for momentum, energy, and mass conservation. Assuming a

Journal of Heat Transfer

small temperature variation across the boundary layer, the set
of boundary-layer equations is

e} e}
P (16)
ox oy :
ou n ou { Poe i Oy (17)
U — +v— =g — — v —
ox oy g P oy
oW oW oW
i Yiw . p——t (18)
ox dy oy?

The equations may be reduced by the following well-known
similarity transformation:

Similarity Variable

7 = cly — 8)/z'/"

_ go(M; — M)W — W)

- 1
© T WM, — Wi (M. — M) 19
Dependent Variables
oy W= W
) = w9t = Wi — W (20)

where ¥ is the stream function. The transformation yields
PR = 2 g = 0
g +38cfy =0

The velocity components w and » follow directly by differentiation
of the stream function.

(21)
(22)

u = dyety'/H’

ve | ey ,
= 1 1 -3
v %'/ [a;/*‘f f:]

Next the mass flux at the condensate-vapor interface due to
convection and diffusion is obtained for both components:

(23)

(24)

‘ Wi
™ [""‘” o m] puD(Wai — Wig)ew ™"
(25)
and
P ’ 5 1 - I/Vli ) L —1/
My = [Mg o + 3foSc TV;iVI—/]m} p.D(Wy — Wig)ex™ /!

(26)

The total mass flux crossing the interface is obtained by sum-
ming 7, and 7.

m o= Bu.cx ™ o (27)

The ratio of the mass fluxes 72, and 7. at the interface must he
equal to the ratio m of the components in the condensate film,
and therefore

g'oy + 3fwSc (——WM *>
ﬁj:m: Wi — Wie
, 1= W

~¢'m + HoSe <Wu- — Wlm>

g
The ratio m is not known but is also one result of the caleula-
tions.

Boundary Conditions for the Vapor Phase. 'To solve the system of
differential equations consisting of equations (21) and (22),
five boundary conditions must be known. From equations (27)
and (9) it follows

(28)

kiks (T: — Tw) L

(b1 /P + ka)N Buace ='7*) 6, 29)

Joy =
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Fig. 4 Representative mass-fraction profiles for benzene

Equations (23) and (4) yield

gapz 1

244y ' 4pc?

Iy =

Equation (20) gives

go =1 (31)

and

gy = 0 (32)

Finally, the condition that @ = 0 in the bulk of vapor deter-
mines along with equation (23)

e =0 (33)

Solutions

In order to demonstrate the use of the developed theory, the
foregoing equations and concepts will now be applied to the
condensation of mixtures of water and benzene vapor. All
thermodynamic and transport properties of benzene and water
required for the calculation were taken from [7] or determined
according to [8] and were fitted with algebraic equations for use
in & computer program.

As a first step in the calculations, the wall temperature 7', and
the total pressure P were specified. The surface temperature
T'; of the condensate film was then determined by the pressure~
temperature relations of saturated water vapor and benzene
vapor. - Next a trial-and-error method was used to find the mass
ratio m. A value for m was selected and with this ® was found
from equation (7). Then the boundary conditions for the vapor
phase, equations (29) to (33), were evaluated and finally equa-~
tions (21) and (22) were solved. Equation (28) was then used
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Fig. 6 Heat-transfer results

to check the guessed value of the mass ratio m. If the equality
was fulfilled the selected value for m was validated.

Results

Calculations have been carried out for a variety of different
temperatures, pressures, and mass fractions.

Mass-fraction profiles of benzene for values of 7%; — 7', rang-
ing from 2 to0 44 deg C for an interface temperature 7', = 343.15
deg K and for benzene mass fractions in the bulk of Wi, = 0.2
and 0.6 are shown in Figs. 3 and 4. An inspection of the figures
reveals that for an increasing temperature difference across the
liquid film, the vapor boundary-layer thickness decreases. This
can be explained with the increasing condensation rates and
therefore stronger suction of the condensate film, coupled with
increasing temperature drops across the condensate film, A
second and more important observation is that in this par-
ticular case only for temperature differences T; — 71 < 15 deg
C are the component mass fraction in the liquid film and the
bulk of the vapor different. For higher temperature differences
the strong suction of the condensate film controls the transport
process in the vapor boundary layer, free convection becomes
negligibly small, Fig. 5, and a detailed analysis of the vapor
boundary layer can be bypassed for the heat-transfer calculation,
as is shown below.
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In Fig. 5 velocity profiles are plotted for fixed values of T'; =
343.15 deg K and Wi, = 0.6. The curves are for wall tempera-
tures of 299.15, 329.15, and 339.15 deg K. The strong maxi-
mum in the curve for I — 7', = 4 deg C indicates the presence
of free convection in the vapor boundary layer, while at the large
temperature difference of T: — T\ = 44 deg C the curve is
monotonic decreasing, suggesting that free convection is neg-
ligibly small.

Results of heat-transfer calculations are reported in the form
/g0, where ¢ is the local heat flux across the liquid film (as deter-
mined by this analysis) to given values of Ty, 7%, and W, and
qo is the reference heat flux calculated under the assumption
that the component mass fractions are the same in the liquid
film and the bulk of vapor. As is shown in Fig. 6, the ratio
of q/q0 is essentially equal to one for values of 'y — T, > 15.
Heat-transfer calculations in this range are reduced to an analy-
¢is of the liquid film. For smaller temperature differences the
ratio differs from one, indicating that the heat-transfer calcula-
tion has to include the analysis of both liquid film and vapor
boundary layer.

In order to confront the caleulation method with experimental
data, the recently reported empirical correlation [3]

h = vk + vah: (34)

has been used for comparison. For pure benzene and for pure
water, heat-transfer results obtained with the help of the pre-
sented method and with equation (34) ave identical. Very small
deviations in the heat-transfer results were found up to a water
content of about 20 percent in the condensate. For higher
water contents, the presented method predicts up to 35 percent
lower heat-transfer coeflicients than equation (34). Therefore
the calculation procedure will allow the prediction of conservative
heat-transfer coefficients.

The above-mentioned simplified method of caleulating heat

Journal of Heat Transfer

transfer, bypassing the analysis of the vapor boundary layer, is,
however, of limited value. In many applications of technical
interest large condensation rates will lead to turbulent film flow
with a quite different heat-transfer characteristic than the
laminar film flow assumed in this paper. TFor these cases it is
advisable to use correlations of experimental data such as are
reported in [3].

It should be emphasized that the simplified computation pro-
cedure for ¢ is applicable only at large condensation rates, that
is, at large differences of T; and 7',, and at laminar film flow.
Therefore a complete heat-transfer analysis of the condensation
of a binary vapor mixture of immiscible liquids must employ
the complete solution procedure to find the smallest value of T; —
T, for which the simplified procedure is valid, as well as to check
the Reynolds number of the condensate film in order to make
sure that the film flow is laminar.
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The Effect of Noncondensable Gas on
Laminar Film Condensation of Liquid Metals

The effect of noncondensable gas on laminar film condensation of a liquid metal on an
isothermal vertical surface with forced vapor flow is analysed. Where necessary the
interfacial resistonce due to thermodynamic nonequilibrium is included for a con-
densation coefficient ¢ = 1. A computer program has been developed to solve ¢ finite-
difference analog of the governing partial differential equations and is applied here to
the mercury-air and sodium—argon systems. Heat-transfer resulis are presented for
vapor velocities in the range 1 to 100 fps with mass fraction of gas varying from 1075
to 3 X 1072 The overall temperature difference ranged from 0.1 to 30 deg F while the
temperature levels were 1200 ond 900 deg R for mercury—air and 2000 and 1500 deg R
Jor sodium—argon. The effect of noncondensable gas is most marked for low vapor
velocities and high gas concentrations. At the lower pressure levels the interfaucial
resistance plays a dominant role, causing maxima in the curves of q/quu versus x.
For the mercury—air system the adverse buoyancy force causes vapor boundary-layer
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separation when the free-stream vapor velocity is low.

Introduction

THE PRESENCE of a small amount of noncondensable
gas in a vapor results in a markedly reduced condensation heat-
transfer rate. The magnitude of the reduction is very much
dependent on the vapor flow pattern in the vicinity of the con-
denser surface; high vapor velocities past the surface tend to
alleviate the problem. For laminar film condensation on a
vertical surface the limiting case of zero forced vapor flow was
analyzed for constant properties (Boussinesq approximation)
by Sparrow and Lin [1],2 while Minkowycz and Sparrow [2]
extended the work to include variable properties and interfacial
resistance due to thermodynamic nonequilibrium for the water-
vapor-air system. For forced vapor flow vertically downward,
the water-vapor-air system was analyzed by Denny, Mills,
and Jusionis [3]; this work has been extended by Denny and
Jusionis [4] to other high-Prandtl-number liquids including
ammonia, Freon-12, ethanol, butanol, and carbon tetrachloride.
The objective of the present study is to complete the picture for

1 This work was supported by NASA on research grant NSG
237-62. Computer time for the numerical calculations was supplied
by the Campus Computing Network and the School of Engineering
and Applied Science of the University of California, Los Angeles,
Calif.

2 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division and presented at
the Winter Annual Meeting, New York, N. Y., November 26-30,
1972, of Tur AMERICAN SoCIETY oF MECHANICAL ENGINEERS.
Manuscript received by the Heat Transfer Division June 28, 1971.
Paper No. 72-WA /HT-9.

6 / FEBRUARY 1973

Copyright © 1973 by ASME

forced vapor flow by considering the low-Prandtl-number liquids,
i.e., metals.

The noncondensable-gas problem for liquid metals has a num-
ber of unique features: (a) The high thermal conductivity of
liquid metals implies that in most cases the temperature drop
across the liquid film is very small compared to that in the vapor
phase, (b) the low pressures typical of technological applica-
tions require that the interfacial resistance due to thermodynamic
nonequilibrium be included in the model, and (¢) some im-
portant systems, e.g., mercury-air, may exhibit boundary-layer
separation due to an adverse buoyancy force. These features
Iead to a more complex physical problem than that considered in
[3, 4]; on the other hand, the characteristic low temperature
drop across the liquid film can be exploited to simplify the calcu-
lation procedure.

Technological applications of liquid-metal condensation in-
clude binary power cycles such as mercury-steam central power
plants and use of a mesal such as sodium as the working fluid of
a power-generation cycle in a space vehicle. Thus the systems
chosen for the present study are (@) mercury—air (here we en-
visage an air leak into a mercury condenser) and (b) sodium-
argon (here there may possibly be residual gas after purging the
equipment with argon). The results of our study will also be
pertinent to a number of experimental investigations of liquid-
metal condensation, e.g., [5, 6] where unexpectedly low con-
densation rates were measured, suggesting the presence of non-
condensable gas.

Laminar film condensation on a vertical surface with forced
vapor flow parallel to the surface is a boundary-layer problem
for which a self-similar solution cannot be obtained. An exach
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analytical result requires solution of two sets of coupled boundary-
Jayer conservation equations, one set describing the liquid-film
flow and the other the vapor flow. A previous result of Denny,
Mills, and Gardiner [7] does permit a significant simplification
of the solution procedure. In [7] it is shown that the behavior
of the liquid film may be accurately analyzed using the Nusselt
assumptions, whereby liquid acceleration and energy convection
are neglected and physical properties are assumed constant.
Due to the typically small temperature drop across the liquid
film, the properties may conveniently be evaluated at the wall
temperature. Thus the set of parabolic partial differential
equations governing conservation of momentum, species, and
energy in the vapor phase can be solved by finite-difference
methods using a forward marching technique, extracting the
necessary boundary conditions at the interface from a locally
applied Nusselt analysis. Further simplifications are made
when warranted. For example, when the temperature drop
across the liquid film is negligible the liquid—vapor-interface
temperature may be set equal to the wall temperature in the
calculation procedure. Also, when the free-stream velocity is
large the liquid-swface velocity can be set equal to zero when
solving the vapor-phase momentum equation. The exploita-
tion of such simplifying assumptions greatly reduces the cost of
the final numerical computations while maintaining an accept-
able level of accuracy in the data.

The problem parameters are mass fraction of noncondensable
gas in the free stream ma,,; free-stream velocity w,, overall tem-
perature difference 7, — T, = AT, temperature level 7', and
length of condensing surface L. The problem domain was re-
stricted by choosing parameter values so as to (a) insure the
absence of a rippled or turbulent film and (b) limit the heat flux
to values attainable in practice. Thus the film Reynolds num-
ber (Re = 4I'/u;) will not be allowed to exceed 30, and the heat
flux will not exceed 300,000 Btu/ft2-hr at x = 0.1 ft.

Analysis and Calculation Procedure

Conservation Equations and Boundary Conditions. For the vapor
phase the equations governing conservation of mass, momentum,
species, and energy, in boundary-layer form, are

o) o)
— (o — (pw) = 0 1
a:C(Pu)-i‘ay(pv) (1)
du " ou o) du 1 ) @)
b1 T WU = ¥ vy — Puie
et = s\ glpy — p
omy n om, 0 o omy )
UL WV = v ~
P TP oy T g \P oy

ﬁ oT o In Cpo
Cps Oy oy

OT+ orT QO [ ky oT n
o W = el
oc P oy oy \Cp Oy

p2D
+ -CT:Z (Cox =

Viscous dissipationi and compressibility effects are ignored in the
energy equation since low-velocity flow is to be considered. In
addition, thermal diffusiont and diffusional conduction (Dufour
effect) are ignored in view of the results obtained in [2]. Under
the Nusselt assumptions with the physical properties assumed
constant at the wall values, the equations governing conservation
of momentum and energy for the liquid phase are respectively

d*u

0= pr—— + 9(pr — po.e) (5)
dy?
d2T
= — (6)
dy*?

Equations (1)~(6) must be solved subject to the boundary condi-
tions:
vapor at infinity, y — «

Physical Model and Coordinates. The coordinates along and U Ue o = e =T ™
norma.l to the .surface are z and y respectively, and the corre- liquid at the wall, y = 0
sponding velocity components are » ahd ». In the free stream
the vapor has velocity w. and temperature 7., and the concen- u =0 T =T, (8)
tration of noncondensable gas is ma,.. The system total pressure
P is determined from 7, and ms., by imposing the requirement interface continuity, y = 0
that the free-stream vapor be saturated. The condenser wall Wi = Uns = s (9)
is at a uniform temperature T,. The condensate film has thick- * n !
ness 6, which is a function of z and must be determined as part of Tyi= Ty =T (10)
the solution. At the liquid-vapor interface the temperature
T; and the vapor partial pressure Py,; are also unknown and are i ou = I ou = 7 (11)
determined in the course of the analysis. oY {1 Y v,
: Nomenclature

® = mass-transfer driving force ® = universal gas constant (atm- o = condensation (mass-accommoada-

C, = heat capacity (Btu/lb-deg R)

ft3/lb-mole-deg R)

tion) coefficient

D12 = binary diffusion coefficient (ft2/ R = specific gas constant (atm-ft3/ 7 = shear stress (lb/ft-sec?)
sec) Ib-deg R) ¢ = stream function (1b/ft-sec)
¢ = normal gravity (ft?/sec), also Re = film Reynolds nurmber, 41"/, w= (¢ — ¥}/ W — ¥
conductance (lb/ft>-sec) Sc¢ = Schmidt number, ./p.Drz
k = thermal conductivity (Btu/ft- T = absolute temperature (deg R) Subscripts

secfdeg R) u, v = velocity components (ft/sec) ¢ = in the vapor free stream
L = length of condensing surface (ft) z,y = boundary-layer coordinates (ft) i = at the interface
M = molecular weight T' = liquid flow rate per unit width ! = in the liquid phase
m = mass fraction (Ib/ft-sec) . i
1 = condensation rate (Ib/ft%-sec) 0 = condensate film thickness (ft) v = in the vapor phase
Nun = Nusselt number for mass trans- 8, = vapor boundary-layer thickness % = at the wall
fer, gz/p D (t) 1 = of vapor
P = pressure (atm) N = latent heat of vaporization (Btu/ 2 = of noncondensable gas
¢ = wall heat flux (Btu/ft2-hr) 1b)

gnu = Nusselt heat flux defined by
equation (24), (Btu/ft%-hr)

Journal of Heat Transfer

u = absolute viscosity (Ib/ft-sec)
p = density (1b/ft3) * = gero mass transfer

Superscript
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8
d a 1‘11
— dy = ———— Py — satld's
dzfg pdy = 0.5230\/2me1- [Pri = Praa(T5)]

PoDr oMy
= - —| = —7 12
1 —m oyl: m (12)
oT oT
ki —| = —mAN+ k,—
l ay i " + by e (13)

In addition there is the equation of state for an ideal mixture,
P = p,RT. The treatment of the interfacial resistance due to
thermodynamic 1}011equilibriUm follows Schrage [8] as presented
in [9]. Since Schrage’s theory is of doubtful validity for signifi-
cant departures from equilibrium, the simple linearized form,
equation (12), was chosen for use in all situations. The con-
densation coefficient o will be taken equal to unity in accordance
with the recent experimental data of Wilcox and Rohsenow [10].
As discussed in [9] the velocity and temperature jumps at an
interface with phase change are essentially the usual jumps of
low-density flow in the slip regime and are usually negligible
even when the interfacial resistance described by equation (12)
is appreciable. Such is the case in the present study and hence
the simple continuity relations, equations (9) and (10), may be
employed. Closure of the problem is effected through a heat
balance on the liquid film which determines its thickness §,
namely

8
= f prulA + Col T — T dyle
0

r o7
+ k, — dz
0o o

For the range of parameter values of relevance to the con
densation of metals, a number of further assumptions can be
made.

(14)

i

1 Since p,,, < pi, equation (5) becomes

d*u

0= p;— 1
B g + gp: (15)
. oT .
2 Since k, &; & — A, equation (13) becomes
or
ki —| = —mA (16)
5y N
3 Also, Cp(T: — T) < \, so equation (14) becomes
z 2T ]
ky— dz = Ady 17
j; Yoy 9l fopqu (17)

4 The only way the temperature profile in the vapor now
affects the problem is via the vapor transport and thermodynamic
properties. Tt is therefore legitimate to simplify equation (4)

and solve
oT oT o) oT
PoCopott ™ + poCp — (lc,, w)

= — 1
ox Ay Ay Ay (18)

where essentially we have assumed that the specific heats of gas
and vapor are equal.

Thermophysical Properties. The properties p;, ui; ki, and A were
obtained directly from [11]. The saturation vapor pressure Psat
was used in the form of curve fits to the data in [11], locally
linearized for specific problems. The vapor-phase density was
calculated according to the ideal-gas law, while gas-species
transpoit properties were calculated following the Chapman-—
Enskog kinetic theory of gases with the Lennard-Jones potential
model. - The required force constants were taken from Svehla
[12]. The vapor-gas-mixture viscosity was calculated follow-
ing Wilke [13] and the mixture thermal conductivity following
Mason and Saxena [14].
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Rearrangement of the Mathematical Problem. The major analyti.
cal taskis the solution of the vapor-phase conservation equations,
(1)~(3) and (18). However, the techniques for accomplishing
this task have been established in previous work [3] so that it is
convenient to pose the problem as if (ou/dy)v,: and (dmi/dy)
are known. In this manner the overall closure of the problem is
clarified. Also, the simple forms of the differential equations
governing conservation of momentum and energy in the liquid
film, equations (15) and (6) respectively, allow analytical integra.

tion. After so doing, the equations to be solved may be written
as
— = _PoDiz 0_"2] (19)
1 —m by i
ki(T; — Ty)
—pfp = 20
% % (20)
e 2 WM P pa(TOT (@Y
1 — 0.523 V27 QRT;
z 5 3
- f rde = 22 I:ui e 52] (22)
0 2 61
U o1
ui=@8z+”—a(—u) (23)
241 I Oy /v

which are five equations in the five unknowns 7;, my,; (or equiva.
lently Pi,;), 1, ui, and 6.

Solution Procedure. The numerical procedure used to solve the
vapor-phase conservation equations follows [3]. Briefly, the
transformation of independent variables z, y — z, w, suggested
by Patankar and Spalding [15], is introduced; @ is a nondimen-
sional stream function defined as w== (Y — ¥:)/(¥. — ¥:). The
partial differential equations are then approximated by fully
implicit finite-difference forms, and the resulting set of algebraic
equations is solved at each step of the overall solution procedure
as it is advanced in the 2 direction. The procedure used to solve
the set of equations (19)-(23) depended on the simplifying as-
sumptions that could be invoked. For example, when the gas
concentration was high the resulting low condensation rates
allowed the assumptions T; = Tw, Pii = Prea(Tw), and u; =
0; for this situation the overall solution procedure was quite
straightforward. Also, even with low gas concentrations the
characteristically small temperature drop across the liquid film
allowed a simple explicit calculation of the temperature difference
T: — T, [16].

Initial conditions for the parabolic problem were obtained
from solutions valid in the limit # — 0, where both u; and the
gravitational forecing go to zero. For negligible interfacial re-
sistance the overall problem is self-similar and was solved using
the iterative methods of Wortman [17]. With interfacial re-
sistaiice, —m approaches a finite upper bound as z — 0, given by
equation (21) with P5,; = Pi. and T; = T». Furthermore, 2
reasonable value of = > 0 could be found for which 7 22 7]sus;
the associated vapor profiles were obtained from the self-similar
solution by assuming local self-similarity.

Results and Discussion

Numerical solutions for condensation heat transfer from
mercury—air and soditim-argon mixtures were obtained, and
comprehensive data in the form of ¢/gw. versus z are presented
in [16]. Here gyu is the classical Nusselt result based on overall
temperature drop T, — T, and assuming zero vapor drag

[gpﬂ?\kza('l'g — Tw)"]l/‘
qNu = | T T

(24)
4z

The parameter values studied included ma, = 10-%, 10-%, 107
10-2, 8 X 107% u, = 1, 3, 10, 30, 100 fps; AT = T, — Ty =
0.1, 0.2, 0.3, 0.5, 1.0, 3, 10, 30 deg F; for mercury-—air 7', = 1200
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30

T 1200 deg R m, 0.0}

B CASE ug fps AT deg F
25 ME 100 10
MD 100 i
- " MB 10 10
MA 10 I

20 MC 10 03

MH 3

05 i
i MAMC

mercury=air, T, = 1200 deg R,

Fig. 1 Condensation heat transfer:
Mo = 0.01; effect of v, and AT

and 900 deg R, while for sodium-argon 7', = 2000 and 1500 deg
R. The length of condenser wall was 0.5 ft; the estimated
accuracy of the data for ¢/gnu in the range 0.1 < z < 0.5 ft is
5to 10 percent. The average computer cost per case was about
$2.50 (IBM 360/91 system). Selected data will be presented
here to illustrate (a) the effects of the problem parameters, (b)
the onset of buoyancy-induced vapor boundary-layer separation,
and (c) the role played by the interfacial resistance.

Results for High Gas Concentration. Figures 1 and 2 show the
effect of vapor velocity u, and overall temperature difference AT
for mercury-air and sodium-argon respectively. At these
high gas concentrations (ms,, = 0.01 and 0.03 respectively) the
interfacial resistance and temperature drop across the liquid
film are negligible. The main features of the data are (a) the
heat flux decreases with increased gas concentration, (b) the
heat flux increases with vapor velocity, and (¢) the heat flux in-
creases as  — 0. These features are explained using the govern-
ing equation for mass transfer across the vapor-phase boundary
layer; following Spalding [18] we write

My,e — My,

~
" (25)
where ® = (m1,e — ma,:)/(m1,s — 1) is the mass-transfer driving
force and ¢ = pD1Num/z is the mass-transfer conductance. As
mye — 1, ® = —1 and i — —o; thus the noncondensable-gas
problem involves a strongly nonlinear coupling between the
factors ® and g. Nevertheless equation (25) gives a qualitative
appreciation of the behavior of m, and hence ¢ (= mA). An in-
creased gas concentration simply serves to decrease the driving
force B by decreasing the free-stream vapor concentration m,,,.
In the limit of zero mass transfer, and for negligible buoyancy
forcing, the mass-transfer conductance has the usual dependence
for flat-plate boundary-layer flow, namely

g o 1Lel/2pel/2x_1/2 (26)

The observed dependence of q on u, and z follows directly from
equation (26). The effect of overall temperature drop AT is
nore complex. In Fig. 1 ¢/gnu is seen generally to increase
with AT, although at 10 fps ¢/qw. is identical for AT = 1 and
0.3 deg F; in Fig. 2 ¢/quy is seen to decrease with increasing AT
The effect of AT is usually small, but an exception is noted for
tases ME and MD in Fig. 1; as AT increases from 1 to 10 deg F,
?/qny increases about 25 percent. The anomaly is explained
as follows. The mercury—air system at 1200 deg R has a high
Vapor density (~0.4 1b/ft3), some fortyfold higher than for

Iournal of Heat Transfer

.05

To = 1500 deg R mZ.’ =0,03
CASE ug fps AT deg F
04 TL 100 3
TO 100 10
L TR 100 30
TK 30 3
o3k TQ 30 30
2 TJ 10 3
(3 L TP 10 30
o

Fig. 2 Condensation heat transfer: sodium=argon, T, = 1500 deg R,

m,. = 0.03; effect of v, and AT

035
T, = 1200 deg R ug = 1 fps
CASE my, AT deg F
030 —_— —=
Mo 0.0l 10
L MR 0.01 30
MS 0.03 0
025 MT 0.03 30
s
=z
g
o

005~ o

Fig. 3 Condensation heat transfer: mercury=air, T, = 1200 deg R,
ve = 1 fps; effect of mz, . and AT on vapor boundary-layer separation

sodium-argon at 2000 deg R. Equation (26) shows that the
mass-transfer conductance, and hence the condensation rate
—m, will be correspondingly high. At x =2 0.3 ft the values of
—ai are 0.075 and 0.010 1b/ft%sec for cases ME and MD respec-
tively. Both cases are for the highest vapor velocity, v, = 100
fps, and vapor drag on the liquid film has a significant effect on
¢/qnu.  In the limit of strong suction, 7; = —riu,, which indicates
that the higher values of ¢/gn. for case ME should be attributed
to vapor drag.

Figure 3 illustrates the phenomenon of buoyancy-induced
boundary-layer separation. In contrast to the sodium-argon
system, the mercury—air system is characterized by a noncon-
densable gas lighter than the vapor. Thus gas buildup at the
interface gives rise to a buoyancy force directed opposite to the
external flow, causing the vapor boundary layer to separate at
some distance down the wall z,. Figure 3 shows typical results
for u, = 1fps. Since the solution is advanced in discrete x-steps,
the exact separation point cannot easily be determined; the
dashed lines in Fig. 3 represent the steps in which the velocity
gradient at the interface goes negative. Combined forced- and
free-convection flow on a vertical wall has been analyzed by
Acrivos [19] for the situation of zero suction. With condensa-
tion the suction rate can be quite high and separation is signifi-
cantly delayed. From Fig. 7 of [19] for a Schmidt number of
0.32 the distance to separation in the absence of suction is

_ O:2lpaust
9(p. — pi)
The values of x:* are shown on the curves in Fig. 3. In view of

27)
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FA 107
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Fig. 4 Condensation heat transfer: sodium=argon, T, = 2000 deg R,
AT = 1 deg F, v = 100 fps; effect of gas concentration

357 CASE m,, T,=1500 degR AT=|deg F
KA 1073 ug =100 fps
Ja 1074

30 ta 073
HA 1072 KA

Fig. 5 Condensation heat transfer: sodium—argon, T, = 1500 deg R,
AT = 1deg F, v, = 100 fps; effect of gas concentration

equation (27) we would expect a fourfold increase in x, as u, is
increased from 1 to 2 fps. The actual increase was slightly
greater due to higher mass-transfer conductances, and hence
higher condensation and suction rates associated with increased
velocity. The computed vapor velocity profiles were found to
assume the characteristic S-shape at separation as the gradient
(ou/dy); approached zero. The behavior of the mass-transfer
conductance ¢ and hence the interface concentration gradient
(0my/dy); as separation is approached is also shown by Fig. 3.
In general g remains relatively large at separation, though a
falling off is in evidence, especially for cases MR and MS,

Results for Lower Gas Concentrations.  When the interfacial re-
sistance is included the basic shape of the curves of ¢/gny versus
2 changes character. Since —m now has a maximum value,
given by equation (21) with Py,; = Pi,and T; = T, and gnu
varies as z ~ /%, the ratio ¢/qne must approach zero asz —0. In
general ¢/gny increases rapidly with z to attain a maximum value;
thereafter the character of the curves is similar to that of the
curves of Figs. 1 and 2, due to the decreased interfacial resistance
accompanying the lower values of heat flux. In some cases the
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Fig. 6 Condensation heat fransfer: mercury~air, T, == 900 deg R, v, =
100 fps; effect of AT and gas concentration

expected maximum in ¢/qny 1s not attained before x = 0.5 ft,
the location at which computing was usually stopped; in other
cases the maximum occurs at too small a value of 2 to be shown
in the figures.

Figure 4 shows the effect of gas concentration for the sodium-
argon system at 7. = 2000 deg R; the marked sensitivity of
q/qnue 10 me,. is readily seen. Figure 5 shows the effect of gas
concentration at T, = 1500 deg R; comparing Figs. 4 and 5
demonstrates that the ¢/gny levels are much lower at the lower
temperature. This feature is a result of the marked tempera-
ture-level-dependence of the interfacial resistance; the saturation
vapor pressure increases exponentially with temperature and the
interfacial resistance is roughly inversely proportional to vapor
pressure. Figure 5 also shows that for the lowes$ gas concentra-
tions mz,, = 1075 and 10~¢ (cases KA and JA respectively) the
maximum value of ¢/gnu is not attained before z = 0.5 ft.

Results for the mercury—air system are shown in Fig. 6; since
the temperature level is low (900 deg R) and vapor velocity high
(100 fps), the interfacial resistance can be expected to have a
significant effect on ¢/gnu. The delayed maxima for cases UA
and TA confirm this expectation. A comparison of cases UF
and UA indicates a reversal in the influence of AT on ¢/gnu at
x = 0.5 ft, a further illustration of the complex manner in which
AT enters the problem. Perhaps the most striking feature of
Figs. 4-6 is that the variation of q/gny with & shows marked
differences from case to case as the vapor velocity, temperature
level, overall temperature difference, and gas concentration are
varied.
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surface.

techniques.

Jinite-element analysis of the droplet and condensing surface.
analytical results pointed to the existence of an area of wvery high heat transfer vight
around the droplet perimeter, and io the importance of the condensing wall as a heat-

The lower side of the condensing wall was convecitvely cooled, and the cooled-
side temperatures under growing droplets were measured using infrared-radiation
Temperature measurements showed good agreement with the resulis of a

Both experimental and

diffusing mechanism in dropwise condensation.

Introduction

THE suBsEcT of dropwise condensation has received a
considerable amount of attention since its discovery as a separate
entity by Schmidt, Schuring, and Sellschopp [1]1 in 1930 and the
confirmation of its existence by Spoelstra [2] in 1931. Subse-
quent investigations into dropwise condensation can be con-
sidered within the framework of three essentially separate cate-
gories.

First, there have been a number of strictly experimental in-
vestigations undertaken to determine the magnitudes of heat-
transfer rates possible with dropwise condensation [3-8]. The
purely experimental approach, however, has had relatively little
success. The only general conclusion that has been reached is
that dropwise condensation can allow much higher heat-transfer
rates than even the comparatively effective filmwise condensation.
One of the major problems with the experimental approach has
been the large number of factors which can influence dropwise
condensation.

The second category -of investigations concerning dropwise
condensation has been in the area of finding suitable “promoters’
which would cause dropwise condensation to occur on clean metal
surfaces. The classical papers in this area were published in 1933
and 1935 by Nagle and Drew [9] and by Drew, Nagle, and Smith
[10]. More recent papers {11-14] have discussed the theoretical
requirements for a good promoter: It should consist of a long-
chain hydrophobic hydrocarbon molecule with a radical on one
end which can be strongly adsorbed onto the metal surface. Re-
cent advances in the application of very thin plastic films to

1 Numbers in brackets designate References at end of paper.
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metal have opened additional possibilities for producing long-
lasting surfaces giving dropwise condensation.

The third category of investigation has been into the basic
mechanism of dropwise condensation. Explanations of the
physical processes occurring during dropwise condensation polar-
ized around two conflicting ideas. On the one hand, several
attempts have been made to explain dropwise condensation by
starting with the assumption that the droplets must pose a large
resistance to heat flow, and thus all condensation of importance
must oceur directly on the condensing surface or on a very thin
liquid layer between droplets [15-20]. Heat transfer through
the droplets was assumed to be negligible. The opposing school
of thought has held that the free-surface-energy relationships
which must be satisfied before dropwise condensation can occur
preclude either the condensation of vapor directly onto a bare
condensing surface between droplets or the formation of any thin
liquid films.

A review of the experimental and analytical evidence presently
available in the literature has led most observers to the conclusion
that the important phenomena occurring during dropwise con-
densation involve the droplets themselves rather than anything
between the droplets. The bulk of the evidence for this has
centered around studies of droplet nucleation and droplet growth
rate. However, the exact mechanism of heat transfer through
the droplet has still not been conclusively determined. Nearly
all the analytical studies which have been done have been based
on conduction, and have analyzed the heat transfer for a hemi-
spherical droplet with known, fixed temperatures on the outer
boundaries. In most studies, the hemispherical surface of the
droplet has been assumed to be at the saturation temperature of
the condensing vapor and the flat base of the droplet has been as-
sumed to be at some other uniform temperature. This has led
to an anomaly at the perimeter of the droplet where the two
surfaces intersect and where two boundary temperatures have
thus been assigned. Since the length of the conduction path
through the droplet goes to zero as this perimeter is approached,
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Fig. 1 Cross section of the test condenser

the predicted heat-transfer rates have gone to infinity. This has
generally been regarded as a mathematical diffieulty in the
method of solution, and the usual recourse has been to ignore
some arbitrarily chosen region of the droplet perimeter from the
final heat-transfer-rate calculations.  If conduction is the appro-
priante mechanism of heat transfer through the droplet, however,
solutions near the droplet perimeter so dominate the heat-
transfer-rate  calenlations that the answers obtained depend
strongly on just how close to the edge of the droplet one considers
the temperature solutions to be valid, McCormick and Baer
[21], for example, obtained a 60 percent increase in the heat-
transfer rate predicted through a single droplet by moving the
outer imit of their heat-transfer-rate integration from 95 to 99
percent of the droplet radius.

One of the most recent conduction analyses has been published
by Umur and Griffith {13].  They studied a hemispherical drop-
let with an isothermal base, but used an equivalent film coefficient,
derived from the kinetic theory of gases to predict the coupled
heat and mass transfers from the vapor to the droplet. The
Legendre series they obtained for their temperature solution
converges only slowly, if at all, over parts of the droplet if the
condensing film coeflicient gets large or the thermal conductivity
of the condensate is too low. They circumvented this difficulty
by integrating over the droplet to find an average temperature on
the hemispherical surface.

The question of whether or not conduction is a valid mechanism
on which to base single-droplet heat-transfer-rate analyses has
not been conclusively settled by previous investigators. A recent
analytical investigation undertaken by Lorenz and Mikic (22)
has indicated that thermocapillary flow due to surface-tension
effects along the droplet surface is not an important part of the
problem. This conclusion was also reached by the anthors of this
paper from a simple experiment in which titanium dioxide par-
ticles were used to help visualize the flow within condensate
droplets.  Observation of the particles indicated very little flow
except, for a brief period following the coalescence of the droplet
with a neighboring droplet.  (Immediately following such a
coalescence intense mixing took place.)

In the investigation described in this paper, attention was
focused on the problem of heat transfer through a droplet due to
conduction.  If conduction is the correet mechanism, then very
high heat-transfer rates should occur right near the droplet
Perimeter, while the heat-transfer rates through the center of
the droplet should be much lower. The net result of this, for a
tonveetively cooled condensing wall, should be a temperature
gradient along the condensing swrface under the droplet, with
higher temperatures ocewrring under the droplet perimeter.
This investigation was concerned with discovering whether, in
fact, such a temperature gradient did exist and whether or not its
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Fig. 2 Schematic arrangement of the salient test apparatus

magnitude could be predicted on the basis of a single droplet
analysis based on conduction.

The primary thrust of this investigation was experimental.
The experimental procedure employed was Lo measure the tem-
peratures obtained on the cooled side of a very thin condensing
wall at various points immediately under growing droplets.
Copper foil having a thickness of 0.001 in. was used as the con-
densing swrface to limit the lateral diffusion of heat under the
droplet and thus to accentuate the expected temperature profile.
These temperatures were then compared with those obtained
from a finite-element analysis of a hemispherical droplet resting
on a cylindrical condensing surface of slightly larger outside
diameter.

Experimental Investigation

A preliminary analytical investigation revealed that mea-
surable temperature gradients could be expected on the cooled
side of a condensing surface only for relatively large droplets
resting on very thin condensing walls.  The temperaturve gradient
was of interest because it would allow identification of areas of
high heat-transfer rate under the droplet, and thus give an indi-
cation of whether or not the expected high heat-transfer rates
were taking place around the edge of the droplet.

The condensing surface chosen for this investigation consisted
of 0.001-in-thick copper foil.  This was placed in a horizontal
position to enconrage the growlh of the large droplets needed.
The condenser was designed to allow easy interchange of the 7/s-
in-dia condensing surfaces and to keep the velocity of the steam
over the test swrface essentially zero.  Heat-transfer rates on the
order of 12,000 Btu/hr-ft2 were realized with this apparatus. A
cross section of the condenser is shown in Fig. 1.

A schematic diagram of the complete testing arrangement is
shown in Fig. 2. The steam used as the condensing vapor was
generated in a smally electrically heated boiler, using a distilled-
water charge. [Infrared radiometry was chosen as the means
for measuring, without appreciably changing, the temperatures
on the cooled side of the condensing surfuce.  Air forced through
a rectangular channel at high velocities was used as the cooling
medinin, as it was essentially transparent to the infrarved radiation
of interest.  The cooling-alr temperature was measured with a
single, bare, unshiclded thermocouple located in the center of the
channel and just downstream of the condensing surface.  Ihrrors
possible with this arrangement were not. considered significant in
view of the large temperature difference between the condensing
surface and the air. A visual record of the sizes and locations
of condensate droplets was obtained by a movie camera mounted
above the condenser.
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Fig. 3 Photographic record of condensation events corresponding with
the radiometer record of Fig. 4; black dotin ter indicates location whose
temperature was being monjtored

Very high air-flow rates were used through the 1/&in. by 2-in.
cross-section channel in order to obtain sufficiently high values
for the air-side heat-transfer film coefficient. Caleulations pre-
dicted a value of 92 Btu/hr-ft>-deg F, and measurements made
using a dummy test assembly incorporating a copper rod heated
on one end yielded results ranging from 96 to 115 Btu/hr-ft2-deg
F. TFor purposes of calculation in this investigation an average
figure of 105 Btu/hr-ft>-deg F was used.

Contaminants and noncondensable gases always present prob-
lems in experiments involving condensation. The precautions
taken to prevent contamination began with the use of a specially
constructed closed steam-supply system which was chemically
cleaned after final assembly. The entire system was carefully
sealed so that it could maintain a vacuum of about 28 in. of
mercury for a 24-hr period without additional pumping. Prior
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Fig. 4 Typical radiometer output record; corresponds with condensation
events shown in Fig, 3

to each experimental run the system was evacuated using g
vacuum pump. The pressure within the system during evacua-
tion was essentially equal to the saturation pressure of the water
in the boiler, and equaled about 11/, to 2 in. of mercury. The
point for attachment of the pump was chosen such that the flow
of vapor would help to flush out any noncondensable gases in the
condenser or in the lines. The boiling occurring in the liquid
charge during this time helped to drive out any remaining air
in the triply distilled water. The water manometer used for
pressure measurement during the runs could not be left con-
nected during this time; to prevent the introduction of inert gases
from this source the manometer and all connecting lines (which
were deliberately kept short) were filled with water. During
actual testing the vapor pressure was kept above atmospheric
pressure Lo further insure against air leakage. While no direct
measurements were made of the amount of noncondensable gases
present in the vapor, the consistency of results obtained from run
to run indicated very little effect on the experimental results from
this cause. On those occasions when some air entered the sys-
tem due to equipment malfunction, a dramatic slowing of the
condensation rate occurred which was easy to detect.

It was necessary to coat the copper surface with a promoter to
insure dropwise condensation. Benzyl mercaptan was chosen
for this because it had contact angles near 90 deg when water
vapor was condensing, so that condensate droplets were very
nearly hemispherical. The promoter was swabbed onto the
condensing swrface following a thorough chemical cleaning,
lixcess promoter was then rinsed off, both before installation in
the condenser and during the calibration of the radiometer which
preceded each run.

The radiometer which was used to measure the temperature of
the cooled side of the condensing wall was found by direct cali-
bration to have a sensitivity of about | v/deg I when viewing
the chemically oxidized copper test surfaces. Calibration was
done with each test surface in place immediately prior to each
run. It was accomplished using o length of tubing placed on
the open condenser in such a way that the copper test surface
formed a part of the bottom of an open container. This ‘“con-
tainer’” was then filled with water which was heated and vig-
orously stirred.  With no air flow through the channel, the down-
ward-facing condensing surface was assumed to be at the same
temperature as the stirred water with which it was in contact on
its upper surface. The water-bath temperature was measured
using a precision potentiometer and three copper—constantan
thermocouples with an ice-bath reference.

The radiometer measured an average temperature over an
area about 1/ in. in diameter. The 98 percent response time
of the instrument, as used in this investigation, was found to be
0.6 see, which was adequate for the comparatively slow conden-
sation events under serutiny. Initially, it was hoped to obtain
an entire temperature profile under a droplet by scanning the
field of view of the radiometer across the test surface.  The varia-
tions in emissivity of the test surfaces proved an inswrmountable
problem in this, however, since variations in emissivity were in-
distinguishable from changes in temperature when running.
It was found necessary to fix the location of the field of view of
the radiometer and then to calibrate each new test surface in
place just prior to running a test. In fact, the problem of ob-
taining a high and reasonably uniform emissivity on the cooled
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Fig. 5 Comparison of experimental results (black squares) with ana-
Iytically predicted temperature profiles for several droplets; vapor tem-
perature = 210.5 deg F; coolant temperature = 92,0 deg F

side of the test surface was one of the most difficult parts of the
experimental side of this investigation. Paints and coatings
were ruled out, as even a coating 1 mil thick had an appreciable
insulating effect and thus upset the experiment. The desived
cffect was finally obtained by roughening the copper foil using
fine grit and a low-pressure air gun, then oxidizing the cooled side
of the copper foil after it had been mounted on its support for
installation in the test condenser.

The use of a fixed field of view for the radiometer worked better
than might be expected. The random coalescences between
droplets served to move the droplets relative to the radiometer
field of view at reasonably frequent intervals. Thus it was pos-
sible to obtain temperatures under different parts of a droplet
having nearly the same diameter. ‘

Samples of the output records obtained in this investigation
are shown in Figs. 3 and 4. Fig. 3 shows a typical photographic
record obtained of the condensation events, with a black dot
placed on the photographs to indicate the position and relative
size of the area being monitored by the radiometer for tempera-
ture. The radiometer record for the time period covered by the
photographs has been shown in Fig. 4.

Further details and discussion of the experimental equipment
can be found in Hurst [23].

Results of the Experimental Investigation

Some typical results from the experimental investigation are
shown in Figs. 5 and 6. The experimental results are shown as
squares. The temperature profiles shown came from a finite-
element analysis to be discussed in the following section.

The experimental results are presented in the form given be-
cause the temperatures measured were a strong function of both
the droplet diameter and of the radial location of the spot where
the temperature was being measured. The information available
on any one droplet size was limited by the testing method. Tt
was necessary to sift through the data obtained from different
runs and find oceasions when the area within the radiometer field
of view was covered with droplets having identical diameters for
tests in which the saturation pressures in the condenser and
the cooling-air temperatures were identical.

Since the droplet locations were somewhat random, a great deal
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Fig. 6 Comparison of experimental results (black squares) with ana-
Iytically predicted temperature profiles for several droplets; vapor tem-
perature = 211.5 deg F; coolant temperature = 92.0 deg F

of data had to be taken in order to find the information shown.
In the process of running the tests and reviewing the data, how-
ever, a number of things became evident. The most important
of these was that the surface temperature increased as the edge of
the droplet was approached from the inner part of the droplet.
This has been indicated in the vesults shown, and it was even
more dramatically illustrated during a test run. Droplet move-
ment due to coalescence often placed the radiometer field of
view at a different radial location under a droplet whose diameter
had been increased by a very small and often negligible amount.
If the droplet perimeter were closer to the radiometer field of
view, the temperature of the condensing surface increased,
whereas if the radiometer field of view ended up farther from
the droplet edge the temperature was found to decrease.

Further confirmation of the importance of the liquid-metal-
vapor junction in the transferring of heat came from the ap-
parently erratic temperature changes noticed toward the end of a
run when the condensing surface became covered with several
rather large puddles of condensate. The temperature changes
were found to be associated with the movement of one of the
edges of the puddles of condensate over the area where the tem-
perature was being monitored. Markedly higher temperatures
were observed around the edge of a puddle, indicating much
higher heat-transfer rates in that vicinity.

Analytical Investigation

The analytical part of this investigation was undertaken to
determine if the temperatures measured experimentally could be
predicted on the assumption that heat transfer through growing
droplets oceurred primarily due to conduction. Since experi-
mental measurements were made on the cooled side of the con-
densing wall, it was necessary to include a portion of the metal
surface in the analysis.

-The model chosen for analysis is indicated in Fig. 7. A satu-
rated vapor was assumed to be in contact with a hemispherieal
condensate droplet which rested on a flat, convectively cooled
condensing surface. An equivalent interfacial “film’” coeffi-
cient was defined to calculate the coupled heat- and mass-transfer
rates from the saturated vapor to the condensate surface as func-
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Fig. 8 Analytical results for droplets of different sizes resting on various

copper condensing walls

tions of the temperature difference between the vapor and the
droplet surface.  The value for this film coeflicient was obtained
from work done by Silver [24] and Schrage [25], among others,
who used the kinetic theory of gases as a starting point.  Within
the droplet and within the condensing surface the mechanism of
heat transmission was considered to be conduction. ‘I'he aceu-
mulation of condensate within the droplet necessarily implies a
growth in the droplet digmeter, and this was included in the
analysis.  This inclusion brought with it the necessity of using

transient rather than steady-state conduction equations.

The part of the condensing surface which was in contact with
the condensing vapor, but which was outside the area covered
by the droplet, was considered to be adiabatic.  Thus, one role
of the promoter could be envisioned as imposing a reversible
(adiabatic) barrier hetween the vapor and condeising surface
when it is not covered by liquid droplets.  Since a single droplet
was to be studied, the droplet was assumed to be one of a num-
ber of similar droplets resting on the surface, and a general bound-
ary condition was required for solution. This was approxi-
mated by a cylindrical adiabatic surface through the condensing
wall at twice the droplet radius. These assumptions gave rise
to the prediction of condensing-suwrface temperatures which were
unrealistically far below the saturation temperature for the vapor
with which the swrface was in contact. In retrospect, the pri-
mary ecrror in these assumptions appears to be in the choice of
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Fig. 9 Summary of analytical results shown on dimensionless cooardi.
nates; copper condensing wall 0.001 in. thick

the maximum diameter of the condensing wall.  Some subceooling
should exist in that part of the condensing wall which is not
covered by a droplet, but when a eritical value of subeooling is
reached, nucleation of a new droplet should start.  McCormick
and Baer [21] have estimated that 0.4 deg C might be the eritical
amount of subcooling for steamm on a promoted swrface.  Based
on this, the analytical results obtained should predict droplet
nucleation very near the edge of most droplets.  For other vapor
and condensing-wall combinations, however, the situation might
be quite different.  For example, Koutsky, Walton, and Baer
[26] report critical subeooling of 15 to 19 deg C for polyethylene
condensing onto single-crystal alkali halides.  This would imply
a comparatively wide droplet spacing and dictate use of outer-
condensing-wall diameters comparable to those used in this
analysis.

The physical model which has been deseribed leads to a coupled
set. of partial differential equations, These equations were
written, but all attempts to find a closed-form analytical solution
have proven fruitless. The approach, therefore, was through a
finite-clement analysis. The nodes chosen to represent the
lwnped thermal capacities have been indicated in Fig. 7.

The caleulations required for the finite-clement analysis were
performed on a computer using a backward-difference approach.
Backward differences in time were selected to minimize compu-
tation-stability problems, particularly in the elements near the
center of the droplet. A fractional element at the droplet bound-
ary was changed in size after each time step to account for the
necessary inerease in droplet size due to condensate aceumulation.
This necessitated changing a large number of coefficients in the
finite-element equations after each time step, preventing the effi-
cient use of any matrix-inversion technique and forcing the use
of large blocks of computer time to obtain the desired answers.

Some sample results obtained from the analysis are shown in
Fig. 8, where the isotherms have been shown for some droplets of
different sizes on a thin condensing surface as well as for a droplet
resting on a relatively thick condensing swface. Results are
also shown in Fig. 9, but in that figure only the air-side con-
densing-wall temperature is shown for comparison with the ex-
perimental results.

As can be seen from an examination of the predicted isotherms
in Fig. 8, the condensing wall, with its high thermal conduetivity,
had a marked effect on the temperature distributions under and
within the droplet.  For either very small droplets or compara-
tively thick condensing surfaces, the conductance of the metal
was sufficiently high to cause the base of the droplet to hecome
very nearly isothermal.  For Jarger droplels resting on very thin
condensing swfaces, however, a considerable temperature gra-
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dient was predicted along the metal wall. These profiles reached
a peak temperature underneath the edge of the droplet, indicating
the expected region of high heat transfer from the droplet. Just
now sensitive the solution was to the condensing-wall thickness
was of some interest in the design of the experimental equipment;
for a droplet diameter on the order of 0.1 in., a change in con-
densing-wall thickness from 0.001 in. to 0.005 in. was sufficient
to make the base of the drop nearly isothermal. ‘

The sensitivity of the temperature and heat-transfer solutions
to the ability of the condensing wall to transfer heat laterally
underneath and around droplets is one of the interesting results
from this investigation. Apparently the condensing wall acts
very much like an extended surface in convective-cooling situa-
tions. It receives heat from the droplet perimeter, where very
high heat-transfer rates are possible, and diffuses this heat lat-
erally over a larger area so that it can be transferred into the
coolant across a comparatively high thermal resistance.

A detailed study of the temperature predicted throughout the
droplet and condensing wall at successive times in the calculation
indicated that transient thermal effects were of very little con-
sequence in the model as defined. It now appears evident that a
steady-state-temperature solution assuming an isothermal drop-
let base is justified for most practical applications. Of course,
in this investigation the experimental conditions were chosen so
as to obtain large temperature gradients under droplets, so the
results from the finite-element analysis were necessary for com-
parison with experimental information.

Finally, an attempt was made to use the temperature results to
calculate the rate of heat transfer through a droplet [23]. The
limitations of a finite-element analysis became evident here, as
it was found that from 83 to 98 percent of the calculated total
heat transfer through a droplet was coming in through the
“corner’”’ element where the hemispherical surface of the droplet
intersected the condensing surface, even for very small droplets.
Droplet growth rates obtained represented primarily the increase
in the hemispherical liquid-surface area of this element, and thus
were not considered reliable. It appears that a good solution
to the heat- and mass-transfer problem considering just the area
very near the perimeter of the droplet could predict the overall
heat-transfer rate to within about 15 percent or better even if
the contributions of the upper part of the droplet were ignoved.

The results of McCormick and Westwater [27] also support
this view. Assuming a hemispherical droplet, constant thermal
properties, and a heat-transfer rate proportional to an exponent
of the droplet diameter, ¢ = Cd», it can be shown that [23] the
droplet radius is a function of time according to the expression

2(=1(3 — n)e

p3—n) —
mpL

t A+ rg3-m

where r is droplet radius, p, is condensate density, L is latent heat
of vaporization, 7o is initial droplet radius, and ¢ is time. If the
heat-transfer rate is proportional to droplet diameter, n = 1,
and the expression becomes

r? = (const) ¢t 4+ rp?

Ou the other hand, if the heat-transfer rate through a droplet is
Proportional to the hemispherical surface area of the droplet,
b would be expected that ¢ = Cd? (n = 2), and the expression
shows that the droplet growth rate should be constant. The
experimental results of McCormick and Westwater, when ex-
imined closely, show the apparent relationship to be

Pl = (const) i + 7!01.75

Riving ¢ = Cdr», Apparently, even for the microscopically
Small droplets investigated by MeCormick and Westwater, the
.he«‘i-t-t-mnsfer rate into a droplet is much more closely related to

ts diameter than to its hemispherical surface area.
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Ohservations on the Results of This Investigation

The first and most obvious observation is that there was very
good agreement between the predicted temperatures and those
measured in the experiments, despite some of the restrictive as-
sumpticns made in setting up the analysis and the approximations
inherent in the finite-element approach. This is particularly
true in areas near the droplet center line.

Because of the finite diameter of the area where the tempera-
ture was being measured by the radiometer, it was impossible to
determine experimentally the temperature right under or just
outside of the edge of a droplet. This was unfortunate, since
it was at these locations that the accuracy of the finite-difference
solution and the assumptions was the least. However, the trend
in the experimental results unmistakably bore out the results
obtained analytically: A significantly higher temperature did
exist right under the edge of the droplet, which indicated a very
high heat-transfer rate in that vicinity. The droplet thus be-
comes, in effect, a mechanism for producing a very ‘“thin’’ cooled
liquid perimeter onto which the vapor can readily condense.

A conclusion of engineering importance then emerges from
examination of the mean temperatures under different-sized
droplets: It can be seen that the mean temperature under a
small droplet is higher than the mean temperature under a large
droplet. Since the controlling thermal resistance in a dropwise-
condensation situation is usually on the coolant side of the wall, a
higher condensing-surface temperature implies that the overall
heat transfer will be greater. Thus small droplets will be more
“active’’ In transferring heat than large droplets, and the most
desirable situation is to have the condensing surface covered with
a population of droplets which are as small in diameter as pos-
sible. This conclusion was verified experimentally during the
early stages of a run, when the condensing surface was covered
by a rather uniform population of small droplets. During this
period, the average temperature being measured by the radiome-
ter dropped steadily as the average droplet diameter increased.
Temperatures measured were consistent with the mean tem-
peratures predicted for very small droplets. Similar results were
observed when droplet coalescence suddenly swept the avea
where the temperature was being measured free of condensate:
The temperature of this area quickly rose to a value consistent
with the nucleation and growth of a population of very small
droplets.

The next important observation has to do with the way in
which the droplet reacts with the condensing surface. So far
as the condensing surface is concerned, the droplet could be re-
placed with a ring heat source of the appropriate intensity.
This is a useful concept, because it then becomes obvious that
one of the primary roles of the condensing surface is to take this
relatively concentrated heat input and diffuse it laterally so that
it can be transferred out of the condensing surface across a com-
paratively high heat-transfer resistance into the coolant stream.
It operates in a manner entirely analogous to a fin in a forced-
convection situation. This is an important conclusion, as it
implies that there must be some sort of minimum condensing-wall
thickness below which its function as a fin cannot be efficiently
carried out. In other words, the minimum condensing-wall
thickness may not be best for use with dropwise condensation.
Calculations done in designing the experimental apparatus, for
example, predicted lower heat-transfer rates when very thin con-
densing surfaces were tried.

The role of the condensing wall in dropwise condensation has
been recognized by other investigators, and in particular by
Mikic [28]. Mikic pointed out that nonuniform temperatures
could be expected on condensing walls during dropwise conden-
sation due to the varying sizes of the droplets in an assumed popu-
lation. e then proceeded to discuss this effect in terms of a
“constriction resistance’” which was a pseudo-thermal resistance
introduced into the analysis to account for the fact that the sur-
face area of the condensing wall available for small “active’
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droplets was reduced because of the presence of neighboring
large “inactive’” drops. The latter he assumed to be adiabatic
because of their relative inefliciency in transferring heat to the
condensing wall in terms of the surface area they covered.

The ring-heat-source concept advanced and the experimental
evidence presented in this investigation lead to very nearly the
same conclusions advanced by Mikie, even though this investi-
gation was based on consideration of a single droplet and Mikic’s
work was based on some assumptions about the droplet popula-
tion as a whole. For example, a very small ring heat source
(small droplet) placed on a surface of high lateral conductance
(due either to a very high thermal conductivity or a relatively
thick surface) would be expected to yield very little temperature
variation in the condensing wall. This was predicted by the
finite-element analysis. In Mikic’s terminology, the “constric-
tion resistance’” for this individual droplet would be negligible.
For many engineering situations this would certainly be the case.
This investigation gives some basis for deciding when such an
assumption would be justifiable by considering condensing-wall
temperatures under a single droplet. Mikic also postulated that
growth rates of neighboring “active’” drops would be reduced by
the presence of other active droplets. It is evident that a num-
ber of ring heat sources placed close together on a surface of high
lateral conductance would interact to raise the mean surface
temperature, particularly if the controlling resistance were on
the cooled side. Thus a population of small droplets would give a
higher heat-transfer rate. This analysis also indicates (as
Mikic’s did not) that the spacing between such active droplets
could be affected by the conductance of the condensing wall.
If, as postulated in this investigation, the heat-transfer rate
into a droplet is proportional to its perimeter, then the net heat-
transfer rate per unit of condensing surface covered by the drop is
inversely proportional to its diameter. Mikic’s assumption
that large droplets contribute little to the total heat transfer can
then be justified on the basis that a droplet one order of magni-
tude larger in diameter would transfer one order of magnitude less
heat per unit of condensing surface covered. This analysis,
again, gives some basis for deciding the degree of accuracy in-
volved in Mikic's assumptions.

In summary, the results of this investigation show clearly that
the lateral conductance of the condensing wall is a very im-
portant parameter in dropwise condensation.

The nonuniformity of the wall temperature becomes a serious
problem in the attempt to define and measure a heat-transfer
film coefficient for dropwise condensation. Use of such a film
coefficient assumes the existence of a specific temperature dif-
ference between the vapor and the wall surface. As postulated
by Mikic, and as demonstrated experimentally in this investi-
gation, appreciable temperature variations may occur on a con-
densing wall. TIn the experimental work undertaken in this in-
vestigation, for instance, conditions were chosen to obtain tem-
perature variations on the surface of 10 deg F. About the best
that can be done, therefore, is to talk about a mean temperature
difference based on an average temperature over the condensing-
wall surface. If the population of droplets on the wall is not
stationary, in the statistical sense, then the mean temperature
must also be a time average. The problems in trying to mea-
sure such a time and space average arve formidable, and doubtless
account for much of the spread reported in experimental drop-
wise-condensation film coefficients.

Conclusion

It has been shown in this investigation that condensing-surface
temperatures in dropwise condensation can be predicted by as-
suming that all heat is transferred through a droplet by condue-
tion. The conduction analysis also indicated a very large heat-
transfer rate right around the droplet perimeter, and experimental
observations have borne this out as well. The finite-element
analysis used to predict temperatures did not consider elements
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small enough to allow accurate prediction of heat-transfer rate
in the sensitive droplet-perimeter area, but it did indicate ratg
of the right order of magnitude. The analysis clearly points t,
the importance of the condensing wall in diffusing heat laterally
underneath and around a droplet, and gives a logical explanatio}l
for the interaction between growth rates for neighboring droplet
which has been observed by other investigators. The action g
the condensing wall is thus shown to be analogous to an extendeq
surface in convective-cooling applications, in that it receive
heat from a very narrow ring around the droplet perimeter ang
diffuses it laterally so that it can be transferred out of the con.
densing wall into a cooling-fluid stream across a comparatively
high thermal resistance. The presence of a neighboring drople;
limits the condensing-surface area which can be used as a ‘“fin
by a droplet, and thus reduces the growth rate of each.
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DISCUSSION
D. G. Wilkins?

The authors are to be congratulated on their interesting and
innovative experimental technique.

Issue is taken with the authors’ analytical investigation and
observations. First, the assumption of an adiabatic area sur-
rounding the growing drop is not justified. In light of the re-
sults of Welch and Westwater [29] for drop populations and the
photographs of the authors which show large drops surrounded by
pumerous smaller drops, it would seem more reasonable to assume
constant heat flux or even constant temperature over the area
outside the growing drop. In fact, one would expect the tem-
perature of the underside of the foil to be nearly the steam tem-
perature for areas outside the edge of the drop.

Secondly, the authors do not state the value of the steam-
condensation coefficient they employed. If they used the value
0.04 recommended by Silver [19] instead of unity as found by
recent. workers [30], this would reduce the temperature gradients
at the edge of a drop.

Thirdly, the effect of having a low coefficient on the cooled side
of the foil does not appear to have been recognized by the authors.
With such a low (105 Btu/hi-ft2-deg F) coefficient on the cooled
side, lateral conduction is much more important than conduction
through the foil for high-thermal-conductivity metals like copper.
Thus it is not surprising that the authors found that the base of
the drop can be considered isothermal except for large drops on
thin foils, but it is not realistic for practical application of drop-
wise condensation.

With such a low coefficient on the cooled side of the wall there
is little advantage in having dropwise condensation. Typically,
processes where dropwise condensation might be considered prac-
tical, such as sea-water conversion, have cooled-side coefficients
2 to 3 orders of magnitude higher. In such cases the base of
drops large enough to be considered inactive cannot be taken as
isothermal. The experimental results of Griffith and Lee [31]
support this view. Griffith and Lee measured steam-side drop-
wise heat-transfer coefficients for specimens of varying thermal
conductivity that were plated with 0.005 in. of gold in a hori-
zontal position facing down. They reported a coefficient of
10,000 Btu/hr-ft>-deg F for copper and 2000 Btu/hr-ft>-deg F
for stainless steel. The authors predict that for a drop diameter
0£0.1 in, a wall thickness of 0.005 in. is sufficient to make the base
of the drop nearly isothermal. In a horizontal position facing
down one would not expect drops much larger than 0.25 in. in
diameter, Clearly, if the authors’ model were valid, there should
be little variation in the observed steam-side coefficient of speci-
——

2 f_{esearch Assistant, Department of Chemical Engineering, Uni-
versity of California, Berkeley, Calif. Assoc. Mem. ASME.
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mens with 0.005 in. of gold plate. The authors’ analytical model
does not appear to be valid for practical applications of dropwise
condensation, and the base of the inactive drops cannot be con-
sidered isothermal. Further evidence for the magnitude of the
dependence of the steam-side heat-transfer coefficient upon the
condensing-wall thickness is contained in the PhD dissertation
of Wilkins [32].

Authors’ Closure

The authors wish to thank Mr. Wilkins for his thoughtful
comments. There appear to be several items which need clari-
fication, and a few on which there appears to be some disagree-
ment between the authors and Mr. Wilkins,

First, with regard to the condensation events outside the drop-
let: It is still the authors’ contention that the area immediately
adjacent to any droplet is very nearly, if not truly, adiabatic.
Assumptions of either constant heat flux (without condensation
occurring) or constant temperature would appear to be arbitrary
assumptions without basis in physical reasoning. The question
which needs to be resolved is the extent of the adiabatic area.
The relationship among the extent of the adiabatic area, the
amount of subcooling necessary to cause droplet nucleation, and
the resulting droplet spacing has been discussed in the paper and
will not be repeated here. It will simply be noted that the small
amount of subcooling required for nucleation of a steam droplet
together with the rapid temperature drop expected in a practical
condensing surface under the adiabatic area would lead to the
conclusion that steam droplets should grow very close together.
As Mr. Wilkins has correctly noted, this is what is observed in
practice. It is also exactly what the authors would expect,
based on their hypothesized model.

In determining which value of the steam condensation co-
efficient to use in the analysis, the authors consulted a number of
references, including the paper of Navabian and Bromley [30].
This paper was of particular interest because of the determination
of the steam condensation coefficient from condensing vapor
rather than evaporating liquid. For several reasons, however,
see Hurst [23], it was decided initially to use a value of 0.045 as
recommended by Knacke and Stranski [33]. When results were
obtained it was immediately apparent that even order-of-mag-
nitude changes in the value of the steam condensation coeflicient
would not have any appreciable effect on the results for the set of
conditions under study. All of the droplet surface temperatures
(except for the “‘average’” corner temperature predicted right
at the droplet perimeter) were predicted to be within 0.003 deg F
of the vapor saturation temperature. The heat-transfer rates
were controlled by the conduction and cooled-side-convection
heat-transfer restrictions for this case. Consequently it was not
felt to be necessary to redo the analysis with different condensa-~
tion-coefficient values. Of course, for cases where extremely
high thermal conductivities in the condensate and condensing
wall were encountered along with a very high heat-transfer co-
efficient on the cooled side of the wall, the value of the steam con-
densation coefficient might become of sufficient importance to
warrant further study.

The third comment of Mr. Wilkins is puzzling, particularly in
view of the fact that the central idea of this work was that the
determination of the nonuniform condensing-wall temperatures is
a system problem involving not only the vapor and droplet but
also the properties of the condensing wall and the cooling mech-
anism. In designing the experimental apparatus it was clearly
necessary to consider all of these in the attempt to obtain a surface
with large temperature gradients on it. For a much higher
cooling rate the condensing wall could have been made thicker
without making it effectively isothermal. The use of a cooling
coefficient of 105 Btu/hr-ft2-deg F was dictated by the necessity
of using air to have a cooling medium transparent to infrared
radiation.

The authors agree with Mr. Wilkins that the use of dropwise
condensation is certainly not called for in practice if the heat-
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transfer rate is limited by a relatively low heat-transfer coefficient
in some other part of the heat flow path. The parameters used
in the analysis were chosen to model the events being observed
experimentally, which, in turn, were deliberately chosen to learn
something about the mechanism of dropwise condensation.

The authors feel that Mr. Wilkins has taken the statement
about a 0.005-in. condensing-wall thickness being sufficient to
cause the droplet base to become effectively isothermal out of
context. That statement applied only to the set of conditions
being studied, and in particular to the use of a cooled-side heat-
transfer coefficient of 105 Btu/hr-ft2-deg F for steam condensing
at atmospheric pressure on a copper wall. It is impossible to
take that piece of information and conclude anything from the
work of Griffith and Lee [31], as their conditions on the cooled
side of the 0.005-in-thick gold plate were vastly different. The
authors concluded that a droplet acts much like a ring source of
heat with a diameter equal to the droplet diameter so far as the
condensing surface is concerned. Thus it is clear that only a
complete conduction and convection analysis of the condensing
wall and its coolant could determine whether or not a wall could
be considered isothermal under a droplet. In many cases of
engineering significance the condensing walls are thick enough
and the cooling rates low enough that areas under the droplets
will turn out to be nearly isothermal, but it is not too difficult to
specify a situation where the condensing wall is far from isother-

20 / FEBRUARY 1973

mal. Finally, the authors’ model does not depend in any way
on an assumption of constant temperature under the droplet,
Conclusions concerning wall temperature gradients are of interest
primarily in trying to assess the validity of the static droplet
conduction studies of several previous investigators, and the
information given was presented for that reason.

The authors and Mr. Wilkins appear to have a considerable
amount of common ground in believing that conductivity within
a condensing wall is of considerable importance in the study of
dropwise condensation. The authors look forward to reading
Mr. Wilkins’ thesis and/or paper when it becomes available.
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.o cany | The Influence of Thermocapillary Flow on
oo 8 Heat Transfer in Film Condensation

B. B. MIKIC

Mem. ASME The influence of Aluid flow—induced by surface-tension forces—on heat transfer
Massachusetts Institute of Technology, through a condensate film broken by non-wetting strips was considered. The film was
Cambridge, Mass. modeled as a two-dimensional layer on an isothermal, veriical flat surface; the layer has a
Slat midsection with cireular arcs at the edges. The solution was obiained by a finile-
difference technique for several values of the Marangoni number (N1m) which provides
a relative measure of the surface-tension forces and of the Biot number (Bi) which pro-
vides a relative measure of the heat transfer at the liguid~vapor interface. The range
of parameiers covered by this work transcends the limits of most practical interest for
water. The results show that internal thermocapillary circulation couses modest in-
creases in heat transfer. It is concluded that thermocapillary flow might be an im-
portant factor in determining the geometry of channeled condensate films.

Introduction =)

Metal condensing
surface

thermocapillary flows on the heat transfer in film condensation.
These flows are induced by breaking the condensate layer to
couse a nonuniform surface-temperature distribution.

Flows induced by nonuniform surface tension at a liquid-
vapor interface were first reported by C. G. M. Marangoni in
1871. Surface tension is a thermodynamic property of a liquid
dependent only upon its temperature and composition. Hence %

variations in either property can influence the transport of heat, Nonuetting
matertal

THIS WORK 1s an attempt to show the effect of l
g

Channelelt
.~ condensate
flow
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mass, and momentum near an interface, especially in small-scale
systems [1].1  Surface-tension-induced flows are grouped collec- \Jj
tively under the “Marangoni effect.”” Thermocapillary flows are N
those induced by thermal gradients; these have been considered Fig. 1 Hypothetical scheme for channeled film condensation
by various authors [1-6].
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momentum equation are neglected, and constant properties and
Model Description parameters are assumed. For a complete discussion of the model-
ing process, see [8].

The solution domain is the interior of the condensate layer de-
picted in Fig. 2. The physics of the energy and momentum
transport within this domain, subject to the above assumptions,
are specified by the following dimensionless governing equations
[4, 6-8]. All symbols are explained in the Nomenclature.

The model is illustrated in Figs. L and 2. It is two-dimensional
with symmetry about the y axis. The condensate layer is con-
sidered to be running down a vertical flat surface between parallel
strips of a non-wetting material. The shape of the model was
arbitrarily determined to facilitate the writing of linearized finite-
difference equations. No consideration was made of free sur-

faces determined from the interaction between surface tension Vi =0 (1

and pressure. The model is quasi-steady, inertial terms in the W = =V (2)

T Vg — oy 20 oy of (3)
! Numbers in brackets designate References at end of paper. T oy’ o’ T o' oy’

Contributed by the Heat Transfer Division for publication (with-
out presentation) in the JourNaL or Hear TransrerR. Manuscript  The dimensionless boundary conditions are:
feceived by the Heat Transfer Division December 29, 1971. Paper
No. 72.11T-H. at boundary I
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Fig. 2 Model for solution domain
oY
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at boundary I1
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— = —Bi( — 1), ¢ =0 %)
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at boundary IIT
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?W = Oy \[/ = OJ w =0 (6)
Methed of Solution

Numerical Procedures. (Governing equations (1)-(3) with bound-
ary conditions (4)-(6) were expressed as linear finite-difference
equations written at each node of a finite-difference grid net-
work. The radius and angle distributions of the network were
selected to crowd nodal points in the region of greatest change
of the problem variables.

The problem, as formulated, is not, of course, completely

1.0 |
0.
8 50 20 10
250 100) ~ L
0.8
0.6
Bi =1
0.4
0.2 /
Nm =1000
% 15 30 s 60 75 90

o , degrees

Fig.3 Dimensionless surface temperature for several values of Bi; b =g

lem variables in the governing equations and boundary condi
tions. This was handled by breaking the difference equations
into two separate linear sets and solving iteratively between the
two until the change between iterations in the heat flux con.
ducted through the liquid-vapor interface was less than 1 percent,

Range of Parameters. The two parameters which completely
specify the solution for a given condensate-layer geometry are
Bi and Nm. Their range covered in this work determined from
consideration of a vertical-flat-plate analysis is 1 < Bi < 250
and 0 < Nm < 5000.

For Bi > 1, the conduction resistance for water films is greater
than or equal to 20 percent (for small b) and 50 percent (for large
b) of the total resistance [8]. For lower values of Bi the inter
facial (liquid-vapor) resistance becomes the controlling resistance,
and the overall heat-transfer coefficient is not significantly
affected by strong thermocapillary circulation within the liquid.
In the above, the term ‘“‘conduction resistance’” refers to the
thermal resistance from the surface of the condensate film at the
liquid—vapor interface through the layer to the condensing sur-
face. For a complete discussion of the orders of magnitude of
h and @, which determine the magnitudes of the interfacial and
conduction resistances respectively in the condensation of water,

linear. There are coupling and nonlinearity between the prob- see references [8-13].
Nomenclature
a = radius of curvature of the ', n/,s',] . . . B = 00/0T, derivative of sur-
end of the broken. con- o,y dimensionless coordinates face tension with respect
densate film layer, and R = radius of curvature of the to temperature
thickness of the layer liquid—vapor interface o = surface tension
b = half-width of region of con- Re = p|V|a/u, Reynolds number 4 = absolute viscosity of the
stant thickness a i = time condensate liquid
Bi = ha/k, Biot number T = temperature w =V XV, vorticity
¢, = specific heat of the con- Ty = temperature of the condens- w' = wa?/a, dimensionless vor-
densate liquid ing surface ticity
h = heat-transfer coefficient at Teat = saturation temperature of p = density of the condensate
the liquid-vapor interface the vapor liquid
k = thermal conductivity of the V = velocity vector Tns = shear stress on the liquid-
condensing surface V' = Va/a, dimensionless ve- vapor surface
7, § = curvilinear coordinate sys- locity vector ¥ = dimensionless stream funt
tem at the boundary Vi, Vi, velocity components in the tion, V,’ = oy /oy’ and
Nm = —(Tsat — To)afB/uc, Mar- Ve Ve =  various coordinate direc- V, = —oy/ox’
~ ‘ango‘m number T{x, Vly tions g T — Ty dimensionless
p = pressure V', Vs, . . . Ter — T
Pr = uey/k, Prandtl number Vo Vs = dimensionless velocity com- sa e
Hep/K, » Vs nents temperature
¢ = heat flux Ve, V' po f, = dimensionless surface tem-
geonda = pure conduction heat flux x, ¥y = cartesian coordinate system perature
(Nm = 0) a = k/pcp, thermal diffusivity of V' = aV, dimensionless vecto!
7, ¢ = polar coordinate system the liquid operator
22 / FEBRUARY 1973 Transactions of the ASME
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Fig. 5 Temperatyre field inside condensate layer, b = 0; Bi = 20

The upper limit on Nm (= 5000) was determined by setting
an upper bound on [a(Ts, — To)] for cases of practical interest.

fesults and Discussion

Casel. b = 0 (layer of semicircular cross section). Nonuni-
form temperature distributions on the liquid-vapor surface,
which are the indirect cause of thermocapillary flows, are a conse-
quence of the presence of a finite heat-transfer coefficient h at
the interface. The results shown in Fig. 3 illustrate this point.

Tigs. 4 and 5 illustrate the case where the thermocapillarity is
strong.  Fig. 4 is a plot of the stream function ¢ (i.e., the flow
field) for Bi = 20 and Nm = 5000. The nondimensional
thermocapillary driving force Nm(d68/9s’) pulls the liquid down
toward the corner, resulting in the flow pattern observed. Fig.
dillustrates the temperature field within the same film; the dotted
lines are the conduction solution (i.e., Nm = 0). In general the
thermocapillary flow acts to decrease temperatures from the
tonduction solution at any given point except near the corner,
where the opposite occurs.

The augmentation, defined as (¢ — Geond)/Geond, Was employed
to measure the increase in heat transfer due to thermocapillarity.
Il measures the increase (due to thermocapillary flow) in heat
flux, or overall heat-transfer coefficient, over the conduction flux
with no thermocapillary flow. The flux through the liquid-
vapor boundary integrated over that surface is represented by
f. A cross-plot of the augmentation as a function of Bi and Nm
% provided in Fig. 6.. For the range of Nm explored in this
Work, the maximum augmentation occurs for 10 < Bi < 20.
For small Bi, it appears that since the rate of increase of the
Augmentation decreases with increasing Nm, either the inter-
f.ﬂcial resistance is controlling or the Marangoni effect is self-
limiting,

Casell. b = 1.25a. A run was made for b = 1.25a (see Fig.
2), Bi = 20, and Nm = 500. It was thought that extending the
layer (i.e., making b > 0) would lessen constrictions on the flow
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caused by the tight loop around which it was forced to- circulate
when b = 0. The flow field for the given values of b, Bi, and
Nm is illustrated in Fig. 7. The flow around the corner is about
twice as great as for the nonextended case (when b = 0). How-
ever, the surface temperatures on the top of the layers are about
the same for the two cases. The augmentation decreases slightly
in the extended case. The flow in the extended parts is weak and
does not contribute much to the augmentation, although the flow
in the region |z| > b is approximately doubled. It is believed
that the augmentation would not be significant for wide thin
layers.

Caselll. b = 0 (finite condensing-surface resistance). This
case was explored by assuming the condensing surface to be of
thickness @ and thermal conductivity 10 Btu/hr-ft-deg F. A
constant temperature was impressed on the bottom of the sur-
face, and the sides at z = =a were considered to be insulated.
The conduction-solution temperature field is shown in Fig. 8
for Bi = 20. Setting Nm = 500, the augmentation decreased
slightly from the value in the previous case. Since k, = 10
Btu/hr-ft-deg F represents a lower limit on any metal-condensing-
surface thermal conductivity, other surfaces will have less effect
on the heat transfer.

Summary and Conclusions

The Effect of Thermocapillary Flows on Heat Transfer. The maxi-
mum increase in heat transfer due to thermocapillarity is found
to be 83 percent (for Bi = 20 and Nm = 5000). For Bi = 250
and Nm = 5000 the augmentation is only 32 percent. It ap-
pears that thermocapillarity is an important mechanism in heat
transfer only for cases with large thickness a and small heat-
transfer coefficient h. However, these conditions are the opposite
of what is desired, and their occurrence within a total system
would be in regions which do not contribute much to the overall
heat transfer. Also, the results for the augmentation are calcu-
lated for the layer of half width a. Extension of the layer re-

FEBRUARY 1973 / 23

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



condensate of taickness a

i

-0.02

~0,04d4

i metz] congensing surface of talciness a
o <
o
o

Fig. 8 Conduction temperature fleld with finite condensing-surface re-
sistance, b = 0; k; = 10 Btu/hr-ft-deg F, Bi = 20

duces the relative effect of the thermocapillary flows, since all of
the action occurs at the ends. Therefore, it appears that within
the restriction of the model formulation, thermocapillary flows
cause at best modest increases in the heat transfer in film con-
densation. '

Influence of Modeling Approximations and Assumptions on the Re-
sults.  After the fact, it appears that inclusion of the inertia terms
in the problem model would have the net effect of decreasing the
augmentation of the heat transfer due to thermocapillary flow.
Along a given streamline, the magnitude of the velocity changes
drastically; adding inertia would have the effect of reducing the
maximum velocity, because the energy associated with accelerat-
ing the fluid has not been accounted for, and the effect of raising
the minimum velocity, because it would not be slowed as much
by viscous friction. Lorenz [6] found in dropwise condensation
heat transfer (Bi = 100 and Nm = 450 with Pr = 1) that the
inclusion of inertia in the problem model slightly reduced the
surface velocity. .

It can be shown that the Reynolds number based on the
thickness a is |V’| /Pr. At atmospheric pressure for saturated
water Pr = 2; Pr increases as the pressure decreases. Therefore,
for-Jow-pressure systems, or away from the corner where veloci-
ties are small, or for small Nm, the Reynolds number is small,
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and the influence of the inertia terms with respect to the viscoyg
terms. can be neglected.

The model geometry was assumed for ease in writing the finite,
difference equations. No account was made of the effect of the
thermocapillary flows on the shape of the condensate layer
The very large radial accelerations due to the tangential velocity
found at the interfacial surface would require unrealistically larg,
pressure gradients to balance them. One would expect that ,
large radius of curvature at the free surface would be caused by
thermocapillary flows to reduce pressure gradients there.

Summary. For the model considered it appears that the direg
effect of thermocapillary flows on augmentation of the heg
transfer in film condensation is modest. Thermocapillary flow;
might be important in determining condensate-layer geometrig
due to the relatively large velocities induced in the broken con.
densate layer, and thus indirectly affecting the heat transfer.

References

1 Kenning, D. B. R,, “Two~Phase Flow with Nonuniform Sur.
face Tension,” Applied Mechanics Reviews, Vol. 21, No. 11, 1968, p,
1101,

2 Berg, J. C., Boudart, M., and Acrivos, A., “ Natural Convection
in Pools of Evaporating Liquids,” Journal of Fluid Mechanics, Vol,
24, 1966, p. 721.

3 Secriven, L. Ii,, and Sternling, C. V., “ The Marangoni Effects,”
Nature, Vol. 187, 1960, p. 186.

4 Gaddis, E. 8., The Thermal Equilibrium of a Vapour Bubbhle
on a Heated Surface,” PhD thesis, The Victoria University of Man-
chester, 1968.

5 Kao, Y. 8, “Two-Phase TFlow with Heat Transfer,”
thesis, University of Oxford, St. Edmund Hall College, 1970.

6 . Lorenz, J. J,, and Mikie, B, B., “The Effect of Thermocapillary
Flow on Heat Transfer in Dropwise Condensation,” JOURNAL orF
Hgar TRaANSFER, TRANS, ASME, Series C, Vol. 92, No. 1, Feb. 1970,
pp. 4652, i

7 Larkin, B. K., "“Thermocapillary Flow around a Hemispherical
Bubble,”” AIChE Journal, Vol. 18, No. 1, 1970, p. 101.

8 Cary, John D., “The Influence of Thermocapillary Flow on
Heat Transfer in Film Condensation,” SM thesis, M.L.T., Cam.
bridge, Mass., 1971.

9 Nabarian, K., and Bromley, L. A., “Condensation Coefficient
of Water,” Chemical Engineering Science, Vol. 18, 1963, pp. 651-660.

10 Umur, A., and Griffith, P., “Mechanism of Dropwise Con-
densation,” JoURNAL oF HEAT TRANSFER, TraNs, ASME, Series G,
Vol. 87, No. 2, May 1965, pp. 275-282,

11 Citakoglu, E., and Rose, J. W., “Dropwise Condensation—
Some Factors Influencing the Measurements," International Journal of
Heat and Mass Transfer, Vol. 11, 1968, pp. 523-537.

12 Silver, R. S., “An Approach to a General Theory of Surface
Condensers,” The Institution of Mechanical Engineers, Steam
Plant Group (London}, 1963.

13 Rohsenow, W. M., and Choi, H., Heat, Mass, and Momentum
Transfer, Prentice-Hall, Englewood Cliffs, N. J., 1961, p. 239.

14 Mikie, B. B., “On Mechanism of Dropwise Condensation,”"
International Jowrnal of Heat and Mass Transfer, Vol. 12, 1968, p.
1319.

PhD

Transactions of the ASME

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Specular Reflectors for Prescribed
Disturbed Radiant Heating from a
Point Energy Source

This paper presents a mathematical model for designing a reflector shape which will
produce a prescribed rotationally symmetric energy distribution on a plane workpiece
using a single point energy source. The model considers spectral, directional, and
polurizing effects. The necessary equations are developed and their solutions de-
scribed. A reflector s designed to uniformly heat a 6-in-dic circle using ¢ 200-w
compact mercury-arc lamp.  The validity of the model is demonstrated by constructing
the designed reflector and experimentally confirming that the desired heat-flux distribi-
iton is achieved. 1t ts quaniitatively shown that the minor differences between the destred
Slux distribution and the actual distribution are due primarily to the finite source size
and that ¢ more precise distribution could be obtatned by modeling the source as four

R. C. PFAHL, JR.

Research Leader,

Thermal Energy Studies,

Western Electric Engineering Research Center,
Princeton, N, J.

Mem, ASME

point sources.

Introduction

R:\DI:\N’I‘ heating systems consisting of a single com-
pact energy source and a reflector are used for a variety of appli-
cations including manufacturing in the electronics industry [1],!
thermal simulation [2], and photolysis research [3). Most of
the systems use reflectors of either elliptic or parabolic cross sec-
tion with the source at a focus. The elliptic reflectors concen-
trate the energy from the source onto a workpiece located at the
second focus, while the parabolic reflectors produce a collimated
beamy of nonuniform intensity [4]. The goal of the present
study was to develop techniques for designing and constructing a
reflector system which would produce a prescribed heat-flux dis-
tribution on a workpiece, the heat-flux distribution of greatest
interest being a uniform distribution over a relatively large area.

A previous paper [4] presented a mathematical model de-
seribing the radiant heating system and used the model to predict
the heat-flux distribution for a known reflector shape. That
study demonstrated that reflectors of conic section will not pro-
duce a uniform heat flux. The present study uses the same
mathematical model to design a reflector which will produce a
prescribed heat-flux distribution.?

The following sections of this paper discuss the assumptions of
the analysis, develop the equations describing the system and
discuss their solution, present the design of a reflector to produce

! Numbers in brackets designate References at end of paper.

'Contribut,'ed by the Heat Transfer Division and presented at the
Vinter Annual Meeting, New York, N. Y., November 26-30, 1972,
of THi: AMERICAN S0CIETY OF MECHANICAL ENGINEERS. Manuscript
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a prescribed distribution using a specific mercury-arc lamp,
discuss the construction of the reflector, and present the experi-
mental heat-flux distribution of the reflector system. A com-
parison is made between experimental and theoretical findings
and the differences are discussed. A second example is presented
to illustrate how the present design procedure is coupled with the
condiiction heat transfer occurring within the workpiece.

Assumptions

The present work treats a radiant heating system consisting
of a point light source, a reflector, and a planc workpiece. The
system, illustrated in Fig. 1, is restricted to rotational symmetry
about a central axis. Because of the simple geometry many of
the restrictive assumptions commonly made in radiant-heat-
transfer calculations are not required. Spectral, directional, and
polarizing effects [5] are included in the model.

The assumptions of the analysis are (@) a spectral reflector, (b)
a nonparticipating gas, (¢) a point energy source, (d) negligible
emission from the reflector, surroundings, and workpiece, and (e)
energy transfer only along those paths illustrated in Fig. 1.

No source exactly satisfies assumption (¢), but experimental
measurements verify that many do approximate a point source.
The degree to which the source used in this experiment approxi-
mates a point is discussed in depth later in the paper.

Assumption (d) implies that the only important radiator of

2 A concurrent analytical study by Horton and McDermit (14] de-
scribes the design of a reflector for use with a nonuniform collimated
source. The authors do not treat spectral, directional, or polarizing
effects. In their conclusion they correctly note that by following the
outline of their work one could design reflectors for use with nonuni-
form point sources. The present work is an analytic and experimen-
tal study of this case which includes the above effects.
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energy in the system is the source. In verifying the validity of
this assumption one must consider the temperature, area, and
emittance of each surface. The emission from the reflector can
be neglected if the temperature of the reflector is sufficiently low.
Reflectors normally are operated at low temperatures (often by
water cooling) to maintain surfage quality. The emission from
room-temperature surroundings should also be small; however,
the emission from the workpiece can be important if its tempera-
ture and emittance are large. In the present experiments the
workpiece is a water-cooled calorimeter, and hence its emission is
low.

Assumption (¢) requires that the components of power re-
flected from the workpiece, ¢ and ¢4 (Fig. 1), not strike the re-
flector. This assumption must be verified if the part is a good
specular reflector. For parts which are good diffuse absorbers
(such as the calorimeter used in the present study) the assump-
tion is valid.

Derivation of Equations

Energy Equation. The objective is to design a reflector which
will produce a radially symmetric heat flux of E,(z), where the
subseript w indicates workpiece and the variable 2 indicates that
this flux distribution may be a function of the radial coordinate
(Fig. 1). Note that £,(z) is the radiant flux absorbed by the
workpiece (not the incident radiant energy); and thus the reflector
shape will depend on the surface characteristics of the work-
piece. No restrictions are placed on the spectral distribution or
state of polarization of the absorbed flux K, (z), since we are only
concerned with obtaining a specified amount of absorbed thermal
energy.

At each point, z on the workpiece there will be two contribu-
tions to F,(z): the flux E; which js reflected by the reflector and
then absorbed by the workpiece and the flux Es which is directly
absorbed by the workpiece. Thus

Eu(z) = Es + Es 1)

A differential equation describing the energy transfer in the
system can be derived by tracing polarized spectral power along
the two paths from the source to the workpiece using the pre-
viously discussed assumptions. These differential powers are
then integrated over frequency and summed over components of
polarization to obtain the total fluxes E; and B, Substitution
into equation (1) yields the energy equation as a first-order ordi-
nary differential equation. The details of the derivation are
presented in [4].

Z pr(v, O, flew(p, v, 56, 5)dv
dA i=s,pdJo

REFLECTOR

SOURCE

Fig. 2 Differential geometry for reflector

In the energy equation (G2), j is the component of polarization,
v is frequency, p.(», ¥, 7) is the spectral specular reflectance of
the reflector for the j component of polarized power and W is the
angle of incidence of the incoming ray, au.(v, v, j) is the spectral
directional absorptance of the workpiece and v is the angle of
incidence of the incoming ray, I,(6, 7) is the polarized spectral
radiant intensity of the ideal point source in the direction 6, and
I, d, and z dre geometrical distances defined in Fig. 1. The vari.
able A is the area of the workpiece

A =72 &)

and 8, is the solid angle generated by rotating the plane angle §
about the z axis
0, = 2r(1 — cos ) )

Geometrical Equations. 'The energy equation (G2) involves the
independerit variable 8, and six dependent variables 4, V¥, 8, v,
B, and z. In addition there are two other dependent variables
of direct concern, x and y, which specify the reflector shape.
Thus seven additional equations must be determined from the
geometry of the reflector systém; one of these equations is a dif
ferential equation, the remainder are algebraic equations.

The differential equation is first derived. From Fig. 2

dAy = cos (8 — W) (5)
du
dw
s cos ¥ (6)
df = dw/b Q)]
y/b = sin 0 (8)

From equations (5)-(8) and the trigonometric identity fol the
cosine of the difference of two angles

W _

‘ 9
20 g(cot 8 -+ tan W) ©)

Using equation (4), equation (9) is reformulated with 6, as the
independent variable

dy (cfot@-{—tan\lf)

oy,
0, y

The variable 8, has been selected as the appropriate indepen-
dent variable for the differential equations since for a source with
uniform intensity equal differential solid angles df, will contain

H10)
2 sin 0 (

G2y

do, @ .
[— > (v, B, H)I,(8, j)dv_l (= D — dp + 2277 + Bule)

J=spv0
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3 Lettered equations are used in the final model.
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equal amounts of power; thus uniform accuracy in the power dis-
tribution will be achieved during the numerical integration of the
differential equations.

The six algebraic equations will now be derived. Rearrange-
ment of equations (4) and (3) yields the following equations:

0 = arccos (1 - 2%—:) 0 (411)
2= (A/m)"/? (B12)

From Fig. 1
z=d— ycotd (C13)

Applying the law of cosines to the triangle with sides a, b, and ¢
and solving for ¥ yields

‘I’—larccos< cry+id—2) = ad =y )
T2 {10 — =) + @ =yl — z)2 + y2} /2
0< V¥ <7/2 (D14)
From Fig. 1 ;
B = arctan (l—:z—d) 0<B<m2 (L)
Also from Fig. 1
v =10 — 29| (F16)

To complete the model, initial values of 8, y, and 4 must be
specified.

Solution of Equations

The system of equations is rewritten below in functional form.

Algebraic equations

6 = 6(6,) (4)
z = z(4) (B)
z = z(y, ) (@
Y =¥,y 2 D)
B =B (E)
v =767 (F)

Differential equations
= 12,%,6,8,2 @
jg = 4y, 6, 1) ()

Initial conditions

0, =0 y=y: A=A, ()

Inspection of the equations reveals that the six algebraic equa-
tions have been formulated so that it is possible to sub-
slitute the algebraic equations sequentially into succeeding
equations, eliminating the dependent variables 6, z, z, ¥, 8, and
Y. After performing the required algebra the equations reduce
to two first-order coupled ordinary differential equations which
are numerically integrated using Hamming’s modified predictor—
torrector method [6]. At each step in the integration, after the
new values of 4 and y are determined by integration, the corre-
Sponding values of the other dependent variables 8, z, z, ¥, 3,
and v are calculated from equations (4 ) through (). This pro-
tedure yields the coordinate points z and y of the reflector as
well as the point z on the workpiece to which each ray is directed.
The integration is halted when z > z; or when it has been de-
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Fig. 3 Total intensity distribution of 200-w compact mercury-arc lamp

termined that the source has insufficient energy to produce the
desired flux distribution.

Equations (C) and (H) are both singular for § = 0 and 7
radians. If energy is to strike the workpiece a reflector cannot
enclose a complete 4w steradians; therefore the only singular
point of concern is §; = 8 = 0. A special starting procedure
which employs forward finite differences is used to integrate the
equations at this singular point.

Design of Reflector

To exemplify the preceding analysis a reflector has been de-
signed for an optical application which requires the illumination

“of a 6-in-dia circle with an approximately uniform flux of 0.480

w/cm? using a 200-w compact mercury-arc lamp. The reflector
was vapor-deposited aluminum on an electroformed nickel shell.
The workpiece was opal glass. The system was designed to
operate with a vertical axis of symmetry (the axis of the lamp
electrodes) with the opal glass in a horizontal plane above the
lamp and reflector.

In order to design the reflector for this application the four
functions By, I, p,, and aw must be specified; in addition d, [, ;,
Y, 25, and 27 must be chosen. The selected values were d = 0.6
in,, I = 5.01in., 6; = 60 deg, y; = 1.039in., 2; = 0 in., and 2y =
3.0 in. The minimal restrictions imposed on the four functions
have been outlined. Because of a lack of information on the
spectral distribution of the source intensity all spectral effects
have been neglected in the present application; instead, total or
average values have been used. The following paragraphs de-
scribe the functional forms used in designing the reflector.

E.{z). The heat-flux distribution required for the present appli-
cation was

E,(z) = 0.4805/cos* 0.0582z w/cm? 17)
where 0 < z < 3.0 in. Thus the desired flux is essentially uni-
form, increasing by only 6.5 percent from the center to the outer
edge of the workpiece.

10, ). The model permits the intensity of the source to vary
with state of polarization, polar angle, and frequency. The
chosen 200-w compact mercury-arc lamp radiates symmetrically
about the axis of the two electrodes, but its energy distribution
is a strong function of polar angle 8. The angular distribution of
total intensity from this lamp was determined experimentally at
5-deg increments from 45 to 150 deg. The total intensity was
calculated from heat-flux measurements made using a Gardon-
type [7] calorimeter. At angles greater than 145 deg there is
convective heating from the wake caused by the free-convective
flow of air around the lamp. This heating can give erroneous
heat-flux measurements. The convective heat transfer to the
calorimeter was minimized by maintaining the calorimeter cool-
ing water at the ambient temperature and by placing a closed
cell with a 1-mil mylar window over the calorimeter. Figure 3
shows the measured distribution of total intensity for the lamp.
The electrical power to the lamp was maintained at 183 w during
the heat-flux measurements; integration of the intensity distribu-
tion indicates that 155 w was radiated. For the example reflector
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Fig. 4 Reflector design for example problem

system the intensity from 130 to 180 deg was zero, since a shield
was placed over the lamp to block the direct radiation. A least-
squares procedure was used to fit a polynominal to the intensity
data points of Fig. 3 from 45 to 125 deg. This polynominal was
used to model the intensity. It was assumed that the source was
uniformly polarized

16, s) = I(0, p) = 31(0)

pAv, ¥, ). The only restriction on the reflector reflectance is
that it be specular. The specular reflectance may be described
by Fresnel’s equations [8].

p(¥, 8) = f(n, k, ¥)
o(¥, p) = gln, k, V)

where ¥ is the angle of incidence, = is the refractive index, and k
the extinction coefficient. Both n and & and hence also the re-
flectance are functions of frequency; however, a wavelength of
0.492 y was selected as an appropriate average for the chosen
source. The appropriate values for aluminum at 0.492 u are n =
0.64, £ = 5.50 [9]. The reflectance for aluminum at this fre-
quency is constant only for ¥ less than 45 deg. 1If many of the
rays are reflected at angles greater than 45 deg the variation of
reflectance with both ¥ and j may become significant in evaluat-
ing equation (2).

oulB, ). The present analysis places no restrictions on the
model describing the workpiece’s spectral directional absorptance.
For the present application the glass was assumed to be a specular
reflector; hence

(19)

a@, i) =1 — pB, 1)

where p(8, j) is defined by Fresnel's equations; n was specified
based on experimental measurements of crown glass at 0.5086 u
[10].

(20)

Gonstruction of Reflector

Figure 4 is a scale drawing of the reflector designed for the ex-
ample problem. The portion of the reflector used to reflect
energy t0 the workpiece is shown with a heavy line. The reflector
has been extended at both ends; the outer extension provides a
flange to mount the reflector and the central extension simplifies
the construction of the reflector. This central extension is re-
moved as the final step in construction. The shield for direct
radiation is also shown.

After designing the reflector the computer program outputs
the z—y coordinates of the reflector on 80-column punched cards.
These cards are used to program a numerically controlled milling
machine which produces a female template of the reflector cross
section. A male template is cast from the female template using
a metal-filled epoxy. = The male template is used to generate on a
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tracing lathe a stainless-steel mandrel, The mandrel is polisheg
to achieve an excellent surface finish. The reflector shells arp
constructed by electroforming nickel onto the mandrel. Theg
shells can be either gold-plated or aluminum-coated to achieye
the desired reflectance characteristics.

The dimensional accuracy of the z—y coordinates of the re
flector cross section was carefully measured at each stage of
manufacture using a Sheffield Cordax three-axis measuring ma.
chine. The dimensions of the polished mandrel were within +3
mil of the desired dimensions. The electroformed reflector ap.
parently sprang out from the mandrel near the flange so that
while at z; the value of y; was within +0.5 mil of the desired
value, at 2, the value of y, was 12.5 mil too large.

Experimental Evaluation of Reflector System

The system has been evaluated by experimentally measuring
the heat flux at the workpiece location using a Gardon-type
calorimeter and a millivolt 2~y chart recorder. This experimen.
tal system differs in two characteristics from the previous design
problem: The electroformed nickel reflector is not coated with
vapor-deposited aluminum and the workpiece is a black calorim-
eter instead of crown glass. Thus the system will not provide
the flux distribution prescribed by equation (17). The expected
flux for this modified system can be calculated using the present
model to predict the flux distribution for the known reflector
shape [4]. Surface characteristics of the calorimeter were as-
sumed to be those of a black body; this assumption is consistent
with the method of calibrating the calorimeter. Fresnel’s equs-
tions were used to describe the reflector’s reflectance. Experi-
mental measurements of reflectance were made at 0.492 u using
a bidirectional reflectometer similar to the instrument described
by Love and Francis [11]. From these measurements n and k
were caleculated to be 1.961 and 3.23, respectively; these values
correspond to & normal specular reflectance of 0.592.

Figure 5 presents the measured flux distribution and the pre
dicted flux distribution for the experimental system. The re-
flector successfully distributes the energy as desired except for s
peak at the center. Integration of the experimental radial flux
distribution shows that the system distributes 62.4 w over the
6-in-dia circle compared with the predicted 60.7 w.

Figure 6 is a photograph of the light intensity on an opal glass
workpiece. The visible intensity appears uniform except for
“rays’ radiating from the center and a dark spot of 0.23-in
radius in the center. It was observed that when the reflector
was rotated about its axis the ray pattern rotated on the work
piece. The ray pattern is apparently produced by imperfections
in the circularity of the reflector. It is hypothesized that the
imperfections are from striations on the surface of the mandrel
which radiate from the axis and which are produced during turn-
ing on the tracing lathe.

The dark spot in the center of Fig. 6 appears to contradict the
central peak shown in the total flux measurements of Fig. 5
This apparent contradiction is the result of the finite size of the
source and quantitatively can be explained by modeling lhf
source as four point sources instead of a single point. Figure!
is a scale drawing of the lamp overlayed with four point sources:
Each source is arbitrarily assumed to radiate the percentage ¢
total power indicated on Fig. 7 with the angular intensity distt
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Fig. 6 lllumination on opal glass workpiece

bution presented in Fig. 3. Source 1 models the infrared thermal
emission of the hot cathode. Since this source is displaced from
the source design point by 0.100 in., the rays doubly illuminate a
circle of 0.367-in. radius producing a hot spot on the workpiece.
Source 2 models the ultraviolet and visible emission from the hot
spot [12] in the arc column near the cathode. This source is
the dominant source to which the experimental system was
aligned. Since the source is at the design point it will illuminate
the workpiece with the flat flux distribution shown in Fig. 5.
Source 3 models the ultraviolet and visible emission from the
small hot spot in the arc column near the anode. Because this
source is displaced from the design point it does not illuminate a
small circle, thus producing a dark spot at the center of the work-
piece. Source 4 models the infrared thermal emission from the
enode; this source also does not illuminate a small circle at the
center of the workpiece. '

Tigure 8 presents the flux distribution predicted using the four-
source model and the experimental total lux measurements. The
four-source model predicts the observed hot spot and the local
minimum at a radius of 0.4 in. Also shown in Fig. 8 is the pre-
dicted flux distribution for only sources 2 and 3, which corre-
sponds to the illumination recorded on the photographic film.
The model predicts the observed central dark circle.

Mixed-Mode Prohlems

The accurate specification of E,(z) often requires developing a

conduction, a convection, or a radiation heat-transfer model
which is coupled to the model of radiant interchange in the re-
flector system. This section briefly illustrates the application of
the model to a heat-transfer problem of this type.
. Consider heating a 1-in-dia circle on the surface of a semi-
Infinite piece of stainless steel to a uniform temperature 7', 360
deg I above ambient, the remainder of the surface being ther-
mally insulated. The desired temperature distribution in the
stainless steel is [13]

Tz z) = 2T f e~ M Jy(\z) sin (\zy) LE\ (21)
7 Jo A
where z; = 1 in.
Solving equation (21) for the surface heat flux in the circle of
Tadiug 2, by differentiating equation (21) with respect to x and
valuating at 2 = 0 yields the required absorbed flux
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Fig. 8 Predicted flux distribution for four-source model

2KT,
Eu(2) = Tt — A (22)
where K is the thermal conductivity of the stainless steel. The

required flux is singular at z = z;; however, integrating the flux to
determine the total required power yields a finite value

¢ = AK Tz (23)

A reflector was designed to produce the flux distribution of
equation (22). It was assumed that the reflector was aluminum
as in the previous design and that the stainless-steel workpiece
had been coated to achieve a perfectly black surface. The energy
source was assumed to be a uniform point source radiating 300 w.
The geometry was d = 2.0in., 1 = 5.5in., y; = 1.33 in., §; = 33.7
deg, z; = 0in., and 2y = 0.5 in. Figure 9 shows the calculated
reflector shape and the heat-flux distribution F.(z). Note that
there are many reflector shapes that will produce this flux dis-
tribution since the shape depends on the values of d, [, y;, and 6.
The choice of the four variables should be based on obtaining an
optimum shape which maximizes the manufacturing tolerances
for the reflector.

Summary and Gonclusions

A model for designing rotationally symmetric reflectors to
produce prescribed flux distributions has been presented. The
model has considered spectral, directional, and polarizing effects;
the ability to include these effects in the model results from the
simple geometry of the system. A reflector system has been
constructed for a specific application and its heat-flux distribu-
tion experimentally observed. The experimental measurements
demonstrate that the model is sufficiently accurate to design
heating systems for most applications. Heat-flux predictions
for a four-source model have been presented to show that the
minor differences between the theoretical and the experimental
system are due to the distributed source. The four-source
model indicates that the hot spot in the total measurements and
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Fig. 9 Reflector design for mixed-mode problem

cold spot in the photographic observations are not contradictory
but result from different portions of the source emitting at differ-
ent frequencies. It is expected that an improved reflector could
be designed based on the four-source model.
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Optimization of the Directional Emission
from V-Groove and Rectangular Cavities

Specially designed cavities are known to produce directional emissivities that have large
variations with direction. Surfaces with large variations in radiative properties offer
a means of controlling radiative exchange between surfaces. In this paper a measure
of the divectionality, or degree of focusing, is defined. Possible combinations of direc-
tionality and hemispherical emissivity are identified. Two limiting cases for the divec-
tional emissivity are discussed which provide collimation of emitted energy in directions
which graze and are normal to the cavity opening arew, respectively. For o given
strength of emission these 1dealized situations provide maximum focusing of the emission
pattern. A V-groove and a rectangular groove are selected as cavities which provide
divectional emisstvities that approach the charvacteristics of the iwo limiting cases.
Hemispherical emissivity and divectionality results for both cavities are presented.
Geometries and surface properites of both cavities are optimized to produce maximum

Sfocusing of emitted energy.

Comparisons are made among the emission characteristics

of the V-groove, rectangular groove, and the two tdealized limiting cases.

Introduction

WHEN thermal radiation is incident on a concave
enclosure, multiple reflections from the surface cause the value
for the ratio of absorbed to incident energy to exceed the ab-
sorptivity of the surface material itself. Similarly, the amount
of energy emitted through an opening of an enclosure exceeds
the energy which is emitted from an equal area of the surface
material. This characteristic, often referred to as the cavity
efect, suggests that the apparent radiative properties of an en-
dosure opening can be significantly altered by simply manipulat-
ing the geometric shape and the surface properties of the en-
tosure. In fact, by properly selecting the geometry of a cavity,
w enclosure can be constructed which has radiative properties
that approach those of a blackbody. Since the blackbody is the
standard of comparison for radiating surfaces, it is only natural
that there has been a great deal of interest in the absorption and
tmission properties of cavities. A review of absorptance and
ef_nittance of several of the more common cavity geometries is
8ven in reference [1]1. Surface emissivities for the most part
have heen limited to relatively high values in many studies in
W attempt to achieve an apparent emissivity or absorptivity
Wproaching unity. The surface of the enclosure is normally
sumed to be a diffuse emitter and reflector, although recently

~—

! Numbers in brackets designate References at end of paper.
mcmltri}?uted ‘by the Heat Transfer Division for publication (without
reges-entu tion) in the JourNAnL or HmaT TrRansrFER. Manuseript
72-&1}'11‘%?(11,135, the Heat Transfer Division August 4, 1971. Paper No.
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some effort has been devoted to the determination of the direc-
tional absorptivity and emissivity of cavities with specularly re-
flecting surfaces [2].

In contrast to the abundance of information on the properties
of enclosures to be used as strong emitters, very little has been
reported on the directional characteristics of the emitted energy
from enclosures. Just as repeated reflections from the side
surfaces of an enclosuie may enhance its emission characteristics,
the reflections may also re-direct the ehergy into desired direc-
tions so that a cavity may yield an emission pattern which is
highly collimated. A directional source of radiant energy acts
like an infrared searchlight, and surfaces possessing this kind of
emission behavior can have a large effect on the heat transfer be-
tween the various surfaces of a system. An illustration of this
fact is provided by an experimental investigation [3] undertaken
to determine what effect the distribution of emitted energy has
on radiation heat-transfer rates. It was determined that
collimated emission from a surface fabricated from specially de-
signed cavities is capable of reducing the loss of radiation from
two parallel plates by as much as 40 percent. This reduction
represents a significant effect and indicates promise for the use
of directional surfaces in controlling radiation heat-transfer rates.

The collimated emission pattern produced by a directional
emitter can be used in practical applications to control radiative
energy exchange between suifaces by directing the emission into
desired paths. For example, a diffuse radiant heater placed on
the ceiling of a high bay area would direct a significant portion
of its emitted energy toward the walls of the structure. A
much more effective and economical emission pattern for this
heater would be one which produces a directional emissivity
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close to unity for those rays that are directed toward the work
area on the floor and a directional emissivity close to zero for
rays directed toward the walls.

A spacecraft radiator is another example of an application
where the collimated energy from a directional enclosure would
be desirable. If the radiator were designed to emit with a highly
collimated emission pattern, it would be capable of adapting to
the sizable variations in incident heat fluxes while still main-
taining a close temperature control on the radiator surface.
Excessive heat losses could.be reduced by directing the radiator
so that its emission would fall on other parts of the spacecraft.
On the other hand, heat rejection could be enhanced by directing
the radiator surface so that the collimated emission would be
directed toward deep space. Other applications for collimated
emitters, including the use of cavities with variable geometries as
semi-active control systems, have been discussed by Clausen and
Neu [4]. . ‘

This paper discusses the design of a cavity not for its high
emission or absorption capabilities, but for its directional emission
characteristics. A parameter is defined which provides a measure
of the focusing of any emission pattern. The problem of selecting
the cavity geometry and surface properties so as to provide a
directional emissivity which maximizes the collimating effect of
the cavity is discussed. The emission pattern required for
achieving the maximum collimation for a given strength of emis-
sion is presented. Two limiting cases are selected which repre-
sent the extremes in desired focused effect. The first is associated
with focusing energy in a direction normal to the cavity opening
aréa. The second provides emission focused at grazing angles
relative to the cavity opening area. Two specially designed
cavities are selected as enclosures which possess emission patterns
that approach the two limitihg cases. A V-groove is used as a
cavity that focuses its emission in the normal direction, and a
rectahgular groove is used to obtain collimated emission focused
in the grazing divections. Hemispherical emissivity and collima-
tion data are presentéd for both of these cavity geometries.
Creometrical parameters of the V-groove and rectangular groove
for optimizing the directional effect are presented. Comparisons
are made of the strength and collimation results for both the
V-groove, the rectangular groove, and the two idealized limiting
cases.

Directional Emission

The two factors that are of primary importance in the selection
of a particular cavity for use as a directional source of radiant
energy are the strength of emission and the degree of collimation.
The strength of emission is measured by the hemispherical emis-
sivity of the cavity. Assuming that the directional emissivity of
a cavity is only a function of %, the angle between the normal to
the plane covering the opening to the cavity and a ray leaving
the cavity, the expression for the hemispherical emissivity is

/2
€, = f €(n) cos ndn (1)
0

In this paper a limiting 7 angle, denoted as 7z, is defined which
describes the degree of collimation provided by any cavity. The
limiting % angle for cases where near-normal emission is desired is

arbitrarily defined such that 90 percent of the energy leaving th,
cavity is enclosed between the angles ==7.. Thus

7L
0.9¢, = f e(n) cos ndy @
]

For cases where grazing emission Is required, the degree
collimation can bettér be expressed in terms of a limiting 1 ang],
defined so that only 10 percent of the energy leaving the cavity
is enclosed between the angles =7z, or )

L
0.1¢, = f €(n) cos ndy 3
(]

Each emission pattern described by the e(n) distributig
possesses a unique combination of values for e, and 7z, but theg
are numerous €(n) distributions with the same hemispherig
emissivity that have different values of nz. It is appropriate t
determine the directional emissivity which, for a given hem;
spherical emissivity, will provide the strongest degree of collimg.
tion. In this paper two limiting cases of 5 are assumed fg
describe the desired focusing effect. A surface with the stronges
collimation in the near-normal directions provides a limit fo
small values of 7z. For this case the appropriate definition of
7 is one which provides the strongest collimation in direction.
normal to the opening area. For grazing emission the objective
is to produce an emission pattern which has a large value of g,
using equation (3) as the definition of 7z.

The problem now involves the selection of a directional emis
sivity so that, for a given hemispherical emissivity, the degree o
collimation is maximized giving either a maximum or minimun
value for 7. The emission pattern which minimizes 7y, fors
given strerigth of emission is one for which e(%) is unity for 0 €
7 < 71 and is zero for n > 7, where 71 is an arbitrary angle. This
pattern is sketched in Fig. 1(a). For this emission pattern the
hemispherical emissivity and directionality given by equatiom
(1) and (2), respectively, are

€ = sin
7L = sin~! (0.9¢,)

The values of ¢, and 7z, therefore depend only on the magnitude
of 7. These relations give the minimum value of 7z as a fune
tion of €. The result is plotted and is labeled as the curve for
maximum collimation iri Fig. 1(b). The emission pattern with
zero collimation is that of a diffuse surface. While there ar
emission patterns which possess larger values of nz than thost
for a diffuse surface, they are ones for which the energy is focused
into grazing angles. They are therefore not considered here
whete the purpose is to achieve neair-normal collimation. Ass
result, the upper limit for 5 is assumed to be the value for#
diffuse surface. The limiting % value for a diffuse surface s
64.2 deg regardless of the strength of emission. This particulst
nL value is a result of the arbitrary choice of the constant 0.9
used in the definition of 5z. Based on this definition, all diffus
surface have only the single possible value of 64.2 deg for Mt
Directional swfaces, on the other hand, may have any value
between 0 and 64.2 deg, but attempts to achieve smaller value
of 7z require the expense of a corresponding decrease in &

—=Nomenclature —
b = distance between the apex € = emissivity norimal to the cavity opeh
and base of V-groove & = emissivity of the base surface ing
B = disttanc?vbetween apex and . Of-thfl 1‘e?ctglmglu¥ar. g_rtoove' 75 = measure of directionality
» op of V-groove ¢, = hemispherical emissivity o . el
(b/B)opt = depth ratio of a V-groove to €, = emissivity of the side sur- = alk.nt%‘epy 1"7 angle illustr
obtain maximum focusing faces of the V-groove H.l ig. 1(a) . 1ol
of emission €(n) = directional emissivity M = arl.)xtra:ry 7 angle illustra
h = height of rectangular groove 7 = angle between aray of energy in Fig. 2(a)
w = width of rectangular groove leaving the cavity and the 6 = V-groove opening angle
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Fig. 1 Requiremenis for collimation normal to cavity opening; ()
directional emissivity for minimizing 7z for a given hemispherical
emissivity; (b) possible combinations of strength and directionality

When the hemispherical emissivity is increased, the cavity be-
comes less directional in its emission pattern and the minimum
possible value of 7z increases. In the limit the maximum emis-
sivity is obtained with a black surface which is diffuse, having a
directionality of 71 = 64.2 deg, thus yielding zero collimation.
Those €(n) distributions which are candidates for collimation in
the near-normal directions possess €, and 75z values which lie
inside the shaded area of Fig. 1(b). Points above the shaded
region are not physically realizable, while points to the right of
the shaded area are not of interest when normal collimation is
desired.

If it is desired to design a cavity which emits a large percentage
of energy at n angles approaching 90 deg, it is appropriate to
achieve a large value of 5z according to the definition given in
equationi (3). The directional emissivity which maximizes 7;,
is one for which e(5) is zero for 0 < 5 < 7, and unity for 5 >
2 as shown in Fig. 2(a). The value of 7 is arbitrary, but for
each choice of 72 the focusing of the emission pattern is maxi-
mized for the corresponding strength of emission. For this
emission pattern the hemispherical emissivity and directionality
given by equations (1) and (3), respectively, are

€ =1 — sin 7,
9z = sin~! (1 — 0.9¢,)

Possible combinations of €, and 5z providing for high values of
1, using the grazing definition of 7z, equation (3), lie inside the
shaded area in Fig. 2(b). Points above the shaded aréa are not
bhysically realizable, while points to the left of the shaded area
are not of interest. All diffuse surfaces have a value of 7z equal
t0 5.74 deg, a value which depends only on the arbitrary choice
of the constant 0.1 used in the definition of 71 given by equation
B). The diffuse surface again is taken as the limiting case of zero
llimation. The emission pattern shown in Fig. 2(a) yields the
Taximum value of 7y, for any specified hemispherical emissivity,
”}e result being indicated by the maximum collimation curve in
Fig, 2(b). Note that attempts to increase 7z are eventually
ad}ieved only at the expense of decreasing . Conversely, if
%1s increased toward unity the blackbody limit is eventuaily
%eached which yields zero collimation.

hurnal of Heat Transfer

/] (deg.)")2

1ol ZERO COLLIMATION
WDIFFUSE SURFACE
08
0ok MAXIMUM COLLIMATION
¢ DIRECTIONAL SURFACE
h

04
02| \

Ny |

0 20 40 60 80

N, (deg.)

Fig. 2 Requirements for collimation grazing cavity opening; (a) direc-
tional emissivity for maximizing 7z, for a given hemispherical emissivity;
(b) possible combinations of strength and directionality

SPECULAR SIDES €

\
8LACK BASE €=1

Fig. 3 V-groove geometry

Directional Cavities

V-Groove for Normal Emission. A V-groove cavity with a flat
black base and specularly reflecting side surfaces is a source of
energy that is strongly collimated in directions nearly normal to
the cavity opening area [5]. The strength and distribution of
emitted energy leaving the cavity are functions of the cavity
geometry and the emissivity of the sides of the groove. The
groove geometry is defined by the opening angle @ and the depth
ratio b/B (Fig. 3). The groove is assumed to be infinitely Jong
in the direction perpendicular to the plane of the figure. The
side surfaces of the groove have emissivity €. TFor the present
study the emissivity of the V-groove was first found as a function
of the angle leaving the groove dand location across the opening
area by using a ray-tracing, mirror-imaging technique. The
values for the local directional emissivities were then integrated
across the opening area to yield the directional emissivity as a
funetion of the angle #. A brief description of the technique

FEBRUARY 1973 / 33

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



0 =60°

0.2 0.4 0.6 0.8 1.0
L/8

Fig. 4 Directionality for a 60-deg V-groove illustrating existence of an
optimum depth
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Fig. 5 V-groove optimum depth ratio corresponding to strongest normal
emission

used to determine the directional emissivity of the V-groove
may be found in reference [6]. A more detailed discussion, in-
cluding detailed relationships for the local directional emissivity,
may be found in reference [7]. For brevity the analysis is
omitted here and only the results dealing with optimization of the
directional effects are presented in this paper.

The specially designed V-groove is a rather interesting cavity
geometry. Iixcept for the idealized case of a groove with non-
emitting side walls, deep cavities (b/B — 0) are diffuse in their
emission patterns because energy leaving the black base re-
flects nmumerous fimes before escaping the cavity opening.
Shallow cavities (b/B — 1.0) are also diffuse sources because
the black base surface becomes large and it dominates the emis-
sion pattern. When the groove sides are emitters, there is a
unique depth ratio between 0 and 1.0 for which the focusing of
the emission pattern is strongest. The depth for which the
focusing of the cavity emission is greatest is illustrated in Fig. 4
where 7z is plotted as a funetion of depth ratio for a V-groove
with a 60 deg opening angle. Since the V-groove was selected
as a geometry to provide strong emission in the near-normal
directions, the condition which leads to a minimum value of N
is considered desirable. The depth ratio for minimum 5z will
therefore be referred to as the optimum depth ratio (b/B)opt.
The optimum depth ratio as shown in Fig. 4 is a rather weak
function of the sidewall emissivity of the cavity, and it varies
from about 0.25 to 0.40 for €, between 0.05 and 0.20. The di-
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Fig. 6 V-groove directionality a! optimum depth illustrating existenc,

of optimum groove opening angle

rectionality for cavities with non-emitting and black sidey has

also been plotted in Fig. 4 to provide a lower and upper limit for

. The cavity with black sides is simply a diffuse emitter,

The 79z angle for this case is 64.2 deg regardless of the groove

depth. On the other hand, the V-groove with non-emitting
sides yields the most-collimated emission pattern. For 4

groove with non-emitting sides, the optimum depth ratio i

zero, since the value for oz continues to decrease as the depth of

the groove is increased.

‘Curves similar to those shown in Fig. 4 are typical of V-grooves
with other opening angles. In fact, grooves having diffevent
0 values all exhibit optimum values for the depth ratio except for
those possessing 6 values close to 0 and 180 deg.  As 6 approaches
either O or 180 deg, emission from the V-grooves becomes diffuse
for all depth ratios, and the existence of an optimum depth ratio
disappears. A plot of the optimum depth ratio as a funétion of
groove angle for various sidewall emissivities is shown in Fig.
The curves are dashed for 4 less than 5 and greater than 120 deg,
indicating that no well-defined optimum depth ratio exists for
these angles.

In addition to the unique depth that produces the maximum
directional effect for a given @ value, there also exists a groove
opening angle for which the emission pattern is strongest in its
collimation. The existence of such an opening angle can be
explained by the following reasoning. For small groove angles,
reflections within the cavity are numerous and the cavity effect
is dominant. The emission pattern as a result tends to be diffuse
and the emissivity approaches unity regardless of the cavity
depth. As the groove opening angle approaches 180 deg the
cavity emission is dominated by the base surface which again
vields a diffuse emission pattern and an emissivity close to one.
At intermediate groove angles the emission pattern is focused &
illustrated in Fig. 4. This reasoning suggests that there should
be an optimum groove angle between 0 and 180 deg for which the
collimating effect is strongest.

Tigure 6 shows the variation of 5z as a function of ¢ with b/
taken to be the optimum depth ratio as indicated in Fig. 5. For
the cavities with non-emitting side surfaces the depth ratio was
always chosen to be zero so that the absolute minimum value of
n1, was obtained. For cavities with emitting side surfaces the
optimum groove opening angle indicated in Fig. 6 ranges from
about 40 deg for ¢, = 0.03 to about 55 deg for €, = 0.20.

To verify the capability of the V-groove for producing ?
collimated emission pattern, the hemispherical emissivity B
plotted in Fig. 7 as a function of the directionality for a groove
angle of 40 deg. The limiting curve for minimum 7z of Fig
1(b) is indicated as a dashed line in Fig. 7 to give an indication
of the effectiveness of the 40-deg V-groove as compared with the
ideal directional emitter, The minimum value for 5z is reach_
at the optimum depth ratio for the 40-deg groove indicated 1
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Fig. 8 Rectangular-groove geometry
Fig. 5. Figure 7 shows that a groove with non-emitting sides

and a depth ratio of zero has the strongest focusing effect, but
it also is weakest in terms of total emission.

Rectangular Groove for Grazing Emission. While the V-groove is
o geometry particularly suited for collimated emission in the
near-normal directions, a specially designed rectangular groove
is capable of producing directional emission focused in directions
which graze the cavity opening area [4]. This type of rectangu-
lar groove has a specularly reflecting base with emissivity € and
vertical side surfaces that are assumed to be black emitters.
The depth of the cavity is h and the width between the vertical
side surfaces is w (Fig. 8). The directional emissivity given in
reference [4] for this type of cavity is

) =1—-(1—@&) I:l - 2£tan 77:] (4)

where % is limited by the equation

L
7 < tan <2h/w) (%)

;I‘he emissivity is unity for 5 angles above the limit of equation
5).

Representative curves of directional emissivity given by
equations (4) and (5) are shown in Fig. 9. When h/w = 0 the
emission pattern is diffuse with a hemispherical emissivity equal
to the value of the base-surface emissivity. As the cavity be-
tomes very deep the emission pattern again becomes diffuse
with the hemispherical emissivity approaching unity. At inter-
Mediate values of h/w the directional effect of the groove’s
emission pattern increases and the strength of emission decreases
as the cavity becomes shallower. Similar to the characteristics
Of. the V-groove, there is a depth of the rectangular groove which
will cause the collimation of the emission pattern to be maximized.

Expressions for the hemispherical emissivity of the rectangular
&oove may be obtained by substitution of equations (4) and
{5) into equation (1). The resulting hemispherical emissivity
for the rectangular groove is

lournal of Heat Transfer
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Fig. 9 Directional emissivity for the specially designed rectangular
groove
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Fig. 10 Directionalily and strength for the rectangular cavity; compari-
son with limiting case

& =1— (1 — &)[(dht/w? + 1) — 2h/w]

The value of 51, for the rectangular groove depends upon whether
n1 1s larger or smaller than the limit imposed by equation (5).
If 51 is greater than the value of 1 given by equation (5), then
the directionality is given by

sin = 0.1 + 0.9(1 — &)[(4h?/w? + 1)Y2 — 2h/w)

If n1 is less than the value of 7 given in equation (5), then the
directionality is given by the expression

1 — €
6b) €os N1 = 0.1( p b>
b

X [ih — (4h2/w? + 1) — 18h/w]

1 — 6

1 —

sin 9. — 2(h/w) (

Both of these expressions for 7z, yield the same result when 1z, =
tan™! (w/2h).

Plots of the hemispherical emissivity and directionality for the
rectangular groove as a function of base emissivity and groove
depth are shown in Fig. 10. The curve for the limiting case of
maximum 7z shown in Fig. 2(b) is also included in Fig. 10 so
that the emission pattern of the rectangular groove can be com-
pared with the one which provides the upper limit for 7. The
emission pattern is entirely diffuse (9. = 5.74 deg) when the
sides of the groove becomes vanishingly small (h/w = 0), with
the exception of the case of the cavity with non-emitting base.
The emission is diffuse regardless of base-surface emissivity as
the groove becomes very deep (h/w — «). At intermediate
depths the value of 7z is always greater than 5.74 deg, indi-
cating that the cavity produces an emission pattern that is more
focused than that of a diffuse cavity. The maximum value of
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Fig. 11 Directionality of the rectangular cavity illustrating the ex-

istence of an optimum cavity depth

nr, for a cavity with an emitting base increases as the base
emissivity decreases, indicating that the emission pattern for
rectangular cavities becomes more collimated as the base emis-
sivity is reduced. As long as the base surface is an emitter of
radiant energy, there is a unique depth of the rectangular groove
that gives an emission pattern with a maximum value of 7z.
Since the rectangular groove was selected in order to provide a
source of energy with a large portion of its energy leaving at
grazing angles, the depth that produces a directional emissivity
with a maximum value of 7z can be considered an optimum
depth. Therefore, just as there was an optimum depth for
the V-groove, there is also an optimum depth for the rectangular
groove. The groove with the strongest collimation is one with
a non-emitting base which is very shallow. This particular
idealized cavity also has vanishing strength of emission, how-
ever, and cannot be fully achieved in reality.

The optimum depth for the rectangular groove is illustrated
further in Fig. 11 where the directionality is shown as a function
of the groove depth-to-width ratio for various values of &. In
general, rather shallow cavities with base emissivities close to
zero have the strongest collimated emission. Note that for the
idealized case of a non-emitting base, the value of 7, continues
to increase as the groove becomes shallower, analogous to the
behavior of the V-groove with non-emitting sidewalls.

Gonclusions

Specially designed cavities with specularly reflecting surfaces
can be used as sources of highly collimated emission or as ab-
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sorbers that have large variations in directional absorptivity,
A V-groove with flat black base and specular sides is a direc.
tional cavity that emits a large percentage of its energy in the
near-normal directions. A properly designed rectangular groove
with black sides and specular reflecting base is a directiona]
cavity with a large percentage of its emitted energy leaving at
grazing angles.

A limiting emission angle may be defined which is a convenient
measure of the directionality or degree of collimation of any
emission pattern. Two such limiting angles have been defined
in this paper, one for cases of near-normal emission, equation
(2), and one for grazing emission, equation (3). Possible com.
binations of strength and degree of collimation for both defini-
tions are identified in Figs. 1 and 2.

An optimum depth of the V-groove exists which produces an
emission pattern with the strongest collimation of emitted
energy. The optimum depth ratio increases as the emissivity
of the groove sides increases and as the groove opening angle
decreases. The optimum depth values of all V-grooves are
shown in Fig. 5.

An optimum V-groove opening angle exists which produces an
emission pattern with the strongest collimation of emitted
energy. For values of sidewall emissivity between 0.05 and
0.20, the optimum opening angle ranges between 40 and 60
deg as shown in Fig. 6.

An optimum depth of the rectangular groove exists that pro-
duces an emission pattern with the strongest collimation of
emitted energy. For base emissivities of the rectangular groove
between 0.05 and 0.20, the optimum depth-to-width ratio ranges
between 0.25 and 0.90 as shown in Fig. 11.
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Solidification of a Semitransparent Cylindrical
Medium by Conduction and Radiation

The effect of the radiative transport on the solidification rate and on the temperature dis-
tribution in o semitransparent cylindrical medium is investigated. The integral
method is employed in the analysis, and results for the cases of absorbing, opaque, and
nonparticipating media are presented. It is concluded thot the radiative contribution
to the process of phase change does have a significant effect on the solidification rate and
on the temperature distribution in the solid phase.

Introduction

ENGINEERING problems in which one material is
transformed into another or into another phase with generation
or absorption of heat continue to receive appreciable attention.
Problems of this nature arise in areas such as melting or freezing
of a solid, the progress of a temperature-dependent chemical
renction through a solid, the growing of vapor films, and others.
The nonlinear nature of these problems requires in most cases
numerical or approximate analytical techniques [1-3].1

Little study, if any, has been devoted to the solidification of
semitransparent materials in which a substantial contribution to
the process is due to the heat transfer by radiation. Such prob-
lems occur in the recrystallization of semitransparent solids ac-
companied by latent heat of recrystallization.

In an earlier study [4] we employed the integral method to
study the effect of the radiative heat transfer on the solidifica~
tion rate and on the temperature distribution in the solid phase
of & semitransparent planar medium. We felt that in the ma-
jority of cases it is useful to have an approximate solution which

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division and presented at the
Winter Annual Meeting, New York, N. Y., November 26-30, 1972,
o .THE AMERICAN SocCIETY OF MECHANICAL ENGINEERS. Manu-
eript received by the Heat Transfer Division September 3, 1971.
Paper No. 72-WA/HT-5.

can describe, however qualitatively, the phenomena under ex-
amination. The results for the planar medium showed that the
radiative contribution to the process affects the solidification
rate and the temperature distribution appreciably.

In the present study we extend the problem to investigate the
effect of the radiative transport on the solidification rate and on
the temperature distribution in a long eylindrical medium. The
integral method is also used in the present analysis, and it is be-
lieved that in this way the significance of the radiative contribu-
tion to the process in cylindrical geometry can be well demon-
strated.

Analysis

Figure 1 represents the problem considered, and it is the one-
dimensional solidification of a semitransparent eylindrical homo-
geneous isotropic material with constant thermophysical and
optical properties. A unique melt temperature 7% is assumed to
exist and the liquid phase is maintained at this temperature.
The surface at y = 0 (r = R,) is considered to be the cold wall
at a constant temperature 7, To reduce the complexities of
the problem we assume the melt line and the cold boundary to
be black surfaces. We note that in the study of a planar me-
dium [4] the melt line and the cold boundary were not assumed
black, and the effect of the emissivities was to slightly modify
the solidification rate and the temperature distribution. No
significant change in density occurs during solidification. The
formulation given here is valid for the analogous melting prob-
lem with obvious modifications only.

~————Nomenclature
¢ = specific heat capacity k = thermal conductivity ¢ = time, integration variable
E = blackbody emissive power; n = index of refraction T — temperature
E\, E,, emissive power of gr = radiative heat flux; ¢, ra- - P
surfaces 1 and 2 respec- diative heat flux at a = thermal diffusivity
tively . - Y = 0; gr.s) radiative heat A = latent heat of freezing
B, = exponentialintegral fluxaty = s
F(y', hy) = [(BRe — ¢’ — (Ra — y)? 7 = radius; Ry, exterior radius of p = density
sin? y]'/? cylinder
. . e e = - tant
D, = exponential integral fune- s = solid-liquid interface, “melt 7 Stefan-Boltzmann constan
tion ling”’ k = absorption coefficient
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Fig. 1 The present model

The energy equation for the problem can be written in the
form

orT 1 0 -, oT
w5 [l )] o

for O<y<s

subject to the following conditions:

k % Gry = PA % at y =38 (2a)

T(0,t) = T, (2b)

T(s, t) = Th (2¢)

where y = R, — » and all other quantities are defined in the
Nomenclature. Integrating equation (1) fromy = O toy = s

using equation (2a) results in the following equation referred to

as the heat-balance integral:
T R
Ry (*) — = (gry)ymo
y=0

A ds de
<?+T1>(R2_S)E=E¢+ oy o
(3)

where

0= f (B — )Ty, )y @)
0

In solving the heat-conduction problems with the integral
method in rectangular geometry a polynomial approximation
works well in representing the temperature profile. Lardner
and Pohle [5] investigated the application of the integral method
to the solution of the heat-conduction problems in regions with
cylindrical and spherical symmetry and have shown that poly-
nomial representation alone of the temperature profile would be
inaccurate as an approximation. This is to be expected since
the volume into which the heat flows does not remain the same
for equal increments of = in the cylindrical and spherical coordi-
nate systems; hence a modification in the assumed temperature
profile is necessary. Lardner and Pohle suggested the follow-
ing modifications for the temperature profiles.

In the cylindrical coordinate system the temperature profile
may be chosen in the form
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T = (polynomial in r):ln r
and in the spherical coordinate system, the form
T = (polynomial in »)/r

In the present problem, if we let the temperature profile be repy,
sented by the form

T=<A+g>-ln(r/Rz)+D 0<r <R, ()
%

then three conditions are necessary to find the constants. Equ,,
tions (2b) and (2¢) are two conditions and the third is essentially
equation (2a¢). But equation (2a¢) in its present form is ny
suitable because the coefficients in the polynomial would involy,
ds/dt. In turn, the heat-balance integral, equation (3), wouly
involve the second derivative for s(), whereas there is only ong
initial condition for s, namely s(0) = 0. To avoid this diff.
culty we differentiate equation (2c) with respect to time

oT ds T

wa T o= (6a)
or
ds oT /ot
& _ 2 (6)
dt oT /oy
If we substitute equation (6b) in (2a) we obtain
%’) _ (T (3T _phor ,
ow) " \k ) \ay Py )

From the differential equation for the problem,; equation (1), we
substitute for 07'/0t in equation (7) and obtain the third required
condition as

D_T> _[MQZ_AE AT
Y Jums Lk Oy ¢ 2yt c(Ra—y) Oy
A D A
+z£@”vmﬁmwlﬂw

Introducing the variable ¥ and using condition (2b) the tempers-
ture profile takes the form

oo (By ~ y) By —y
T_“_[AJ“B Er ]ln< R)

Using equation (2¢) and equation (8), 4 and B are then defer
mined from the following expressions:

0<y<s (9
s < R

-Vt (10)
2
R,
= — 4 1)
B = (¢ )(R2 — s) (
and
27:¢ 1 G
2 —_ — EiA
5 2Z1§ Rz—S k(R2_s)Qr.ys+ & 3Z1+Z2
- L %,
(Ba— s (Ra~ws)
(12)
’rI ==
A D Qry A
— — —_ 202 . 2 _— - —
ke oy IV, 2 p |, 28— Ak ke(Rs — 8) ")

1 _ 27, n
(Rz —_ 8)2 (Rz —_ S)

72
1)
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-1
= <R2— S> (14)

In{ ———

R,
1 1 Rz_s
Z; :[(Rz—S)—’—(Rz——s)ln( z >] (15)
)\ Rz— S

Zy = 07(132 -y |:2 + ln< ) >:] (16)

Radiative Heat Flux

In a cylindrical absorbing and emitting medium of index of
refraction n bounded by black surfaces? the radiative heat Aux
for constant absorption coefficient and no scattering can be
written in the form? [6, 14]

7=sin“(R2_s

Ri— ) v T -
L f ' f [B(y’) — Bk u
ey o o FQy', y,v)

X Dalk{F(y’, y, ¥) — (B2 — y) cos v} 1dy’

# "no_ (?/’ — Ry) _
- j; [E(y") — Eilk F——‘—(y’, ) Dylk{(R2 — y) cos v

/2

F ,, 1 ’ i —
+ Fly ?/,’Y)}]”J}C"S rey fﬁ -n»l(Rz—s)
=S Re—y

X {f?/ [E(y"y — Bk ' = Ry Dofs{(Ry — y) cos v

0 F(y/) yy ’Y)
s o R
+ Py, y, v)})dy' +f [E(y") — Enlx u
N Fly',y,v)

X Dalk{(Ry — y) cos ¥y — Fly, v, V)de’} cos ydy

R2 — 8

17
R — y) (17)
In equation (17) the exponential integral function D,(z) is de-
fined by

/2 —
D(z) = f (cos™ 1w) exp < i > dw
0 cos W

1 “n—leu‘z/ﬂ
=)o a e U8

— (B - Ez)(

and it has the recurrence relation

D./(z) = —Dpi(z) n>1 (19)
where D,'(z) is the derivative of D.(z} with respect to z. Ina
previous analysis [6] a formulation for the radiative heat flux

in a eylindrical mediam was carried out using the approximation
Da(z) =~ ae~b» (20)

where ¢ and b are arbitrary constants. Calculations were made
using this approximation and a comparison between the approxi-
Mate and the exact results was made. Excellent agreement was
obtained for = 1 and b = 5/,. We note that this approxima-
tion is similar to the well-known approximation used in the
Panar geometry for the exponential integral Ea(z).

Employing the approximation given in equation (20) we ob-
—_—

2In answer to a referee’s comment we note that the emissivity
of the solid-liquid interface depends upon the optical properties of
the two phases. However, to include such a dependency in the
f““ll_ysis would result in a high degree of complexity while the ob-
JECt_lve in this paper is fundamentally to show the significance of the
tadiative transport in the process.

*In [8] the radiative heat flux in a cylindrical medium for non-
blacl boundaries is also presented.
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tain the following expression for the radiative heat flux:

g 'Y=sin—1(§::;) y (y/ . R)
i = f f [By') = Bl o %
4nt/m y=0 0

Fly's v, v)
X exp [—br{F(y', y,v) — (B — y) cos v}]dy’

s LA R
- f (E(y") — Eilk u exp [—bk{(Rs — y) cosy
, F', 1)

/2

+ F(y', y, 7>}]dy’} cos ydy — f
,

X {fy [B(y") — Bk
0

+ F(y's y, v)}1dy' —l—f [B(y") — Bhlx
y

=gin~! g——};)
(y' — R»)
T —be{(Ry — .

Fly', z/,v)eXp[ (e = ) cony
(' — Ry)
Fly', v, v)

X exp [—br{(R: — y) cos ¥ — Fly, ', 7)}]dy'} cos ydy

Rz — 8
—~ (B — E) <R2 - y) (21)

Equations (3), (4), and (8) require that the radiative heat flux
with its spatial and time derivatives be taken at y = 0 and at
y = s. Performing these operations results in the following
integral expression for the propagation of the solid-liquid inter-
face with time:

8[6— (Rz— S)<%+ T1>:|ds
{ =
I

a4 + B) + BT
pC

(22)

y=0

in which we set df/di = B(ds/d¢) and
B - { f "2 (s, ) — )y + T(Re — s>} (23)
0 08

In some previous studies [7-9] approximations to the propaga~
tion of the solid-liquid interface in opaque bodies were obtained
by considering that the temperature in the frozen region follows
that in a hollow cylinder in the steady state, namely

_(T1 —T)In (R —y)+ TeIn(By — s) — Ty In R,
R,
1

If equation (24) is used in boundary condition (2a) the following
expression results for the propagation of the solid-liguid inter-
face:

Tl t) =

(24)

I = o\ ? (Ry — s)[In By — In (Ry — 8)]ds
T F j:) BTy — To) — (R — 8)[In Ry — In (By — s)gr,
(25)

This expression for opaque bodies yields the following known ¢

vs. 8 relation:

~k(Ty — To)t (B — 5)21
pA 2

n <RZR1 S) - % (2R.s — s%)  (26)

Solution

The method of solution used in solving equation (22) is similar
to the one we employed for the planar geometry [4]. Equation
(22) requires that the radiative heat flux and its derivatives be
determined first. That involves integration over the tempera-
ture distribution in the solid, which is unknown a priori, and
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Fig. 2 Thickness of solid vs, time

demands values for A and B that reflect the effect of radiative
transport at each value of s. The method of successive substi-
tution, then, was used to determine A and B from equations
(10)~(16). When the difference in the calculated values of 4
and B between two consecutive iterations was within 1 percent
of the magnitude of each, the iteration was stopped and the
values then obtained were considéred satisfactory for the par-
ticular value of s. The method converged to the correct values
of A and B very fast and in most cases did not require more
than two iterations. With the correct values of 4 and B and the
corresponding values for grs, ¢ro, and (dgr.y/dy)|s, equation (22)
was then integrated to obtain the value of time for that chosen
s. The method was repeated for each prescribed value of s,
rvesulting in the desired s vs. ¢ curve and in the temperature dis-
tribution at each s.

Results and Conclusions

Tigures 2 and 3 show the location of the solid-liquid interface
as a function of time with and without the effects of radiation for
four sets of conditions. Results for other thermophysical prop-
erties behaved in a similar fashion. It can be seen, as was shown
in the planar problem, that the case of the nonparticipating
medium,* k = 0, represents an upper bound on the solidification
rate, while the pure conduction base (opaque body) represents a
lower bound. An increase in the radiation absorption in the
medium shifts the solidification curve toward the pure conduc-
tion case. Results based upon the steady-state temperature
distribution, equation (25), are also shown. Solidification rates
obtained usirng thée steady-state temperature distribution are
lower for opaque and for radiating media than those obtained
using the more exact integral method. We note however that
for opaqueé materials in both methods the solidification rate is
proportional to the square root of time, s ~ /1.

In Pig. 4 we see that the radiation phenomena appreciably
affect the temperature distribution in the solid phase. For the
present model the temperature distribution for a nonparticipating
medium is higher than that for a pure conduction one. This
might seem at first unusual; however, it should be emphasized
that the solidification rate for k = 0 is much higher than that
for pure conduection. Increasing the absorption in the medium
raises the temperature distribution further away from that of
pure conduction. This can be attributed to a decrease in the net
radiation loss by the medium to the boundary. The propaga-
tion rate of the interface and the temperature distribution in the

4 For a nonparticipating medium the radiative heat flux is con-
stant for all values of s and reduces to the case of the gray concentric
cylinder.
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solid phase for materials with high thermal diffusivities were
little affected by the radiation contribution.
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constants.

o the center.

the perturbation solution to increase its range of applicability.
ton it is found that the regular perturbation solution diverges for front positions close
An Euler transformation and an overall energy balance are then used to

Perturbation Solutions for Spherical
Solidification of Saturated Liquids

A perturbation solution is obtained for outward and partial inward spherical solidifica-
tion of a kquid initially at the freezing temperature.
boundary condition is considered with the properties of the solidified material assumed as
A nonlinear transformation is applied to the sequence of partial sums in

The constant-wall-temperature

For inward solidifica-

obtain o modified series solution which is compared with numerical results.

Introduction

) SOLIDIFICATION problems are of great practical im-
portance. They are encountered in applications such as freezing
foods, casting thermoplastics or metals, the formation of ice, in
thermal storage devices for space vehicles, and during freezing
of soil.

London and Seban [1]2 presented solutions for freezing rates in
one-dimensional problems where the energy content of the
solidified material was completely neglected. Kreith and Romie
[2] assumed a constant freezing-front speed and obtained solu-
tions through iterative approximations for one-dimensional
geometries. Langford [3] obtained a solution assuming a non-
linear relation between first- and second-order time derivatives
of the front position in spherical freezing. Longwell [4] used a
graphical technique to obtain numerical values for one-dimen-
sional freezing problems. Tao [5] applied a numerieal method
and presented the results in graphical form for inward solidifica-
tion in the cylinder and sphere.

The present investigation applies a perturbation technique to
solve for temperature distributions and freezing rates during
spherical solidification. A perturbation technique to solve
planar solidification problems was considered by Lock [6]. In
his analysis both the temperature distribution and the freezing-
front position were expanded in powers of a physical parameter
which represented qualitatively the ratio of sensible to latent heat,
the independent variables being time and position within the
solidified material. This is in contrast to the technique presented
in this paper where the front position replaces time as an in-
dependent variable and no need arises to expand the freezing-
front position in a perturbation series.

! Part of doctoral dissertation, Department of Mechanical Tingi-
neering, Columbia University, New York, N. Y.

? Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication (with-
out presentation) in the Jourwar or HeaT TransrErR. Manuscript
received by the Heat Transfer Division December 8, 1971. Paper No.
72-HT-Q.
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Fig. T One-dimensional spherical geometry shown for the case of out-
ward solidification

The solutions obtained assume the fusion temperature and all
thermal properties to remain constant. Further, the liquid is
assumed to be at the fusion temperature. The solutions pre
sented will also apply for melting problems if the liquid motion is
neglected. The perturbation technique introduced in this paper
can be applied to other boundary conditions and geometries.

Analysis

Regular Perturbation Solution—Outward and Partial Inward Solidifica
tion. The analysis deals with a one-dimensional spherical con
figuration as shown in Fig. 1. The heat flow within the frozen
spherical shell is governed by the transient heat-conduction
equation; since there is spherical symmetry and constant proper
ties are assumed, this has the form

oT o OXRT) )
o6 R OR:.

The constant temperatures at the fixed wall, T, and at the
freezing front, 7'y, yield the boundary conditions

T(t,R = Ry) = Tw 1(,R =Ry) =1 @

Since the temperature of the liquid is assumed to be constant at
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the freezing temperature, an energy balance at the interface

yieldS
aiy _ b oT ]
dt  pL OR|p-z, @)

We define the dimensionless quantities of physical parameter e,
temperature u, radial position 7, freezing-front position r;, and

time 7 as
_oTimTe  _T-T R
€= L 7, -1, "TRe
R, T, — T,
"= R =k LR )

The product of the specific heat of the solidified material C' and
the maximum temperature difference 7'y — T is an indication
of the sensible heat in the solid. Therefore the physical parame-
ter € is a qualitative measure of the ratio of sensible to latent

heat. Let the dimensionless freezing-front speed be

d?’f
9= (5)

Substituting equations (4) into equations (1)-~(3), changing
variables (¢, 7) — (77, 7), and substituting equation (5) yields the
boundary-value problem in its normalized form

ou 1 0%(ru)

€ —— =
gbr; r  Or?

wu(ry, r =15 =1
(6)

w(ry,r=1)=0

ou

g =

or Fary
The solution to equations (6) can be written in general as
u = ulry,r;€) g = g(rs;e) (7

Ixpanding the dependence of % and g on € in Taylor series about
¢ = 0 yields the following perturbation series:

w(ry, v, €) = wuo(ry, v) + ewlry, ) + ury, v) + . ..

Substituting equations (8) into (6) and equating coefficients of
equal powers of e yields

0 for 2=20
1 0%(rus)
roor L
j=1 brf
( ) 1 for 2=0 ©
ury,r=ry) =
g ! 0 for i>1 )
u(ry,r=1) =10
_ bui
gi —~ or r=rf

The linear system of equations (9) was solved up to the second-
order terms, yielding

ﬁh1+1[1_<i ' z}i_ i[1_<i>2 ]

o 6 rs b rs? 36 7y U
e PR SUR DO L RGN

w2t -G () oo

2

1 1 2
o te e (11)
go 3 1y 45 18
where the zeroth-order terms are
1
-7 1
r
= = — 12
U . l Jo ri(ry — 1) (12)
rs
Equation (11) can be inverted and integrated to give
3(ry — 12 + 2(ry — 1) (ry — 1)2
T = + €
6 6
1 — 1)
N 7 el Y PP
45 Ty

Tt is usually possible (because of the algebraic complexity) to
calculate only the first few terms of the perturbation solution.

(8) However, if properly used, the first few terms of the solution will
g(ry; €) = golry) + egi(ry) + €golry) + . .. yield a large amount of information. This was the topic of a
== Nomenclature
C = specific heat of solidified material of £ in equations (24) and (25) turbation series for u

k = thermal conductivity of solidified and satisfying equation (26) ., i o, .
material g = normalized freezing-front speed, “* T Z £/, ith-order modified per-
L= latent heat of fusion dry/dr ! =t0urba,tion solution for «
E = radial position in solidified ma- g: = coefficient of € in the regular per- € = perturbationl physical parameter
terial turbation series for ¢ (T, — Tw)/L ’
Ry = radial position of freezing front r = normalized radial position in solidi- - i) ! “
By = radial position of fixed (spherical) fied material, R/R. Z - /(fK + )
- texall e distuibution o r; = normalized freezing-front position, 7 = normalized time, k(T; — Tu)t/
perature istribution in solidi- Ry /Ry (pLR.?)
P ﬁe(}l material u = normalized temperature distribu- 7: = coefficient of € in the regular per-
11 = freezing temperature tion in solidified material, (7' — turbation series for 7(r;)
Ty = temperature at fixed (spherical) Tw)/(T; — Tw) i
L - tinlau u; = coefficient of ei.in the regular per- Ti' = Z €ir;, dth-order regular per-
turbation series for u i=0 ) .
@ = thermal diffusivity of solidified ‘ turbation solution for 7(ry)
material, k/Cp wit = . e, ith-order regular per- 7% = value of 7 after the nonlinear
P = density of solidified material i=0 ) transformation is applied to 7o,
turbation solution for u 71t, and 74
Dimensioness quantities u* = value of u after nonlinear trans- 7 = normalized freezing time in the
K~ function of € introduced in equa- formation is applied to us, ¢, modified perturbation solution
tion (22) and ug* including the sth power of £ in
K = value of K including the <th power %; = coefficient of £ in the modified per- equations (24) and (25)
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paper by Shanks [7] in which he considered a family of non-
linear sequence-to-sequence transformations. The transforma-
tions become most useful when the perturbation series is slowly
convergent or divergent. Since in the above solutions, equations
(10) and (13), only the first three terms have been calculated, it
is only possible to apply the simplest of these transformations.
For the normalized temperature distribution the result is
ugthy — €(Ugllzs — W?)

*

u* = (14)

Uy — €Uq

which can be combined with equation (10) to obtain

14 © 1+M[1+ T\ 2]+1[1_ "
ﬂ_‘ ’I‘j2 6 20 rf Uo 6 s

)]l

8
I
—
25
—
—
|
AN
3
~—
=
|

uo T T (Y]
vl e [ () e

The same nonlinear transformation can be applied to the terms
in equation (13), yielding for the normalized time

L= 3r + 21 + [2 E Ry - 1@
* _ 15 ry
T = 4 f_
MR
(16)

The absolute values of the ratios of the first- and second-order
terms to the quasi-steady-state temperature distribution reach
their maximum values at the fixed wall (r = 1). The magni-
tudes of the first- and second-order corrections for both the tem-
perature distribution (as r approaches one) and the freezing time
reach their maximum values relative to the zeroth-order terms
when 7y is at its minimum position. This will occur for outward
solidification at the instant freezing begins. Hence it should be
expected that the perturbation solution will be least accurate at
this instant. For ‘Tf — 1] « 1 the perturbation solution for
spherical solidification can be shown to be identical with that in
the plane. Therefore a comparison with Neumann’s [8] exact
solution in the plane, for (r — 1)/(r; — 1) < 1, will yield the maxi-
mum percentage errors in the temperature distributions and
freezing times given above. These errors are shown in Table 1
and should represent upper bounds for the perturbation solution
for outward solidification.

Modified Perturbation Solution—~Inward Solidification. For inward
solidification it can be seen from equations (10), (11), and (13)
that the regular perturbation solutions will diverge for freezing-
front positions near the center. Equations (10) and (11) can
also be written as

(15)

Note that as 7; approaches zéro, uoa; and b; (4 = 1, 3) remain finite

quantities. The general form of the series (17) and (18) is
B =1+4Cm+ Cm® + Conf + ... (20)
where
n=1/rs (21)
and the quantities C; are known functions of ¢, 7, and r,.  Equa.

tion (20) can be subjected to an Euler [9] transformation witha
parameter K = K(e) (which will be later determined from an
overall energy balance), yielding

B =14+ KC,(1 + £)E + K(C: + K*C5)8°

+ K(C, + 3K2C5)E + K(Ci + 6K2C; + KCo)& + ... (22)
where
1 .
= (23)
¢ K+
Note that £ approaches one as r; approaches zero. If equa-

tions (17) and (18) are transformed according to the general
series equation (22), there results

21+ Kare(l + £)E + Ke(ar + Kase)$?

Uo
+ Ke(ay + 3K2113€)£4 (24)
L1 4 Kbe(1 4+ DF + Ke(b + Kbae)f
0
+ Ke(b, + 3K?2be)E* (25)

An overall energy balance can be taken from the instant
freezing begins to the moment that the center of the sphere
freezes to obtain

ou

1 1

1+ ¢
f o frt dry + ef rhulr; = 0, r)dr = + (26)
o g 0 3

Table 1 Percentage errors in the regular perturbation solution for initial spherical solidification

1 1
A 1+ eay — + €2az — (17)
Ug rf 7‘/3
1 1
L T (18)
o Ty 48
where
1
Tt = Z elr;
i=0
A 0.2 0.4
¢ 0.0822 0.3564
% 70 ~2.639 —10.22
) it 0.0282 0.4481
% 7ot —0.0011 —0.0588
Yo 1™ —0.0007 —0.0358
%% w(r — 1) —1.317 —5.087
9 wt(r — 1) 0.0341 0.5513
Gy ust(r — 1) ~0.0010 —0.0851
% u*(r — 1) —0.0001 —0.0205
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K

'Ll,i‘ = Z eiuj
i=0
0.6 0.8 1
0.9205 1.996 4 060
—21.78 —35.86 —50.74
2.222 6.807 15.93
—0.7238 —4.545 —20.16
—0.4019 —2.160 —7.489
—10.81 —17.79 —25.32
2.875 9.552 25.22
—1.113 —~7.728 —39.76
—0.2129 —1.037 —3.208
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w

Fig. 2 Normalized freezing-time solutions in the regular perturbation
series for outward solidification

BEquations (24) and (25) can be truncated at powers of £ of value
less than four. Subsequent substitution into equation (26) will
yield one equation to solve for the function K = K(¢). Define
K to be the value of K including the 4th power of £ in equations
(24) and (25) and satisfying equation (26). The resulting
(transcendental) equation to solve for K is

—_— 2
6 — (3 + 20K, n ( - 3K, X,

7
e LR
6K1 3 - 61{1) 40 3 bt 61{1 ( )

Define 7;¢ to be the normalized freezing time in the modified per-
turbation solution including the sth power of £ in equations (24)
and (25). The solution including the zeroth- and first-order
terms is

fit = i 3 + (3 — e)K]

3 — K
X[l—?‘f—#l

34+ (3 — oK, ]
3K

3 (3, — 0K,

3—¢ 1— 8
1_ P2 e
8 ( 74%) 3

n (28)

It becomes progressively more difficult to perform analytically
the integrations of the expressions yielding K; and 7 for 4 > 1.
It will be shown that for ¢ < 1, 7,¢ agrees well with the finite-
difference numerical integration of the boundary-value problem.
The solutions for K; and 7 for 7 > 1 were obtained numerically
using Simpson’s rule with increments in freezing-front position
of 0.025.

Define the ith-order modified perturbation solution for the
Normalized temperature distribution as

i
at = Y b

i=0

(29)

At the instant that the center of the sphere freezes, equation (24)

yields
Gty = 0,7 = 0) = 1 (30)

while for > 0

lournal of Heat Transfer

SNOI_LfTGIHJ.SIq AHNLVY3dWIL Q3ZITVWHON

| | l
| 12 1.4 16 1.8, 2.

NORMALIZED Posmow,r:Ri
w
Fig. 3 Normalized temperature distributions in the regular perturbation

series at a normalized freezing-front position ry = 2

120(7'}‘ = 0, 7‘) =0

K
ey = 0,r) = 5 (L= 1@ = 1)
dlry = 0,7) = E—;i (1— )2 — 1)
EK3

Gy = 0,7) = Y 1-=m
(31)

K2
X |:2—r—— 518%(8—}—87‘—127‘2—{—37"3)]

2
@t(ry = 0,7) = 3 eKy(1 — 7)
I 2
% [2 - 6—6% (8 + 8 — 12 + 31‘3)]

By considering the limiting values of equations (31) as r ap-
proaches +0, one obtains the following conditions that must be
satisfied in order for the temperature distribution to be between
its values at the fixed wall and at the freezing front:

3 1.5

0< K, <= ongsj
€

3 K.z
Kse 1——K36 <1 iff‘if(l-#)ﬁl
45 3 15

No multiple-valued solutions were found for K; and K in the
above ranges of physical importance. For certain values of €
there existed more than one K; and K, satisfying the above in-
equalities. In such cases the solutions chosen were the lowest
positive values available.

(32)

Results and Discussion

Figure 2 shows the normalized freezing time obtained from the
regular perturbation solution for outward solidification. Zeroth-,
first-, and second-order solutions as well as nonlinear transformed
solutions are shown for various values of e. The first- and second-
order terms are of opposite sign, suggesting that the exact solu-
tion will probably be found between the first- and second-order

solutions. For initial solidification the transformed solution 7*
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X NUMERICAL RESULTS
OF REF. (5)

NORMALIZED FREEZING TIME SOLUTIONS
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w

Fig. 4 Normalized freezing-time solutions in the modified perturbation
series for inward solidification

was found (see Table 1) to be more accurate than the second-
order solution 72*. It is also expected that 7* will be more ac-
curate than 74! for other front positions. The values for 7* are
always found to be between those of 71¢ and 7ot. For clarity, the
curves for 7* in the cases of € = 0.5 and 1 are not shown.

The normalized temperature distributions at a front position
r; = 2 are shown in Fig. 3. The exact solution probably lies
between u,¢ and ust. The values for u* are always found to be
between those of ! and ust. For clarity, the curve for u* is not
shown in the case of € = 2. For r;, > 1 the first- and second-
order terms will approach zero and the temperature distribution
approaches the quasi-steady-state solution.

The values of K in the modified perturbation solution for in-
ward solidification were calculated from equations (26) and/or
(27) and are listed in Table 2. The values of K decrease in mag-
nitude with increasing e and with increasing number of terms
in the modified series solution. If this condition did not exist,
then equations (24) and (25) could become divergent series.

The modified series solutions for freezing times are shown in
Fig. 4. The values for Tot, 754, and 74 were sufficiently close to
warrant no graphical distinction. There is good agreement with
the regular perturbation solutions over their ranges of applicabil-
ity. The modified series solutions agree closely for ¢ = 0.5 and 1
with the freezing times calculated numerically in [5]. The re-
sults from [5] appear to be a little high for € = 0.1. For large
values of e the modified series solution including four terms
appears to be inaccurate in describing freezing rates. The dis-
agreement with the values from [5] becomes significant for e = 2.
This fajlure in the modified series solutions for large values of €
probably stems from the inadequacy of the linear system of equa-
tions (9) to describe solidification processes when the effect of the
specific heat in the solidified material becomes very important
relative to the latent heat of fusion.

The modified series solutions for the temperature distribution
at the instant of freezing to the center as given by equations (31)
are shown in Fig. 5. The values for %! (r; = 0,7) and 2 (r; =
0, 7) were sufficiently close to warrant no graphical distinction.
Numerical values from [5] for positions » > 0.1 are also shown.
The modified series solution yields temperature distributions
with a point of singularity at the center of the sphere and should
therefore be inaccurate in its vicinity. For freezing-front posi-
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Fig. 5 Normalized temperature distributions in the modified perturbation
series at the instant of freezing to the center

Table 2 Values of the parameter K satisfying the overall energy balance
for complete inward solidification, equations {26) and/or (27)

€ K, K, K; K,
0.1 14.96 5.084 3.395 2.643
0.2 9.099 3.279 2.175 1.674
0.3 6.699 2.504 1.655 1.266
0.4 5.350 2.054 1.355 1.032
0.5 4.474 1.754 1.156 0.8774
0.6 3.854 1.537 1.013 0.7669
0.7 3.391 1.372 0.9038 0.6832
0.8 3.030 1.241 0.8176 0.6173
0.9 2.741 1.135 0.7476 0.5638
1 2.503 1.046 0.6894 0.5195
2 1.351 0.5988 0.3952 0.2968
3 0.9287 0.4237 0.2801 0.2102

tions away from the center there is no point of singularity and
the accuracy of the temperature distributions should improve.
For front positions far from the center it is also possible to obtain
the temperature distribution from the regular perturbation
solution.
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Heat Transfer by Natural Convection
hetween Vertically Eccentric Spheres

Nuatural convection to « cooled sphere from an enclosed, vertically ecceniric, heated
sphere is described in this paper.  Walter and two silicone oils were utilized in conjunc-
tion with four different combinations of sphere sizes and six eccentricities for euch of
these combinations.  Both heal-transfer rates und temperature profiles are presented.
The effect of « negative eccentricity (tnner sphere below center of outer sphere) on the
temperature distribution was an enhuncement of the conveclive molion, while « positive
eccentricily tended to stubilize the flow field and promcte conduction rather than con-
veclion.  As for concentric spheres, « multicellular flow puattern was postulated to ex-
plain the thermal field observed for the largest inner sphere utilized. [n all cases the
heat-transfer rates were increased by moving the inner sphere to an ecceniric position,
and the utilization of @ conformal-mapping technique to transform the eccentric spheres
lo concentric spheres enubled the application of existing empirical correlutions for con-
centric spheres lo the eccentric-sphere data. [ 1s signtficant to nole that this technique
yields « single correlation equation, tn terms of only kec/k and ¢ modified Reylergh
number, which 4s valid for an extremely wide vange of diameler ratios, eccentricities,
Rayleigh numbers, and Prandtl numbers.

Introduction

ALTH()I:(:H the aceurate prediction of natural-con-
vection heat transfer within enclosed spaces is becoming in-
creasingly important and more studies are appearing each year,
knowledge in this area is still rather limited.  Such information is
important in several practical applications including the design
of nuclear-reactor in-pile experiments, spent-fuel shipping con-
tainers, and reactor cores for thermal safety during emergency
power-off situations.  Apart from these and other practieal con-
siderations there remains unresotved the question of the inter-
action between the hydrodynamic and the thermal effeets, es-
pecially nnder the wnusual stability conditions associated with
enclosures.  As a first step in the study of this problem several
relatively simple geometries, including rectangular cavities, con-
eentric eylinders, and concentric spheres, have been investigated
hoth experimentally and analytieally.

The first investigations utilizing the spherical geometry [1-3]1
tneentrated on an experimental determination of temperature
Drofiles, heat-transfer rates, and flow patterns for air as the test
fiigt. By using diameter ratios ranging from 1.10 to 3.14,
Grashof numbers based on gap thickness ranging from 2 X 104
to 3.6 X 108 were obtained.  In addition an analytical solution

' Numbers in brackets designate References at end of paper.
,.Contributed by the Heat Transfer Division and presented at the
mter Annual Meeting, New York, N. Y., November 26- 30, 1972, of
HE AampricaN Sociery or Meenantearn ENxcinesrs.  Manuseript
feceived by the Heat Transfer Division July 20, 1971, Paper No.
RWA/HT-2,
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for natural conveetion between concentric spheres at low Rayleigh
numbers has been presented by Mack and Hardee [4]. This
solution consists of the expansion of the temperature and stream
functions in power series of the Rayleigh number and the evalua-
tion of the first three terms in each of these series for a Prandil
number approximately equal to that of air.

More recently, heat-transfer and temperature-profile resulis
have heen obtained for a greatly extended Prandtl-number range
by Seanlan, Bishop, and Powe [5].  Water and two silicone oils
were utilized and the resulting data were combined with the pre-
vious air data to yield an overall Prandtl-number range of 0.7 to
4148, For relative gap widths (7 — r)/r¢ between 0.09 and 1.81,
it was found that the heat-transfer results, both for each fluid
individually and for all the data combined, could be correlated
simply in terms of ke /k and a Rayleigh number.

The purpose of the present study is to extend the previous
results to include the ease of eccentrie spheres, where the eccen-
tricity is parallel 1o the gravity vector and along the vertical
diameter.  An experimental study of the natural convection of
fluids contained between a cooled onter sphere 24.9 em in diame-
ter and heated inner spheres with diameters ranging from 11.4
cm to 22.8 em is discussed, and temperature profiles and heat-
transfer data are presented.  Water and silicone oils were utilized
as the fluid in the gap to yield Prandt]l numbers ranging from 4.7
to 4148.  The results are combined with those of previous experi-
mental investigations to yield detailed descriptions of the tem-
perature profiles and an extremely general correlation equation for
the heat-transfer data over a very wide range of Prandt! numbers,
Rayleigh numbers, relative gap widths, and eccentricity ratios
ef(re — 1),
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Fig. 1 Heat-transfer apparatus

Apparatus and Procedure

The heat-transfer apparatus shown in Fig. 1 consisted basically
of a heated inner sphere and a cooled outer sphere, both enclosed
within a spherical water jacket. The outer stainless-steel sphere,
which was 24.9 em ID, was used in conjunction with four copper
inner spheres having outer diameters of 22.8, 17.8, 13.9, and 11.4
cm. These were supported in the outer sphere by a 1.27-cm-dia
stainless-steel stem which was insulated on its lateral surface;
a screw-type adjustment on this support stem allowed positioning
of the inner sphere to any desired vertical location within the
outer sphere.

An isothermal inner-sphere surface was achieved by internally
condensing Freon-11 vapor. The surface temperature could be
varied by changing the power input to electrical heaters which
were submerged below the Freon liquid level. Since it has pre-
viously been established that this method of heating provides an
isothermal surface [1], the surface temperature was measured by
four thermocouples located at 90-deg intervals around the hori-
zontal equator of the sphere. A small stainless-steel tube ex-
tended through the support stem for pressure measurements
within the inner sphere and for venting during Freon charging
operations.

The outer sphere and the water jacket were each composed of
two stairnless-steel hemispheres joined by an external flange and
sealed with an O-ring to facilitate disassembly. Thermocouple-
probe guides were attached to the outer surfaces of both the outer
sphere and the water jacket. The outer sphere was supported
within the water jacket by a removable stainless-steel spacer.

The water utilized to maintain the outer sphere at a constant

outlet water temperatures, could be varied by adjusting the tem.
perature level on the chillers.

Temperature profiles within the space between the two sphereg
were obtained by using thermocouple probes made of 24-gaugg
copper and constantan wires inserted through 15-gauge stainless.
steel support tubes. The wires were fused together to form
small thermocouple junctions and then sealed to the tubes gt
both ends with an epoxy cement. Kach support tube was at.
tached to a micrometer probing mechanism which could advance
the probe and indicate its position to within 0.003 c¢m. The
micrometer probing mechanism attached to the probe located
along the upper vertical axis was also used for determining the
exact location of the inner sphere. Previous work [1-3] had indj.
cated that for concentric spheres under steady conditions the
flow is axisymmetric, and it was hypothesized that this woulq
also be the case for eccenfric spheres. Thus five thermocoupls
probes were placed in a common vertical plane through the center
of the spheres. These probes were spaced at 40-deg intervals be.
ginning with the probe on the upward vertical axis, ® = 0 deg,

A total of approximately 1100 heat-transfer runs were cons
ducted with water, Dow Corning 200 fluid~20 CS, and Dow
Corning 200 fluid-350 CS in the gap. The Dow Corning 200
fluids are silicone-base fluids, and the 20 CS and 350 CS designa-
tions refer to the kinematic viscosity in centistokes at 25 deg C,
Henceforth these fluids will be referred to as 20 and 350 fluids.

For each of the inner spheres utilized, and for each value of the
eccentricity, five to 15 different values of temperature differcnce
between the two spheres were established by controlling the
power input to the heaters. The natural-convection heat-
transfer rate ¢ is the difference between the power input to the
electrical heaters and the heat loss due to the supporting stem,
Since the stem was well insulated on its lateral surface, conveetion
from the stem was considered to be negligible and the total stem
loss was taken to be due to conduction. Calculations showed
that this loss was less than 1 percent of the total power input for
the largest AT and the largest negative eccentricity ratio.

In general, heat-transfer rates and temperature profiles were
obtained for six values of eccentricity ratio, e/(ro — 7;) = ==0.25,
=+0.5, 3=0.75, for each size inner sphere. Additional data for a
zero eccentricity ratio (concentric spheres) were not obtained, but
the current information was combined with previously available
data for concentric spheres [5] to yield extremely general correla-
tions. The ranges of the independent variables considered are
shown in Table 1.

Before obtaining either heat-transfer or temperature-profile
data, sufficient time was allowed for establishment of steady-

i

Table 1 Ranges of independent vari for water,

20 fluid, and 350 fluid

temperature was provided by a closed supply system, shown in Variable Minimum value Maximum value
Fig. 1, consisting of two commercial water chillers, a centrifugal 70 12,45 cm 12.45 ¢cm
pump, and a 25-gal insulated storage tank. Water from this 75 5.7 cm 11.4 ¢m
system was introduced at the base of the water jacket and with- T; 4 deg C 83 deg C
drawn at the top through manifold systems. The outer-sphere To 0 deg C 4 deg C
emperature, which was taken to be the average of the inlet and e/(ry — 1i) —-0.75 +0.75
Nomenclature el
Cp» = constant-pressure specific heat Pr = Prandtl number, v/a o = thermal diffusivity
e = eccentricity measured positive ¢ = natural-convection heat-~trans- B = thermal-expansion coefficient
upward as defined in Fig. 4 fer rate AT = temperature difference between
g = local gravitational acceleration 7 B, £ = radii, see Fig. 4 ‘sphere?s, 7}' —'To
Gr = Grashof number, gBLAT /v? Rar = Rayleigh number, Gr-Pr v = kinematic viscosity p
! * : : . - . i sure
k = thermsl conductivity Ra modified Rayleigh number, ¥iJ angular comdma,te‘ meas}l}
. . gBLAAT /(vaR:) from upward vertical axis
kess = effective fluid thermal conduc- T = temperature
tlwt? » oL/ (4w AT Riro) w = complex plane containing Subscripts
L = gap .thlckness between concen- mapped concentric spheres,
tric spheres, 70 — B u 4+ w ) = vefers to inner sphere
Nu = Nusselt number based on inner- z = complex plane containing ec- m = indicates mean value
sphere radius, ¢/@mrkAT) centric spheres, © + 0 = refers to outer sphere
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fig. 2 Variation of temperature profiles with eccentricity for water,
nfri = 1.787

state conditions. Temperature fraverses were made utilizing
the thermocouple probes at three temperature differences (small,
intermediate, large) for each inner sphere, test fluid, and eccen-
tricity ratio.

Temperature Distributions

Profiles of temperature 7' as a function of radial position » were
obtained at selected values of AT and angular position @ for
each size inner sphere and at each eccentricity ¢ for the three test
fluids utilized. As with concentric spheres [5], the behavior of
the temperature profiles was found to follow consistent general
trends for all except the largest size inner sphere.  For all values
of eccentricity, temperature fluctuations, interpreted as the result
of unsteady flow, occurred for the largest values of AT, and only
profiles for which no such fluctuations occurred are presented
herein. The general shape of the temperature profiles was found
to be relatively independent of AT, as was first observed for con-
centric spheres [1, 5].

The effects of both positive and negative eccentricities on the
temperature profiles are shown in Fig. 2, where the solid lines
represent concentric-sphere profiles from [5]. In the current in-
vestigations a unicellular-type flow pattern, perhaps of either the
arescent-eddy or the kidney-shaped-eddy type, is indicated for all
degress of eccentricity. Near the bottom of the gap, at the & =
160-deg position, the fluid is relatively stagnant and eccentricity
has little effect on the temperature profiles. In fact for a posi-
live eccentricity the fluid appears to remain relatively stagnant
all the way up to the ® = 80-deg position. At the ® = 0O-deg
location the temperature exceeds the concentric-sphere value
near the inner surface and is less than the concentric-sphere value
hear the outer sphere, possibly indicating the existence of a large
eorner eddy near the inner-sphere surface. For negative eccen-
tricities the temperature at a given position was generally larger
than the corresponding value for concentric spheres, except near
% = 40 deg and ® = 80 deg where the two values were approxi-
mately the same.

In order to conserve space, additional temperature-profile plots
Will not be presented; however, the same general trends as de-
seribed above were observed for all spheres used and for all test
fluids. The basic flow patterns obtained for eccentric spheres,
& hypothesized from the temperature profiles, appeared to remain
%sentially unchanged from those of concentric spheres, although
Some slight modifications did oceur. These included an enhance-
Meni, of the convective motion by negative eccentricities, while
flow stabilization as well as a large corner eddy appeared to be
bromoted by positive eccentricities. The same conclusions re-
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Fig. 3 Effect of eccentricity on heat-transfer rates

sulted for even the largest inner sphere utilized, where the exis-
tence of a multicellular flow pattern was postulated in order to
explain the behavior of the temperature profiles for both concen-
tric and eccentrie situations.

Heat-transfer Results

Heat-transfer results for eccentricities and radius ratios at the
extremes of the ranges under consideration, as well as for all test
fluids, are shown in Fig. 3. The solid lines in this figure represent
the concentrig—spheré equations for individual fluids developed
by Scanlan, Bishop, and Powe [5] for a radius ratio of 1.787,
while the dashed lines represent the corresponding equations for
a radius ratio of 1.092. As would be expected on this type of
plot, both the radius ratio and the Prandtl number significantly
affect the heat-transfer results for both concentric and eccentric
configurations. However it is somewhat surprising to note that
for a given radius ratio and test fluid the heat transfer may be in-
creased by moving the inner sphere either wupward or downward
from the concentric position. In general this was found to be
true for all cases studied in the current investigation, even though
the temperature profiles and probably the flow patterns are some-
what different for positive and negative eccentricities. This
tends to confirm the relative insensitivity of the overall heat
transfer to the detailed thermal and flow fields for natural con-
vection in enclosed spaces as found in our previous work:

The customary use of dimensional analysis indicates the follow-
ing funectional relationship for concentric spheres, see, e.g., Ipsen

[6]:
kest/k = Fl(ro — 7:)/rs, Gr, Pr, gB(roe — 1:)/Cy BAT] (1)

It has previously been found that the last two parameters on the
right-hand side of this equation are usually not of importance in
free~convection processes and thus may be eliminated. The in-
clusion of one additional independent variable, eccentriocity,
results in the following functional relationship:

]Ceff/k = F[(TO - 7‘,;)/7"1', GI', Pl‘, e/(To - Ti)] (2)

An attempt could be made to find a correlation equation of the
form of (2), although this process would be complicated some-
what by the inclusion of the additional parameter.

The current geometry suggests a different approach, however.
If a suitable mapping function can be found, then conformal-
mapping techniques can be utilized to transform the eccentric
spheres to concentric spheres. An attempt can then be made to
utilize existing concentric-sphere correlations for the eccentric-
sphere data. Such an approach was taken, and it should be em-
phasized that this technique provides merely an empirical corre-
lation method—no attempt was made to examine the manner in
which the governing equations and boundary conditions were
transformed by the mapping function. The pertinent coordinate
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Fig. 4 Schematic defining nomenclature and coordinate system for
eccentric spheres

systems for using this approach are shown in Fig. 4. In this
figure the unmapped positions are denoted with capital letters
while the corresponding mapped locations are denoted with
lower-case letters. If the plane of this figure is taken to be the z
plane, with

z=z+ 1y (8)

then it is found that the eacentric spheres can be mapped into
concentric spheres in the w plane, with '

w = u + w (4)
through use of the mapping function

_ 7‘0((_7/2 — 'I‘o)

ary — 2 (D)
where @, b, and ¢ are given by
a=1+bc+\/(1—b2)(1—c2) et ¢ — i

b + C N To - o
(6)

. T}.le mapped concentric spheres in the w plane are also shown
in Flg. 4 It may be observed that the radius of the outer sphere
is invariant under the transformation, while the radius of the
inner sphere becomes ’

rolb — ¢)
T 1= be 4 V(1 — (1 — 2)

M

1

Thus, in order to determine whether this mapping technique does
correlate the heat-transfer data, the actual inner-sphere radius r;
may be replaced by the mapped radius E; and an attempt made
to utilize existing correlation equations to predict the data. This
mapped radius is shown in graphical form in Fig. 5. It is en-
couraging to note that the mapping function yields the same
inner-sphere radius for both positive and negative eccentricities.

The foregoing mapping technique also suggests a temperature
upon which to base fluid properties for calculating the parame-
ters appearing in existing correlation eguations. It has pre-
viously been found [5] for concentric spheres that rather simple
correlations result if fluid properties are based on a volume-
weighted mean temperature, obtained by considering the fluid
from the inner sphere to 5 mean radius to be at temperature 7',
while the fluid from the mean radius to 7 is at temperature T,
It is extremely difficult to find an equivalent temperature for
eccentric spheres which can be evaluated simply, but the mapping
technique suggests using a volume-weighted mean temperature
similar to that of the concentric case and given by

(B? — ROTi 4 (1o — BT ®)

708 — R®

flym =
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Fig. 5 Mapped inverse radius ratio as a funclion of eccenfricity ratio
for different radius ratios

where
. Ri 4+ 10
m 2

(9
Henceforth all fluid properties will be based on this temperature.

Heat-transfer Data Correlation

As mentioned previously, heat-transfer results were obtained
for four different sphere combinations and for six eccentricity
ratios with each set of spheres. Each of these tests was con-
ducted with three different fluids: water, 20 fluid, and 350 fluid.
The conformal-mapping techniques were then utilized to map the
eccentric spheres into concentric spheres, and the appropriate
parameters, including conductivity ratio ker/k, Rayleigh number
Rar, Prandtl number Pr, and gap-radius ratio L/R:, were caleu-
lated using the mapped sphere sizes. An attempt was then
made to utilize the empirical equations previously developed by
Scanlan, Bishop, and Powe [5] for concentric spheres to correlate
the eccentric-sphere data, and this section will be concerned with
comparisons between these equations and the present data.

Scanlan et al. [5] found that the data for each fluid individually
were best correlated by equations of the form

kert/k = yRarf(L/Ra)y (10)

and the empirical constants which they obtained are given in
Table 2. Also included in this table is a comparison of the devia-
tions encountered in using these equations for concentric spheres
and mapped eccentric spheres.

Although equation (10) best fits the data for each individual
fluid, it may be observed that 7 is relatively small, and Scanlan
et al. [5] found that only a slight loss in apparent accuracy was

Table 2 Empirical constants and deviations for equation (10)
for eccentric and concentric spheres

Fluid Water 20CS 350 CS
v 0.078 0.072 0.104
¢ 0.279 0.305 0.288
n 0.155 0.124 0.110
Average 9, deviation
(concentric spheres) 13.4 6.0 5.3
Average 9, deviation
(eccentric spheres) 12.7 12.8 10.7
9, of data within =209
of equation (coneentric
spheres) 79.6 97.9 97.5
9, of data within +209%
of equation (eccentric
spheres) 77.0 75.9 87.8
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Fig. 6 Comparison of concentric-sphere correlations with mapped
eccentric-sphere data for individual fluids

ineurred by utilizing equations of the form

kett/k = yRarf (11)

The empirical constants which they obtained for this equation
are given in Table 3 together with a comparison of the deviations
for concentric and mapped eccentric spheres. These equations
are shown plotted with the mapped eccentric data in Fig. 6.

From Fig. 6 it is evident that no single equation of the form of
equation (11) will suitably correlate the data for all of the test
fluids. However, it was found by Scanlan et al. [5] that all of
their concentric-sphere data could be correlated satisfactorily by
the equation

Fott/k = 0.202Raz0-22%8(L/R;)0-B2Pr0-020 (12)

with an average deviation of 13.7 percent, while a comparison of
the mapped eccentric data with this equation indieates an average
deviation of 15.6 percent.

The exponent on Prandtl number in equation (12) is extremely
small, while the exponents on Rayleigh number and gap-radius
mtio are nearly equal. Thus Scanlan et al. [5] found that all
their concentric-sphere data could be correlated by the single
equation

ketz/k = 0.228(Ra*)-22 (13)

with an average deviation of 15.6 percent, while 76 percent of the
data were within ==20 percent of values predicted by the equation.
The Rayleigh number utilized in equation (13) is a modified form
of the Rayleigh number defined as the product of Rarz and L/R;.
Equation (13) is shown plotted with the mapped eccentric data
in Fig. 7, and an error analysis indicated that these data are
tepresented to within an average deviation of 18.2 percent by
equation (13), while 67.6 percent of the data are within 20 per-
eent of the values predicted by the equation.

It is significant to note from the foregoing results that all of

Table 3 Empirical constants and deviations for equation (11)
for eccentric and concentric spheres

Fluid Water 20 CS 350 CS
¥ 0.033 0.031 0.056
0.328 0.353 0.330
AVel‘age 9%, deviation
(concentric spheres) 15.7 7.1 6.5
Average 9 deviation
(eccentric spheres) 16.7 13.9 10.6
% of data, within £20%,
of equation (concentric
spheres) 71.4 98.6 98.6
% of data within +£209%,
of equation (eccentric
spheres) 63.7 75.9 86.4
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the empirical equations which have previously been utilized for
predicting heat-transfer rates by natural convection between
concentric spheres can also be used to predict natural-convection
heat-transfer rates between eccentric spheres with reasonable ac-
curacy if the actual inner-sphere radius is merely replaced with
that obtained from the conformal mapping, equation (7). In the
nomenclature of the current paper, these equations can be written
as

Kot/ = yRazt (14a)

where the constants and ranges of validity are shown in Table 4.
The equation fitting all of the data is given by

kots/k = 0.228(Ra*)0-226

for 1.2 X 102 < Ra* < 1.1 X 10% and 0.7 < Pr < 4148. All of
the foregoing equations are restricted to 0.09 < (10 — m)/r: <
1.81, —0.75 < e/(ro — 1) < 0.75, and fluid properties evaluated
at T. Asin [5] the use of the overall equation (14b) is recom-
mended in cases where the other equations (14a) are not specifi-
cally applicable.

(14b)

Gonclusion

This paper presents the results of an experimental investiga-
tion of natural convection between eccentric spheres, where the
eccentricity is parallel to the gravity vector. Water and two
silicone oils were utilized as the test fluids for four combinations
of sphere sizes and for six values of the eccentricity ratio for each
of these sphere combinations. Information regarding both heat-
transfer rates and temperature distributions is presented.

Temperature distributions are presented, and as would prob-
ably be expected it was found that a negative (downward) eccen-
tricity tends to enhance the convective motion in the space be-
tween the spheres, while a positive eccentricity produces a
tendency toward pure conduction, although this situation was
certainly never fully achieved. As in the case of concentric
spheres the thermal map was observed to be relatively indepen-
dent of temperature difference between the two spheres. Tem-
perature inversions, believed to be caused by the high rate of
angular convection of heat relative to the radial transport, were
observed for a variety of test conditions. The multicellular flow
pattern which has previously been postulated to explain the tem-
perature distribution between concentric spheres with a small
gap spacing was also found to yield a plausible explanation for
the thermal field obtained using the largest inner sphere con-
sidered in the current investigation.

Table 4 Heat-transfer correlation equations for individual fluids

Prmin Prmux R,a:L min RaL max Y f
0.7 0.7 1.4 x10¢* 2.5x 108 0.117 0.276
4.7 12,1 2.4 X 10¢ 5.4 x 108  0.033 0.328

148 336 2.4 X 10¢ 9.7 X 10" 0.031  0.353

1954 4148 1.3 X 10* 5.6 X 10° 0.056 0.330
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A conformal-mapping technique was developed to transform
the eccentric spheres 1o concentric spheres, and it was found that
the empirical equations previously developed for concentric
spheres could be used to predict the heat transfer in the mapped
eccentric spheres even though the governing differential equations
may not have been transformed in an invariant manner. In the
transformation the outler-sphere diameter was invariant, while
the inner-sphere diameter was changed. This mapped inner
diameter was then utilized for ealeulating the reference tempera~
ture, on which all fluid properties were based, as well as the vari-
ous parameters which appear in the existing correlations for con-
centric spheres.  The application of these existing correlations
to the mapped eccentric-sphere data then indicated that these
equations could indeed be utilized for the eceentric spheres, both
for each fluid individually and for all the data combined. Tt is
significant to note that an overall heat-transfer correlation which
does not involve explicit use of Pr, L/r:, or ¢/(ro — 7i) was ob-
tained even though large variations in these parameters were
considered in the investigation.

To the best of the authors’ knowledge the results deseribed
herein represent the only currently available information con-
cerning natural-convection heat fransfer between eccentric
spheres.  This work concentrated on obtaining heat-transfer
rates and temperature profiles, and future work should be di-
rected toward a determination of the more detailed effects which
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occur in the flow field for wide variations in the independent vap,
ables.
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An Analysis of Laminar Free and
Forced Convection between Finite
Vertical Parallel Plates

Approximate analytical solutions are presented for constant-property laminar free- and
forced-convection flows between finite vertical parallel plates. For free convection, the
thermal boundary conditions considered include the thermally symmetvic channel with
uniform wall temperature or step change in wall temperature and the unsymmetric
channel with uniform but unequal wall temperatures.  For forced convection and com-
bined free and forced convection, the thermally symmetric and uniform thermal boundary
condition is considered. Where possible, results are compared with available numerical
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and experimental results.
cover a wide range of Rayleigh and Prandtl numbers.

Particular attention is given to heat-transfer resulls, which
For combined convection the

heat-transfer resulls are velated to the impressed pressure difference and flow rate.

| Introduction

COMBINED free- and forced-convection flows have been
studied extensively (see Ostrach [1}! and Chato [2] for general
reviews), yet questions still remain to be answered on the subject.
The present study introduces a new approximate method for
analyzing laminar natural convection in finite vertical ducts.
There is a need for flexible analytical methods that can provide
good design heat-transfer information over a wide range of condi-
tions. It isintended that this new method will help to fulfill that
need. In particular, the class of problems to be considered is
that of heat transfer to a fluid between two parallel vertical heated
plates. Fluid from constant-temperature (7,) surroundings
enters the channel at the bottom and discharges into the sur-
roundings at the top. If a fan exists in the channel a forced-
convection flow is superimposed on the buoyancy-induced flow.

In general a finite-length channel introduces mathematical
difficulties which preclude the possibility of an exact solution to
the governing equations. For this reason the limiting case of a
very long channel or the assumption of fully developed flow has
been made to simplify the problem and to permit exact mathe-
matical solutions., Solutions of this type, for a variety of thermal
boundary conditions and duct cross-sectional geometries, are pre-
sented in the literature by Ostrach [3-5] and other investigators
[6-0]. These exact solutions are of limited value since the condi-
tions over which they are valid are not always expressed in terms
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of a well-defined range of parameters. To be useful these limiting
solutions must be complemented with experimental results or
more complete solutions arrived at numerically or approximately.
Thus the solution for fully developed flow must be complemented
with some information on the developing-flow problem. Indeed
the situation of fully developed flow may never be realized in finite
channel flow, hence a knowledge of developing flow is essential.

Analytical studies of combined free- and forced-convection
flows have usually treated free convection as a secondary effect.
One early effort by Martinelli and Boelter {10] used the method
of Leveque [11] to analyze flow in a short heated section of a long
vertical duct. Later Rosen and Hanratty [12] used an approxi-
mate integral method to reconsider this same problem in more
detail. They also pointed out from experimental observations
that the results of Martinelli and Boelter included a range of
values where flow inversions would occur, thus curtailing the
range of applicability of these results. Scheele and Hanratty [13]
and Lawrence and Chato [14], who examined the flow-stability
problem more closely, found that transition to turbulent flow
always occurred following an inflection in the velocity profile.
Although an inflection point would always be expected in pure
free convection, the flow in their studies was dominated by forced
convection. Recent efforts to consider free- and forced-convec-
tion developing flow in a semi-infinite vertical duct include an
approximate solution by Savkar [15] and a numerical solution by
Zeldin and Schmidt [16].

The problem of developing natural convection between parallel
plates was first studied by Elenbaas [17]. Examining air flowing
between isothermal plates, he determined average heat-transfer
coefficients and correlated the Nusselt number over a wide range
of Rayleigh numbers. Sobel, Landis, and Mueller [18] experi-
mentally examined the same problem except with a uniform-
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heat-flux wall condition. Using boundary-layer-type equations
Bodoia and Osterle [19] obtained a numerical solution to Elen-
baas’ problem. They imposed a uniform entrance velocity and
matched pressure to its local hydrostatic ambient value at the
entrance and exit of the channel. The numerical solution was
terminated when the center-line fluid velocity reached zero [20].
Sanders [21] numerically solved a similar problem after introduc-
ing some approximations for terms in his governing equations.
It is noteworthy that his heat-transfer results agree within 10
percent with the results obtained from a slug-flow model for the
energy equation. Novotny [22] presented fluid-temperature data
over the first two-thirds of a channel with isothermal walls. For
high Rayleigh numbers he found that the measured temperature
profiles agreed with those predicted by single-vertical-plate
theory. More recent experimental data for velocity and tem-
perature in air at low Grashof numbers (0.83 < Gr* < 8.0) have
been presented by Currie and Newman [23]. Flow-rate results
are in good agreement with those of Bodoia and Osterle, and heat-
transfer results follow those of Elenbaas. The only previous
analytical approach to developing natural convection between
vertical plates was given by Engel [24] and Engel and Mueller
[25]. Their approach consisted of an integral method followed
with an asymptotic expansion in 1/Pr to make the equations
tractable. Their results for average Nusselt number are com-
pared to Bodoia and Osterle [20] up to Ra* = 2700 where the
deviation reaches 16 percent.

Additional numerical solutions have been presented for pure
natural convection in finite vertical ducts. Dyer and Fowler
[26] extended the work of [20] to include an initial unheated sec-
tion followed by a constant-temperature-wall section. They also
concluded that the initial velocity profile has no significant effect
on the average heat-transfer and flow results. Dyer [27] also
considered this problem experimentally. Dyer noticed that with
an inlet restriction it is possible to have the flow from the bottom
channel entrance supplemented by an open-thermosiphon effect
at the top exit. Kageyama and Izumi [28] solved the vertical-
circular-duet problem by a numerical technique for the wall con-
ditions of constant temperature and constant heat flux.

The lack of analytical work done on developing natural convec-
tion in duets motivated the present study. A method more flexi-

more, all previous? formulations of this problem specified a hy.
drostatic ambient pressure at the channel entrance, while the
actual pressure must be lower since the fluid has been accelerated
from rest. The possible importance of this factor also deserves
investigation.

The present method is based upon a slug-flow linearization of
the governing equations. This method has been used with suc.
cess by Targ [30], Sparrow et al. [31-32], and Williams [33] for the
isothermal-entrance-region problem. It is expected that it will
be appropriate for the natural-convection case since it is accurate
at large Reynolds numbers, corresponds to Sanders’ results with
the slug-flow energy equation, and reflects the unimportance of
the momentum convective terms found by Engel and Mueller.

All problems considered will have a uniform channel wall
temperature, except that a step change in wall temperature from
an unheated to a heated wall condition and different temperatures
at both walls will also be examined. 1In all cases the approximate
solutions derived for small Rayleigh numbers converge to the
exact fully developed solutions.

Il Governing Equations

The governing equations for two-dimensional steady flow in
channels have been well established and will not be derived here,
A rigorous derivation is available in [36]. Basically, the Bous-
sinesq assumption has been introduced, boundary-layer flow
applies, and all properties are constant but evaluated at an ap-
propriate temperature [34]. For the system shown in Fig. 1 the
dimensionless groups 0, u, v, z, ¥, Gr, and Pr as defined in the
nomenclature yield the governing set of equations in terms of
dimensionless variables as

Continuity
ou ov
i = =90 (la
ox + oy )
X-momentum
du ou 1 O OP»
—t+r—=—|0+—) - — 1y
v ox T oy Gr < + by2> ox (1b)

2 Very recent work presented by Aihara [29] has investigated this

ble than the alternative integral method was sought. Further- factor in a numerical solution.
Nomenclature
a = channel width Ra = Rayleigh number, GrPr y = dimensionless horizontal coordi-
b = channel half-width, b = a/2 Ra* = Rayleigh number, Gr*Pr nate, see section I1IB, Y/a
¢y = specific heat at constant pressure T temperature o = thermal diffusivity
g = gravitational body force per u = dimensionless vertical velocity a, = defined by equation (12) ‘
unit mass component, I7/Ug = coeflicient of volume expansion,
Gr = Grashof number, bigB8(T, - U’ Graetz number, (Ugh/v) Pr _ 1(0p
T.)/Lv? (b/L) p\oT /s
Gr* = Grashof number, a%B(Tw — U = vertical velocity component B, = defined by equation (13)
Tw)/Lyt ’ Ur = reference velocity, see sections v = dimensionless cold-wall temper-
X) = average heat~transfer coefficient 1L, ITIA, b2%gB(Tw — To)/v atwe, (Tuy — Tew)/(Tw —
up to position X defined in Uz reference velocity, see section )
equation (20) IITB, a?¢B(Tw — Tw)/¥ 8, = defined by equation (26)
k = thermal conductivity v dimensionless horizontal veloc- = dimensionless independent vari-
L = channel length ity component, see section able, see section ITTA, z/UGr,
Lp = heated channel length ITITA, VL/bUg section IITB, z/U,Gr*
Nu = Nusselt number, hb/k v dimensionless horizontal veloc- v = kinematic viscosity
Nu* = Nusselt number, ha/k ity component, see section 6 = dimensionless temperature, (T
p» = dimensionless pressure defect, IIIB, VL/aUg — T/ (Tomax — T)
Py/poUn? ¥ = horizontal velocity component p = density
Pw’ = dimensionless initial pressure de- z = dimensionless vertical coordi-
fect, Pubt/pulilal nate, X/ Subscripts .
P = pressure X, Y vertical coordinate, horizontal 0 = initial condition or hot wall in
P, = pressure defect, p + pgX coordinate section I11B
Pr = Prandtl number, v/a Y dimensionless horizontal coordi- 1 = cold wall in section I11B
¢u(X) = heat flux from wall to fluid at nate, see sections II, IITA, o = ambient condition
position X Y/ w = wall condition
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Fig. 1 Channel coordinate system

Y-momentum

= =0 (1c)

Energy
of n o8 1 0%
T, bl
“ ox oy  GrPr oy?

(1d)

The wall boundary conditions considered are zero velocity and
prescribed surface temperature. The conditions at x = 0 are
more difficult. Here it is assumed that both the temperature and
the velocity are constant, with values 7., and U, respectively.
The assumption of constant velocity is best justified by the results
of Dyer and Fowler [26]. It is also necessary to specify the
pressure at z = 0. In all other theoretical studies [19, 20, 24-28]
the pressure defect P, was taken to be zero at the inlet, neglecting
the acceleration of the fluid to the channel inlet. The correct
initial eondition, given by application of Bernoulli’s equation,
should be

p=Uo?
P, = 3 (2)
The effect, of this condition on the results will be considered in the
examples below. At the channel exit the pressure defect has been
specified as zero, i.e.,

P,=0 at X =1L 3)

which is in agreement with previous theoretical studies and corre-
sponds to parallel streamlines in the emerging flow. This con-
dition is required to establish a value for the inlet flow which is a
dependent quantity.

Finally, an integral continuity condition, from equation (la)
and wall boundary conditions,

b
.f UdY = 20, o
—b

is added. This additional equation becomes mathematically
lecessary because the y-momentum equation has been essentially
?limillated. Equation (4) with (1a), (1b), and (1d) provides four
ndependent relationships to allow determination of the four
inknown variables u, v, P,, and 6.

Il Approximate Method and Examples

A Symmetrically Heated Channel with Specified Wall Temperature,
I“. this section, the method of solution will be developed and ap-
_Dlle(l to the problem of a symmetrically heated channel with a

Journal of Heat Transfer

prescribed wall temperature. The coordinate system of Fig. 1
applies as well as equations (1) and (4). To arrive at a tractable
problem, the energy and momentum convective terms will be
linearized as follows:
o] 0 o]

uam+vby~u°ax ®)
where 1, is the dimensionless entrance velocity which must later
be determined from the solution, By introducing a new inde-
pendent variable £ = z/uGr the linearized governing equations
become '
X-momentum

ou oy 1 dp,
e a2 6
ot =0T op T w ak (6)
Energy '
20 2%
Pr— = — 6b
! df oy’ (65)
Mass balance
1
f udy = up (6¢c)
0
The constraint conditions required by (6) are
x = 0: U = U 6 =0 Dy = P (7a)
z = 1: py =0 (7b)
u of
= 0 — =0 — =0 7
Y oy o7 (Te)
y=1 u=0  0=f @d)

In the following analysis various values of p., will be considered.
Setting p,, = 0 conforms to previous works [19, 20, 24-28] and
permits a comparison of results. Setting p.,, = —u?/2 follows
from equation (2) as the correct condition for pure free convec-
tion. Finally, setting p., above its corresponding free-convection
value results in combined free and forced convection.

Although the governing equations have been linearized the
solution is not straightforward. Using Laplace transforms [36]
in the solution procedure it still is necessary to introduce specific
wall temperature functions f(£). Although general variations in
the wall temperature could be considered, results are presented
here for only two examples, a yniform wall temperature and a
step change in the wall temperature.

For the uniform wall temperature

fl&) =1 (8)
and for the step change

0 < == Ly/L Gr w

1€ =9, E> & )

The solution for each case follows, with intermediate details
shown in [36].

Constant-W all-Temperature Case

o

n2
(_1)11 —%_E

0k, y) =1+2 2 8. cos (By) (10a)
n=1 n
Pv(f) — Puo 1 o e—“nzf
T T —~up |:<3$ + g> -2 n§1 ) :|
2 2 = g an’ ® tan (as, V' Pr)
+ <$ = 5 Pr> + (Pl‘ _ 1) n§_=:1 and = '\/ITI‘ (X,.5
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Bn?

v _ T Pre Pr
Xemwt— 3 ﬁ:/P — 5 (100)
e[ e (V)]

u(t, y) = u{ (1— g% — 2 E e“’:zf [1 _cos <aﬂy>]}

cos (o)

2 e, [tan(vPras) L}[ cos (any)]
* (Pr — 1) ;1[ v/Pr a,f ot 1= cos {cn)

n

Bn?
© i —EE
+ z—:l Pr(—1)e o cos (Bay) (10¢)

Step-Change-in-W all-Temperature Case

Bn?

(=1 =
2 Pr
ngl ,Bn ¢

The solutions for u and p, are lengthy, and have been omitted in
the interest of brevity. The interested reader is referred to [36].
o, and B, are given by

0 ) = n(E — &) [1 + cos (ﬁny)} (11)

Q= tan (@) n =12, ... (12)
where a, # 0, and
2n — 1
Bn=< 2 >7r n=12 ... (13)

In order to complete the solution the parameter 4, must be de-
termined as a function of independent parameters. This is ac-
complished by applying condition (7b) to equations (10b) and
(11b). An explicit solution for u, is not possible, but it is conve-
nient to introduce

UOI = uoR&
which permits an explicit solution for Ra, i.e.,

Ra = Ra (uo', Pr, L—”)

7 (14)

The quantity u,’ is in fact the Graetz number, represented in this

case as
- ()(2)o

To improve upon the linearized solution an alternative method
will be used to determine the u, relationship. From the original
governing equations (1) the momentum equation can be inte-
grated over the channel half—w1dth and comblned with the con-
tinuity equation to yield

oy d 1
0+ —)dy — — 2 1
( + ng) v dwj; wy ,( %
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(15)

dp_ 1
dx_(}r

Further integration from 0 to z results in

1
ff(@—l— >dydx+uo ——f uidy
0

)

This relationship, which is exact, represents an alternatiy,
method for determining the pressure where the terms on the right.
hand side can be evaluated from the linearized solution, eg,
equations (10) or (11). A corresponding relationship deriveq
from the linearized momentum equation is

1 = ! %L
Py = &ﬁ j; <0 + 5772> dydx (18)

Letting 7, denote the solution obtained by using equation (17)
and letting all other terms denote the linearized solution, it cay
be seen that

P+(T) — P

() —

1

Po(@) = pu(@) + up? — f u?dy (19)

0

The inlet velocity %o can now be determined from the results of
equation (19). These results for p, and ug will be referred to s
the “iterative solution’ as opposed to the ‘linear solution” given
by equation (10b).

A similar procedure will be used to obtain heat~transfer results,
The average Nusselt number up o any location X is defined as

X
qu(X)dX
bhz) b Jo

L [“(o
N z == = = - i d 20
U= T T b La(T — T2) LHJ; (ay>y=1 e
For the entire channel length
hb L 1 /8
Nu=— = — — d 21
) k Ly 0 <Dy>y=1 v @
Thus
L
Nu = Nu (Ra, Pr, f) (22)

can be determined from the “linear solution”. This may be im-
proved by accounting for the nonlinear convective terms by
integrating the energy equation (1) over the channel half-width
and then over the length of the channel. It follows from equation

(21) that
L 1
Nu = (——) Gl‘Pl‘f (u0)1=1d?/
Ly 0

Equation (23) constitutes an alternative method for deriving
relationship (22), and will again be referred to as the ‘“‘iterative
solution’ for Nu. The integrals in equations (19) and (23) are
easily evaluated numerically and are presented in graphieal form.

B Unsymmetrically Heated Channel with Specified Wall Temperature.
Here the thermal boundary conditions of uniform, but unequal,
wall temperatures are selected for illustration with the constraint
that T > T.. As before, a uniform inlet velocity will be pre-
seribed.

The notation used in this section is identical to that of section &
except that the reference frame is shifted so that y iz measured
from one of the walls (see Fig. 1) and the full channel width a =
2b is used in place of b as the reference length.

The governing equations remain as equations (6) with £ =
z/UsGr* and Gr* = gB(Tw — Tw)at/Lv? The constraint con-
ditions at = 0 and z = 1 remain as equations (7a) and (7b)
At the walls the new conditions are

(23)

y=0 u=0 6=1 (240)

and

Transactions of the ASME

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



lo T T T TIT7TT T T T TTTIT T

T LD

—

N FOR {c)

ITERATIVE SOLUTION.

T T T

- ]

]

Pr=i0, =

T TTTITT

T
o

Ll LiiL]

20~ NUMERICAL 197
~--— LINEAR
Pr=07 ~=— ITERATIVE

1

-0

Wl

T-TTTTIT
.,

T

===LINEAR

P
r», ITERATIVE

NFFOR (b)

Mﬂg—,
% Peaz
pr =0,

g,
IAIHIII

I

Nu* FOR (a) AND Nu FOR (d)

DATA FOR SQUARE PARALLEL PLATES AND AR {171 — .l
DATA DATA Tw-Teo
470 ¢
10
325
135
50
10

NN NN

* o4 X
o8&
pEOE e

!

To2290°K
0.0345%0,, (Tw-Tw}2115
L] I WA 12

Aol

IS
ﬁ 103

sE— —-

0% 105
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numerical results, (c) Prandil-number effect, (d) effect of unheated entrance length

6=y (0<vy<1) (24b)
The solution, obtained by the application of Laplace trans-
forms, becomes

y = 1: u =0

on?

. (—1yg Pr

B y) = (v — Ly + 142 glﬂ%
X {v sin (6xy) + sin [5.(1 — v)]}

with a2, and B, given by equations (12) and (13), respectively,
where

(25)

L2 ... (26)

O, = nmw n =

% is determined by the integral-equation method as given in
équation (19). The heat-transfer results are evaluated as

1 60 hga
Nu* = — — dx = —
Uo j:) (by),,=0 z A (27a)
and
1 60 h1a
Nuy* = - dz = —
W ’j; <by>y=l x % (27b)

Here again the u» and p, results have been omitted for brevity,
of, [36].

IV Results and Discussion

In order to assess the accuracy of the present solution, the
results were first compared with existing numerical solutions using
the compatible zero inlet pressure defect. Fxperimental results
were compared for both inlet pressure conditions, and solutions
were generated for the non-zero pressure condition [36]. Some
of these results will be presented here.

For pure free convection with constant wall temperature a
tmparison with the numerical solution of Bodoia and Osterle
!39] is given in Fig. 2(b) for average Nusselt numbers. The

tterative solution’ does agree very closely with the humerical
solution except at moderate Rayleigh numbers where it exceeds
the numerical result by approximately 5 percent. Apparently the
iterative procedure which attempts to account for the nonlinear
tnvective terms is successful in improving the approximate
%lution at high Rayleigh numbers. The “linear solution,” while

Journal of Heat Transfer

1.0 T v & T T T T

> 3 x20.1 \x203 \x:0.8 _x=09
04 \\\/ .

L LAl

Fig. 3 Dimensionless velocity as a function of position for a step-heated
symmelrical channel, Ly/L = 0.2, Pr = 0,70, Ra = 7218, pw = —u*/2

maintaining the proper solution character, does overestimate
the numerieal result by 20 percent at most. In addition, com-
parison of local results with Bodoia and Osterle [19] (only avail-
able at 8 very low Rayleigh number) displayed excellent agree-
ment with the present results [36].

The effect of the inlet pressure defect on the 1esu1ts is dlspla.yed
in Fig. 2(a) along with the experimental results of Elenbaas [17].
Two factors should be pointed out in comparing the results to
the data of Elenbass. Firstly, the data are for square plates
open at the sides, which introduces a three-dimensional edge ef-
fect. Secondly, the fluid properties essentially were évaluated
at the wall temperature. Correcting for the edge effect [18]
and évaluating properties at the average temperature (19} résult
in a downward shift of the data in the low-Rayleigh-number
range. Hence, overall, the iterative solution for the non-zero
inlet pressure condition best satisfies the data. Recent numerical
results by Aihara [29] (not shown) appear to be at most 5 percent
below this iterative solution for non-zero pressure defect. The
upward inflection of this curve beyond Ra* = 104 must be looked
upon as a possible weakness of the present method. Finally,
it is recdgnized that the inlet pressure condition does have a
significant effect on the heat-transfer results above Ra* = 10.

The average Nusselt-numbeér results for the unheated-ertrance-
length example are shown in Fig. 2(d) with Rayleigh number
based on heated length Ly. Where comparison could be made
with the numerical results (for p,, = 0) of Dyer and Fowler, the
approximate solution was found to agree within 2 percent- [36].
Figure 3 shows local velocity variations for one set of conditions
when heating occurs only for the last fifth of the channel length
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Fig. 5 Dimensionless pressure defect as a function of Graetz and Ray-
leigh numbers for combined free and forced convection in the fully heated
symmetrical channel

(@ > 0.8). In the unheated section the flow approaches the
fully developed state as indicated by the parabolic profile shape.
The temperature of the short heated section is sufficient to cause
a rapid distortion in this flow as indicated by its boundary-layer-
like character. Not only does this figure dramatize the effect of
the interacting mechanisms occurring, it also illustrates the
ability of this solution technique to cope with such drastic changes
in the flow pattern.

Figure 2(c) displays the effect of Prandtl iumber on the results
for a uniformly heated channel. Although an extensive probe
was not made for the effect of Pr, it is observed tliat heat-transfer
coefficients for most gases and liquids will be weakly affected by
Pr, whereas the effect of Pr will be significant for liquid metals.

Calculations for the Graetz flow parameter w’ produced an
unexpected maximum value as Ra was increased for p, =
—u2/2. (No maximum oceurred for the p,, = 0 case.) For
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Fig. 6. Nusselt number as a function of Rayleigh number for the unsym.
metrically heated uniform-temperature channel; (a) cold wall, (b) het
wall

example this occurred at approximately Ra = 2500 for the
uniformly heated channel. It was discovered that when this
maximum flow oceurred the velocity profile indicated the he
ginning of downward flow at the center of the channel exit.
Since boundary-layer-type equations would not be valid for this
flow behavior, no solution results were presented beyond the
Icritical” Rayleigh number corresponding to the flow maximum,
It is interesting to speculate about the physical significance of
this flow behavior. Previous studies in free-forced convection
[12-14] observed that flow inversions or inflections in the velocity
profile do precede turbulent flow. Also, Dyer [27] noticed that
for restricted channel entrances flow reversals did oceur at the
channel exit under certain conditions. It is not known whether
this predicted flow pattern is a vesult of the assumptions con
tained in the present method or is a result of physical mechanisms
indicating the limit of laminar boundary flow.

When the inlet pressure is arbitrarily specified the problem be-
comes that of combined free and forced convection. For this
case, Fig. 4 displays the Nusselt number and Fig. 5 the initial
pressure as functiors of the Graetz and Rayleigh numbers. The
Jatter figure is useful in selecting a proper fan for cooling purposes
since the required fan pressure increase is given by

2 bt
In Fig. 4 the numerical solution for pure forced convection of
Mercer et al. [35] is at most 13 percent above the present results
at high w’; however, they report that their results exceed the
results of others by 7 percent.

Tigure 6 displays the average free-convection Nusselt number
for the hot and cold walls of the unsymmetric-heating case
Although no other results exist for this case to permit a check of
the solution, they possess the proper physical behavior and do
converge to the exact solution for the case of fully developed flow
(Ra — 0). Since the Nusselt number is defined as positive for
heat transfer from the wall, at low Rayleigh numbers the cold
wall actually receives heat from the fluid and a negative Nusselt
number results.

Apfuu:on+

YV Conclusions

1t has been demonstrated that the present method leads t0
accurate results for a number of examples over a wide vange
conditions. The technique should also Be useful in other casth
especially when overall heat-transfer results are desired. Finally
the effect of the pressure inlet condition has been examined and
has been found to have a significant effect on heat transfer an
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flow behavior at high Rayleigh numbers. The significance of
the predicted flow-inversion phenomenon and its possible relation
to turbulence should be examined in future studies.
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A Numerical Study of Laminar Combined
Convective Flow over Flat Plates

The boundary-layer equations for combined forced- and free-convective flow over flat
plates have been numerically solved using o simple tmplicit finite-difference scheme,
The method of analysis has been developed for flow over plates for which either the sur-
face temperature distribution or the surface heat-flux distribution is arbitrarily speci-
fied. Both assisting flow, in which the longitudinal component of the buoyancy force
is in the same direction as the forced flow, and opposing flow, in which it is opposite in
direction to the forced flow, have been considered. Numerical results have been obtained
for plates having a uniform temperature and o uniform heat-flux distribution, and for
Sfluids with Prandil numbers of 0.7, 3, and 10.

Introduction

|N stupyiNg fluid flow over heated surfaces it is
usual to neglect the effects of the buoyancy forces when a forced
velocity exists. Under some circumstances, however, such an
assumption is not justifiable, the buoyancy forces considerably
modifying the flow field and hence the heat-transfer rate from
the surface despite the presence of the forced velocity. Such
flows are termed combined, or mixed forced- and free-convective
flows. The present note deseribes a numerical study of such
combined convective flow over a flat surface aligned with the
forced flow. Both the case where the surface temperature is
specified and the case where the surface heat flux is specified
are considered.

Several analytical studies of combined convective flow over
vertical plane surfaces with a uniform surface temperature are
available. Sparrow and Gregg [1]! and Szewczyk [2] derived
series solutions about the purely forced-convective solution in
terms of a parameter charaeterizing the relative importance
of the buoyancy forces. These solutions are only applicable
when the buoyancy effects are small. Merkin [3] obtained a
complete solution to the problem for a Prandtl number of 1 by
using a combination series expansion and numerical solution.
Attempts have also been made to analyze the problem using
integral-equation methods [4, 5] but it can be shown that the
accuracy of these analyses must be in doubt. Iloyd and Sparrow
[6] analyzed the assisting-flow case, i.e., where the buoyancy
forces are in the same direction as the forced fiow, using a local-
similarity method.

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division and presented at the
Winter Annual Meeting, New York, N. Y., November 26-30, 1972,
of THE AMERICAN S0CIETY OF MECHANICAL ENGINEERS. Manuseript
received by the Heat Transfer Division October 19, 1971. Paper
No. 72-WA/HT-4.
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Analysis

The present study is concerned with combined convective
flow over a plate which is set at an angle ¢ to the vertical, with
the forced flow parallel to the surface of the plate. The analysis
is based on the use of the boundary-layer equations, it being
assumed that the fluid properties are constant except for the
density change with temperature which leads, as a result of the
gravitational potential, to the buoyancy force. In order to
obtain results in as general a way as possible, these boundary-
layer equations are expressed in terms of suitable dimensionless
variables. Separate schemes are used for the cases where the
surface temperature and where the surface heat flux are specified.

Consider first the case of flow over a plate with a specified
surface temperature distribution. Using the set of dimension-
less variables denoted by a bar, these being essentially the same
as those used in the integral-equation analysis of [4], the bound-
ary-layer equations become

LA ()
12~i+17~=——:|:7“ 2

T 0 _ 127 3)

The == sign on the buoyancy term in equation (2) arises be-
cause of the way in which G is defined. The upper sign applies
in assisting flow, i.e., where the longitudinal component of the
buoyancy force is in the same direction as the forced velocity:
while the lower sign applies in opposing flow.

In terms of the dimensionless variables, the boundary condi-
tions on this set of equations are

g=0 a=5=0 Ty= Tu&®) 4)
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Fig. 1 Heat-transfer results for assisting and opposing flow over a uni-

form-temperature surface

7 large: a— 1 T—0

where

To = (Tw = T)/(Lwr — T1) (5)

is & known funetion of £, T being the local wall temperature.

Equations (1), (2), and (3) constitute the set of three equations
in the three variables @, #, and T which must be solved in the
specified-surface-temperature case.

Next consider the case of flow over a plate with a specified
surface heat-flux distribution. In this case the set of variables
denoted by an asterisk is used. In terms of these variables the
boundary-layer equations become

3 ou* ow* y* ou*
At e =0 (©)
2 oz*  oy* 4zt oy*
&
Bttt
2 ox* oy* 4zt oy* oy*?
3R 007wt OT wnyrort Lt
— =
2 dz* 2* oy* 4z* oy* P, oy*?

The upper and lower signs on the buoyancy term in equation
(7) again apply in assisting and opposing flow respectively.

In terms of the dimensionless variables, the boundary condi-
tions become

where

Qw* = QW/Qwr (10)

is a known function of z* ¢, being the local heat-transfer rate
from the surface.

The wall boundary condition on heat transfer is utilized in ob-
taining the solution for T* by noting that
* o ¥ gTj

11
o0 e (11)

Qu
Therefore an alternative way of expressing the wall boundary
condition on heat flux is

y* = 0:  —dT*/y* = g,Mx*)/z"/ (12)

Equations (6), (7), and (8) constitute the set of three governing
equations in the three variables v*, v*, and 7'* in the specified-
surface-heat-flux case.

The above sets of simultaneous partial differential equations
have been solved using a forward-marching implicit finite-
difference scheme. The scheme used is very straightforward
and details will not be given here since it has been described in
detail elsewhere [7].

It should be noted that since % and 2* depend on the longi-
tudinal component of the buoyancy force, they both become
zero when ¢ is 90 deg, i.e., when the plate is horizontal. Of
course at all values of ¢ except zero there is in fact a component
of the buoyancy force at right angles to the surface which leads
to a pressure change across the boundary layer and a consequent
pressure gradient along the plate within the boundary layer.
At ¢ equal to 90 deg this is the only effect of the buoyancy force
on the flow. The effects of this normal component were con-
sidered in [7] where it was shown that its effect will in most
circumstances be important only relative to the effect of the
longitudinal component when ¢ is very close to 90 deg and at
Reynolds numbers that are much lower than those at which the
longitudinal component of the buoyancy force becomes important
at angles of ¢ different from 90 deg. For these reasons the
effect of the normal component of the buoyancy force was not
considered in the present work.

Results and Discussion

The sets of equations presented above apply when either the
wall temperature distribution or the wall heat-flux distribution
is arbitrarily prescribed. However, calculations- have been
carried out only for the uniform-wall-temperature and uniform-
wall-heat-flux cases, i.e., for 7, = 1 and ¢,* = 1. The main
results have been obtained for Prandtl numbers of 0.7, 3, and 10.

The predicted variation of N./R,'/? with & for the uniform-

* . ® * * _ * *
vt =0 wi=em=0 " = @) ©) temperature case for the three Prandtl numbers is shown in
y* large: u*—1 T* =0 Fig. 1. Also shown are curves giving the solutions for the limit~
~—————Nomenclature
@ = li@!](Twr — T4) cos ¢>/V2| T, = free-stream temperature 2 = coordinate measured along sur-
Gz = Grashof number, !Bg(’[’wr - T T, = wall temperature face
cos ¢x3/1/2] T, = reference wall temperature % = 2G/R? = G,/R.?
@* = |Bggur cos ¢/v2k|(v/ur)? T=A(T — T/(Tw — TV) &= To¥x
G:* = modified Grashof number, |B9Gur- T* = (T — TORR/ qur 2% = @' = Q.*/R
x4 cos ¢/V2k|‘ ' u = velocity component in z direction y = coordinate measured normal to
k = coefficient of conductivity w = free-stream velocity ‘ surface
N, = local Nusselt number q = u/ - s 12 1 \el /2
P, — s ] 7 = y(Q/R)/ = (yR./a)
» = Prandtl number u* =uju =4 . y
% = local heat-transfer rate at wall v = velocity component in y direction y* = Y (Ra@ra /s = LR g™
%or = reference heat-transfer rate at v RY: v R,V z . . x .
wall V== g, B = coefficient of cub'wal expansion
R =y X W x v = kinematic viscosity
B, = Reynolds number, wz /v ot = Y ( R, \' 4 R_zl/' p = density
= temperature T \G* w x*'? ¢ = angle relative to vertical
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Fig. 2 Comparison of present results for assisting flow over an iso-
thermal surface with some previous analytical results

ing cases of purely forced and purely free convection. The
forced-convection solution has the form
Nz/Rzl/2 = FO (13)

where Iy is a function of the Prandtl number alone, whose values
can be deduced from [8], for example. The {ree-convection
solution has the form

A]:u/G:tl/‘1 =r, (14)

where 7, is also a function of the Prandt} number alone, whose
values can be deduced from [9]. For the present purposes
equation (14) is of course rewritten as

Afx/leccl/2 = F7£1/4 (15)

In assisting flow the results show that at small values of &
the heat-transfer rate tends to that given by the purely forced-
convection equation, while at large values of £ it tends to that
given by the purely free-convection equation.

In opposing flow it will be seen that at small values of & the
heat-transfer rate tends, of course, to the forced-convection value
given by equation (13). However, at large values of % in op-
posing flow there must exist a buoyancy-force-controlled flow
adjacent to the surface which is in the opposite direction to the
outer forced flow. At small values of £, however, the entire flow
is in the direction of the forced velocity. Thus in opposing
flow there exists what is effectively a separation point at which
the reversed flow first occurs. The present analysis, which is
based on a forward-madrching solution of the boundary-layer
equation, cannot be applied beyond this ‘“‘separation’ point,
and the calculations were therefore terminated at this point
where the wall shearing stress becomes zero.

As discussed in the Introduction, several analyses of combined
convective flow over a vertical isothermal surface are available.
The present resuits have therefore been compared with the re-
sults of some of these analyses in Fig. 2. The series solution of
Szewezyk [2] only applies at small values of & where it is in good
agreement with the present results. Lloyd and Sparrow’s [6]
results cover a wider range of values of £ and throughout this
range are in excellent agreement with the present results. A
comparison with the complete solution for a Prandtl number of
1 given by Merkin [3] is also shown. The agreement is very
good.

Results for the uniform-surface-heat-flux case, for a range of
variables similar to those considered for the uniform-surface-
temperature case, are given in Fig. 3. These results exhibit

62 / FEBRUARY 1973
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Fig. 4 Comparison of results for assisting flow over surfaces with a unl
form temperature and a uniform heat-transfer rate

the same basic features as those for the uniform-surface-tempers.
ture case which were discussed above. The limiting solution
for purely forced convection which has the form

]Vz/b?acl/2 == Fuq (16)

where F,, is a function of the Prandtl number alone and whose
value can be deduced from [8], is shown in Fig. 3. The limiting
solution for purely free convection is also given in the figure. It
can be arranged in the form

N, /R = Foaz*/s a7

where the values of F,,, which depends on the Prandtl numbet
alone, can be deduced from [10).

In order to compare more directly the results for the uniform-
temperature and uniform-heat-flux cases for assisting flow, at
% based on the local value of the wall temperature can be de-
fined in the uniform-heat-flux case such that

& = |Bg(Ty — Tb) cos ¢ z/u?| = &1 (18
Since in the uniform-surface-heat-flux case
Ty — Ty = Tu*qus/kR:"/
it follows that in this case

— B97w"qur cos ¢ x*

= 19)
iR | T (

X1
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Using equation (19) the uniform-heat-flux results have been
l.eplotted in the form of N, /Rzl/ 2 again.st % in Fig. 4. The vari-
abion of NZ/RZ‘/ ! with & for the uniform-surface-temperature
cnse has also been plotted in this figure for comparison.

conclusions

A simple numerical method for analyzing combined forced-
and free-convective flow over a plane surface having either a
Speciﬁed surface temperature distribution or a specified surface
heat-flux distribution has been developed.

Results have been obtained for a range of variables that is
widet than that covered in previous analyses of the flow over a
yertical surface with a uniform surface temperature, and in
addition results have been obtained for the uniform-surface-heat-
flux case.
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Combined Free- and Forced-Convective
Heat Transfer and Fluid Flow in
Rotating Curved Rectangular Tuhes

A theoretical study is presented for combined free- and forced-convective heat transfe
and fluid flow in curved rectangular tubés rotating about an axis through the cenler of
curvature of the tube. The analysis is performed under the conditions that the flow is
thermally and hydrodynamically fully developed, and the axial wall heat flux is uniform
with o peripherally uniform wall temperature. The governing equations are solyed
numerically, and effects of the aspect ratto, radius ratio, Prandtl number, a nondimen.
stonal parameter representing the effects of Coriolis forces, Grashof number, and Dean
number on the flow und heat-iransfer characleristics are presented for velocity and lem-
perature distributions, streamlines and isotherms, local and meain friction factors f and
Nusselt numbers Nu. The effects of the first two geometrical parameters are minor.
Houwever, an increase in the last three force parameters enhances both f and Nu greatly.
An effect characteristic of the Coriolis forces is that they cause a great increase in f, while
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the enhancement of Nu is much less remarkable.

Introdiction

N RECENT years it has become increasingly impor-
tant to incorporate some cdoling system into the desigh of rotary
machines such as gas turbines, electric generators, motors, ete.
An improvement in the thermal efficiency of a gas turbine can be
effectively achieved by increasing the gas temperature at the
inlet of the turbine. However, since the maximum temperature
at which present-day materials for rotor blades can insure reliable
operation of a gas-turbine plant is approximately 850 deg C, if
the inlet gas temperature exceeds this value some cooling device
is essential. Schmidt first proposed that this problem be solved
by the use of blades with holes drilled radially and filled with
some cooling substance. It is expected that this gives an ex-
tremely effective cooling becausé the centrifugal acceleration can
become of the order of 10* g. Many investigations of heat trans-
fer inside these thermosiphon holes haveé been reported. These
investigations were, however, conducted under the earth’s gravi-
tational field, which differs from the rotational field in the
preserice of Coriolis forces which induce a secondary flow in a
plane perpendicular to the main flow.

Further, the employment of some cooling device for electric
generators is also of great importance to protect the insulating
materials surrounding conductors, which are usually resistant to
a maximiim temperature of 100 to 150 deg C for reliable long-
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range operation. As a coolant, air was first used. It was then
replaced by pressurized hydrogen which has a larger thermal
capacity. The cooling is effected by pumping a coolant through
hollow passages located inside the conductors or through axially
located holes in the rotor drum. The hydrogen-cooling method
makes it possible to construct a generabor with an output of up
to 250,000 kw compared with a maximum output of 60,000 k¥
for an air-cooled generator. Recently it has been attempted to
employ water, which is the most efficient coolant. Water-cooled
generators have been constructed in various countries including
the Soviet Union and Switzerland and put into operation, al-
though there are some technical difficulties encountered in seak
ing, in balancing the rotor, and in meeting strength and insuls-
tion requirements. It is estimated that this type of cooling is
capable of a maximum output of 750,000 kw.

As a rotating geometry, many configurations can be envisaged
according to the shape and location of cooled comporients, i€
() open thermosiphon, (b) closed thermosiphon, (¢) straight tube
rotating about a parallel axis, (d) straight tube rotating about 8
perpendicular axis, and (e) rotating curved tube. The first two
(a) and (b), are the configurations usually utilized for the cooling
of gas-turbine blades. The first and the last three, (a), (¢) @
and (e), are the configurations encountered in cooling rotor drums
and conductors of electric generators.

A remarkable characteristic of the flow and heat transfer in the
system of rotational motion is the presence of centrifugal 8¢
Coriolis forces which induce a secondary flow in a plane perpe®
dicular to the direction of main flow, resulting in three-dime™
sional flow and temperature fields. The secondary flow pls0
arises when a tube is curved, and enhances significantly the pre¥
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qure drops and heat-transfer rates. In spite of the great practical
importance and academic interest, the flow and heat transfer in
rotating configurations have not yet been sufficiently investi-
gated, and little information is available for the design. Barua
[1]* has reported a theoretical analysis for fully developed flow
in a straight tube with circular cross section rotating about a per-
pendicular axis, configuration (d). Morris [2] has presented the
result of theoretical analysis for the asymptotic velocity and tem-
perature distributions in configuration (c¢) solved by a series ex-
pansion in terms of the rotational Rayleigh number. Hum-
phreys, Morris, and Barrow [3] also investigated experimentally
the local and mean heat-transfer characteristics for ait flowing
turbulently in the entrance region of a circular duct revolving
about a parallel axis. Mori and Nakayama [4] have solved the
same problem by Pohlhausen’s method, and have presented the
pressure-drop and heat-transfer characteristics, which hold for
aldrge angular velocity. .

In contrast to the problem in a rotating system, the study of
the flow and heat-transfer characteristics in curved stationary
tubes has been fully made in con’junction with the application to
heating and refrigerating plants. It was first treated theoreti-
cally by Dean [5, 6], who has solved the equations of flow by

1 Numbers in brackets designate References at end of paper.

perturbation and has clarified that the flow field is controlled by
the Dean number alone. Adler [7] made extensive measure-
ments of velocity distributions and fourid that the boundary-
layer approximation holds for large values of the Dean number,
He also made a theoretical analysis by Pohlhauser’s method, re-
ferring to the results of his measurements. Barua [8] solved the
flow field by the same method, and later Mori and Nakayama
[9, 10] reported the results of their theoretical analyses for both
laminar and turbulent flows which are valid for large Dean num-
bers. Experimental investigations were made for furbulent
flow and heat transfer by Ito [11], Seban and McLaughlin [12],
Rogers and Mayhew [13], and others.

The investigation for the configuration (¢) has been attempted
by Ludwieg [14]. He has solved the boundary-layer equations
by Pohlhausen’s method for large values of the Dean number
and rotational velocity for fully developed laminar flow in a square
tube, and has obtained the friction factor which was verified by
his experiment.

The object of the present analysis is to investigate theoreti-
cally the flow and heat-transfer characteristics in curved rectangu-
lar tubes rotating about an axis through the center of curvature,
configuration (¢). The govérning equations are approximated by
finite-difference schemes and solved by an iterative method under
the conditions that the flow and temperature fields are fully de-
veloped and the wall heat flux is uniform with a peripherally uni-
form wall temperature. The results of computations are pre-
sented graphically for the temperature and velocity distributions,
the streamlines and isotheims, and the local and mean Nusselt
numbers and friction factors.

Theoretical Analysis

Figiire 1 shows the coordinate system that is convenient in
considering the motion of fluid through a tube of rectangular
cross section coiled in the form of a circle. C is the axis of tota-
tion, which is through the center of curvature of the circularly
curved tube, and is perpendicular to the plane which contains
the axis of the tube O’O. The sense of angular velocity is indi-
cated by an arrow, while the fluid in the tube flows in the ¢ direc-
tion. The figure shows the cross section of a rectangular tube cut
by a plane pérpendicular to the axis of the tube O’O. For con-

Nomenclature
a; = width of tube cross section P = nondimensional pressure = ordinates = x/an, y/ax, @
a; = height of tube cross section p'/pw/a)? X', Y' = nondimensional coordinates
@, = hydraulic diameter = 2a,a,/ Pr = Prandtl number=vr/a =z'/ay, y'/d1
( + as) Re = Reynolds number == aw../v a = thermal diffusivity
A = aspect ratio = ay/a, Ro nondimensional parameter B = volume-expansion coefficient
b = radius of curvature representing the magni- 6 = prescribed error for the iter-
B = radius ratio=b/a,; tude of the Coriolis force ative process
C: = pressure gradient in the ¢ =, /v e = ratio of mesh sizes ==
direction 8 arc length of tube axis = by AX/AY
C, = temperature gradient in the { = temperature ¢ = vorticity
@ direction Aty = representative temperature 7 = quantity in the equation for
f = {riction factor == Pra;Cs the relaxation parameter
fe = centrifugal acceleration = T nondimensional temperature 1)
b2 = (ty, — t)/Aby 4 = viscosity
Gry = Grashof number = u, v, w = velocity components in the v = kinematic viscosity
Bf Aty /v? z, y, and ¢ directions re- p = density
h = heat-transfer coefficient spectively ¥ = nondimensional stream func-
k = thermal conductivity u,v, w nondimensional velocity tion
K; = Deannumber==2a,w,/(v+/B) components in the X, Y, w = relaxation parameter
M = number of divisions in the and ¢ directions respec- = angular velocity
X direction tively == au/v, aww/v, and
N = number of divisions of the ¥ w/wy Subscripts
direction wy representative velocity in b = bulk mean
Nu = Nusselt number == has/k the ¢ direction = a;2C:/u I = local
p = pressure Y, @ toroidal coordinates m = Inean
p’ = modified pressure given by =z',y’, 2’ cartesian coordinates s = stationary straight rectangular tube
equation (3) X, Y, ¢ nondimensional toroidal co- w = wall
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venlence of analysis the toroidal coordinate system z, y, ¢ is
introduced instead of the cartesian coordinate system z’, y', 2.
The angle ¢ is measured from an arbitrary fixed point O’ on the
axis of the tube. To facilitate the explanation, each side of the
tube wall is termed the inner, outer, upper, or lower wall as shown
in Fig. 1. The horizontal and vertical centerlines are also shown.

The flow is assumed. to be laminar, and with the exception of
density the physical properties are taken to be constant. The
axial velocity is so low that there is no energy dissipation due to
friction, and no heat source is present within the cooling fluid.
The gravitational force is neglected compared with the centrifugal
foree duse to rotation. The rotational acceleration is ordinarily
of the order of 10? to 104 g for the rotary machines with which we
are concerned; so that the elimination of the gravitational-force
term apparently causes no significant error. The detailed
derivation of the governing equations which describe the afore-
mentioned physical model is given in [15]. The equations are,
however, essentially three-dimensional and intractable; so we
simplify them by assuming that the flow is both thermally and
hydrodynamically fully developed. The pressure gradient in the
axial direction is constant, i.e., 9p/ds = —C,. For the constant
wall heat flux per unit length of tube considered here, the axial
temperature gradient is also constant, i.e., 0t/0s = Cs.

Further, we must incorporate the buoyancy-force term. If
the fluid density is constant, the centrifugal force does not make
any confribution ta the motion of the fluid, since it is balanced
by a pressure gradient in the x direction. If, however, there is a
density gradient owing to temperature variation, the centrifugal
force becomes locally nonuniform and gives rise to a fluid motion
in the form of a buoyancy force. The density variation is usually
small enough to be ignored in all terms except in the term of the
buoyancy force. It varies approximately linearly with tem-
perature as

P = Pu + pwﬁ(tw - t) ~ Pw + pﬁ(tw - t) (1)

since py == p. Strictly speaking, the volume-expansion coefficient
B is a function of temperature, and its dependence is not neces-
sarily negligible for water. However, it was found in [15] that
the differences of f and Nu between the cases of variable and
constant volume-expansion coefficients were approximately 0.6
and 2 percent respectively. This discrepancy is tolerable for the
purpose of industrial application so that the volume-expansion
coefficient is taken to be constant here for simplicity. There-
fore, using equation (1), the rotational centrifugal force per unit
volume is expressed in the form

o + )22 = py (1 + %) fotp (1 + %) fBte — 1) (2)

Finally we introduce the modified pressure p’ such that

xz) 3
Puw (113 + QB fc ( )
With these aforementioned relations, we obtain the simplified

governing equations, since all the velocity components and tem-
perature are independent of ¢

1

P =p—

o} 0
a{(b+x>u}+5§{(b+x>v} =0 )
ou vO-u_ w2
oz oy b4z

— 20w — (1 + %) £.Btw ~ )

1 op’ o fov ou
o - ()
p O oy \or oy
ov o)

o - Lo 1 o o ou
* + p dy +Vb+xba: {(b+x)(bx by)’

P — =
oz dy
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ow + ow il 20 = — L
Yo Tl o+ o btz
0w 1 ow w o%w
+”{&E b+x$_(b+x)2+ay‘z} @
ot ot b o2 1 of . o% .
ua+v5—y+wb+m02—a<ax2+b+xbx+by2) (8)

which are subject to the boundary conditions at the wall
u=g=w=70 t =ty 9)

In order to nondimensionalize the governing equations we in.
troduce the following nondimensional variables irito equationg

(4)~(8)

!

ay aw w P
= Vo= We=— P=—
v v w1 pw/an)?
by — ¢ x oy
T X = — Y ==~ (10
Aty an ar (1)

Furthermore, we attempt to modify the nondimensionalized
governing equations to facilitate the numerical procedure,
Tirst the equation of continuity is identically satisfied by the
stream function

1 o B 1 oW

U=1{YxX/Bor T~ 713 Xx/Box

(1

Next we insert the vorticity

oV AU

= 12
0X oY ()

X
—<1 + 37) ¢ 1)

In the present analysis the pressure distribution is irrelevant, so
the presgure terms are eliminated from the equations of momen-
tum in the X and ¥ directions and the equation of vorticity is ob-
tained

into equations (11) to give

0¥ 1 oY

2X* B(l + X/B) X a

BE

92_5‘_ 1 ES — 1 g‘ + ﬁ
ox* " B(1 + X/B)oX Bl + X/By ' oY?
¢ ¢ U 2K, oW
- UE)E+VaY“B(1+X/B)§+1+X/BWaY
_ oW X\ or
o . Rl IO
+ 24/BKRo o7 + G, <1 + B) 57 (14)

After some reatrangements, the equations of axial momentum
and energy are given by

i Lo 1 o o
dX?  B(1 + X/B)dX Bl + X/B) ov: X
oW Uw 2Ro 1
2, T 4 A - - (1)
Ty T B(1 4+ X/B) + BK, i+ X/B
or .1 or o7
X  B( + X/B)dX = oY?

2T T VEBEK,
e (p2F L o7 _ VBE g
b (UQX+VDY> Trxm”

Equations (11) and (13) to (16) constitiite the system of equations
to be solved. The flow and témperature fields are either sym
metric or antisymmetric about the X axis, so that it suffices .“’“‘
consider only the upper half of the fiibe cross section for analyst®
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(X'=0)

Fig.2 Variation of axial-velocity distribution with Ro; A = 1.0, B = 50,
pr = 0.7, Gr: = 103, K; = 100

It is readily found that U, W, and 7" are symmetric, while V, ¥,
and { are antisymmetric, and therefore the boundary conditions
(9) are reduced to

0¥ 1 1
1
for OSYSZ(1+A) an
o 1
U=V—.\II—D—Y:=W_T=O at Y=—Z(1+A)
1 1 1 1
for — — — 1 < < — —
or 4<1+A>_X“4<1+A> (18)
oU _ oW _of :
oY oY oY at Y =0
VoW =0
for —l 1—]—i <‘X<l 1 —1— 19
4 A) — 4 +A (19)

The governing equations are solved by finite-difference
methods. The stability of a difference scheme largely depends
on how the nonlinear inertia terms are approximated. The dif-
ference scheme employed here is the modified one-sided difference
scheme utilized by Spalding, Runchal, and Wolfshtein [16].
Their scheme is based on the idea that the first derivatives in the
inertia terms are approximated by the forward difference for
non-positive velocity and by the backward difference for non-
negative velocity, so that the stability criterion is uncondi-
tionally satisfied. A detailed description of the numerical solu-
tion is given in [15].

The vorticity at the walls is unknown, so it should be com-
puted from some other dependent variables. For this purpose
1his usual to use the relation between the vorticity and the stream
fllnction, equation (13). The approximation of wall vorticity
15 known to have a significant effect on the stability of the solu-
tion, and some approximation formulas have been devised. The
Dorfman-Romanenko method [17] is employed in the present
analysis,

_ Since the governing equations are nonlinear and the coefficients
I finite-difference equations comprise unknowns, an iterative
method should be utilized. The iteration was made in the order
of p, §, W, T, U, and V. The overrelaxation method was em-
Ployed to accelerate the convergence. The relaxation parameter
Y was computed by w = 2(1 + /1 — 5)/9 with g = (cos w/M
‘+ tos/N)/2. Since overrelaxation impairs the stability of the
leratiye process for vorticity, underrelaxation was applied to it.
~eunderrelaxation parameter was varied from 0.15 to 0.5 accord-
g to the magnitude of the nondimensional parameters. The
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iterations were terminated when the relative error of solutions
became less than some preassigned small quantity 4. It was
found in the preliminary computations that M = 24, N = 12,
and 6 = 0.001 were the reasonable values from the viewpoint of
aceuracy and economy of computer time. However, in the com-
putations for Pr > 5, Ro > 100, Grs > 104 and K; > 300, the
number of divisions was increased to M = 36 and N = 18 with
§ = 0.001. The solutions diverged for values of the parameters
larger than Pr = 6, Ro = 300, Gr, = 3 X 104 and K, = 103, with
M = 36and N = 18,

Results and Discussion

The characteristics of flow and heat transfer in rotating curved
rectangular tubes are governed by the six nondimensional
parameters A, B, Pr, Ro, Gr, and Ki. The parameter Ro in-
volves the angular velocity and indicates the effects of the
Coriolis force, which is, however, usually represented by the
Rossby number. The Rossby number indicates the relative im-
portance of the inertia to the Coriolis foree, while Ro is the ratio
of the Coriolis force to the viscous force. The parameter Ro is
adopted here instead of the conventional Rossby number because
the increase in Ro implies the growth of the Coriolis force, and
its effects are more readily conceivable. These parameters
are coupled with and affect each other, so that the effects of
the parameters on the flow and heat-transfer characteristics are
complicated and are not the mere superposition of individual
effects, allthough the interactions between the parameters
are indirect compared with the direct effects of each individual
parameter.

There are many nondimensional parameters, and to know the
effects of one of these parameters on flow and heat-transfer char-
acteristics, not only that parameter but also the rest of the
parameters should be varied, because their effects are interre-
lated and the effects of a single parameter differ for different
values of the others. Therefore, computations are required for
an extremely large number of cases to grasp the entire effect.
However, this requires an extremely long computation time, so
that, considering the economy, computations were performed by
giving the parameters the standard values 4 = 1.0, B = 50,
Pr = 0.7, Ro = 20, Gry = 10% and K; = 100. To see the effects
of one parameter, the rest were fixed at the standard values.
The results of the computations consist of the axial-velocity and
temperature distributions along the wvertical and horizontal
centerlines, the streamlines and isotherms, the local friction fac-
tors and Nusselt numbers, and the mean friction factors and
Nusselt numbers. It is a lengthy process to describe the effects
of all the parameters on the flow and heat-transfer characteristics.
The descriptions here will be confined to the effects of Ro alone,
except those on the mean friction factor and Nusselt number,
provided that the effects of A and Pr on the mean characteristics
are eliminated. For the complete presentation and descriptions
of the results see [15].

The distributions of axial velocity and temperature along the
horizontal centerline (left figure) and the vertical centerline
(right figure) are illustrated in Figs. 2 and 3 respectively in non-
dimensional form with the mean values W/W,, and T'/T» against
the nondimensional coordinates X’ and Y’. The dotted, solid,
and one-dotted lines indicate the curves for Ro = 1, 20, and 100
respectively. The Coriolis foreces have a peculiar effect in that
they flatten considerably the axial-velocity distribution in the
central region of the tube cross section, while their effect on the
temperature profile is negligible. The Coriolis forces have both
x and ¢ components. Those due to rotation are 20w (z com-
ponent) and —2Qu (¢ component), while that due to curvature is
—uw/(® + z) (¢ component). In the central region where the
2 component of the secondary-flow velocity u is positive, the ¢
components of the Coriolis forces act such that they push back
the main flow in the negative ¢ direction. The z component
eventually has the same effect. A large w produces a strong
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Fig. 3 Variation of temperature distribution with Ro; A == 1.0, B = 50,
Pr = 0.7,Gr, = 10%,K; = 100

secondary flow which results in a large braking force, and con-
sequently w decreases. A central core where the uniform secon-
dary current flows in the x direction is thus formed, and the axial-
velocity distribution possesses a wide flat part at the center.
However, when w decreases owing to the increase in the braking
foree, the z component of the Coriolis force deereases. 1t follows
that the corresponding secondary flow becomes weak and the
braking force is reduced. It is seen, therefore, that the Coriolis
forces always act so as to restore a system to some equilibrium
state. This restoring property is typical of these forces. On
the other hand, in the vicinity of the upper wall the velocity com-
ponent % is negative and the gradient of w with respect to z is
positive at x = 0. This occurs because the maximum point of
w is shifted toward the outer wall by the secondary current.
The ¢ component of the Coriolis force and the inertia force
—udw/dz act in the positive ¢ direction. Therefore the velocity
profile along the vertical centerline becomes such that for large
Ro it increases toward the upper wall, attains its maximum value
where the secondary-current veloeity is highest, and then de-
creases in the close neighborhood of the upper wall due to the
predominant viscous force there.

As Ro increases, the secondary flow is intensified. It does not
mean, however, that the secondary-flow velocity in the central
core is large, because the area through which the secondary cur-
rent flows is widened to a greater extent. This result is derived
as follows. In the equation of axial momentum (15) the viscous-
dissipation term on the left-hand side and the first inertia term
on the right-hand side are negligible because the axial-velocity
distribution is flat in the central region. Since the ¥ component
of the secondary-flow velocity V is negligible, the second inertia
term also vanishes. We consider here the case of Coriolis forces
sufficiently large to decelerate the main flow so that the third
term of the Coriolis force due to curvature can be ignored com-
pared with the Coriolisforce term due to rotation. Accordingly
the force balance between the Coriolis force and the pressure
force holds,

2Ro U 1 — 0
v BK, 1+ X/B
from which we obtain U
1 v/ BK,

"1+ X/B  2Ro

U, therefore, decreases with Ro.

Since both U and V are small in the central core for large Ro,
convection by the secondary current is negligible. The heat con-
vected in the axial direction is consequently supplied mainly by
conduction, and as Ro increases more heat is transferred to the
axial flow by conduction. The axial-velocity distribution on the
horizontal centerline and accordingly the convected heat in the
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Fig. 4 Streamlines and isotherms for standard values of parameters;
A = 1.0,B = 50,Pr = 0.7, Ro = 20, Gr; = 10%, K; = 100

axial direction are almost symmetric about the origin so that the
heat transferred by conduection should also be symmetric. In
other words the temperature distribution tends to be symmetrie
or less skewed as Ro increases. 1In the vicinity of the upper wall
the conducted heat is carried away by both the axial and the
secondary flows. In the central core the secondary-flow velocity
is small so that the heat conduction is still significant there,
This implies that the temperature should continue to increase
toward the center. The temperature distribution on the vertical
centerline becomes, therefore, as illustrated in Fig. 3, and is not
similar to the velocity distribution. It is also less sensitive to
the variation of Ro than the velocity distribution. The buoyancy
force due to rotation and the centrifugal force due to curvature
induce a strong secondary flow which deforms both the velocity
and the temperature distributions. However, the Coriolis force
influences the flow field through two mechanisms, i.e., the secon-
dary flow and the braking force, while the heat transfer is en-
hanced solely by the secondary flow, which is relatively weak, s
mentioned previously. Therefore the modification of the tem-
perature distribution due to Ro is small compared with that of
the velocity distribution.

As Ro increases, a broad central core is formed with a uniform
secondary current which flows from the inner wall to the outer
wall. The returning current is therefore confined to a very thin
layer next to the wall where the velocity gradient is significant.
The viscosity is relevant only in this thin layer, its effect being
negligible in the central core so that it becomes feasible to make
the boundary-layer approximation for large Ro. It also holds
true for large Gr; and K.

The streamlines and isotherms were obtained by interpolation
from the distributions of the stream function and the temperaturé
respectively. These are shown in Fig. 4 for the standard values
of the parameters, i.e.,, Ro = 20, and in Fig. 5 for Ro = 100. The
three streamlines are drawn so that they pass the points Y’ =
0.05, 0.14, or 0.4 on the vertical centerline, and the four isotherms
are illustrated for T/Ts = 0.3, 0.7, 1.0, and 1.5. Since they aré
symmetric about the horizontal centerline, the streamlines and
isotherms are illustrated in the upper and lower halves respec
tively of the cross section. The axis of rotation is located on the
left of the cross section so that the secondary circular current
flows counterclockwise.

Tt is seen in Fig. 4 that the center of circulation is shifted to-
ward the outer wall owing to the induced secondary current. It
is of great interest, however, that the increase in Ro results in the
reduction of flow rate in the central core because a wide ares of
uniform secondary flow is created, as explained earlier. The
center of circulation is shifted toward the upper wall wheré
streamlines are dense and the secondary current is relativel:"
strong. For Ro = 20 the point of maximum temperaturc 18
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Fig. 5 Streamlines and isotherms for Ro = 100; A = 1.0, B = 50, Pr

= 0.7, 6r: = 105, K; 100

ghifted toward the outer wall. The temperature gradient de-
creases at the inner wall, while it becomes steep at the outer wall.
For Ro = 100, however, the point of maximum temperature re-
turns to the center because of the weakening of the secondary
eurrent in the central region, and a steep temperature gradient
due to the high secondary-current velocity is seen at the lower
wall.

The product of the local friction factor times the Reynolds
number, and the local Nusselt number at the wall, are plotted in
Fig. 6 for Ro = 1, 20, and 100 in the order of the upper half of the
inner wall, the upper wall, and the upper half of the outer wall.
They are shown on the basis of, those for a stationary straight
rectangular tube to facilitate the understanding of variations.
As Ro increases, the wide central core is formed where the secon-
dary current is directed in the X’ direction with a uniform and
relatively small velocity. This uniform cwrent impinges on
the outer wall so that the local friction factor there is constant
over a wide region of the wall. The velocity of the returning
secondary current, confined to a narrow passage next to the upper
wall, is somewhat high. The inertia and Coriolis forces enhance
the main flow and the gradient of the axial velocity increases.
Consequently the friction factor attains an extremely large value
at the upper wall. Since the secondary flow is weak and the
axial velocity is almost symmetric about X’ = 0, the variation
of the friction factor at the inner wall is similar to that at the
outer wall. However, the effect of Ro on the heat transfer is
diferent. The temperature distribution is not altered very much
by the Coriolis forces because of the relatively weak secondary
flow. Accordingly the effect on the Nusselt number is not so
marked. It is relatively large at the outer wall, and its increase
at the upper wall is not as great as that of the friction factor.

Figure 7 is the result of the computation for the mean friction
factor and Nusselt number illustrated by the solid and dotted
lines respectively. They are plotted in the form of - Re/(f,- Re)
and Nu/Nu, respectively against the radius ratio B. B was
varied from 5 to 500. Since the effect of B is concentrated on the
tentrifugal-force term, it can be reduced by the choice of the
Dean number instead of the Reynolds number, as shown in
the figure. The friction factor and the Nusselt number, how-
tver, increase slightly with an increase in B, because a fixed K,
mplies an increase in the axial velocity and accordingly the
lcﬂl})eratm‘e difference, which causes a large buoyancy force.

Fllgure 8 is the mean friction factor and Nusselt number plotted
%gainst Ro, which was varied from 1 to 100. The effect of the
Coriolis forces is largely dependent on the configuration of the
Totating system. In the flow and heat transfer in & circular tube
tating about, a parallel axis which has been solved analytically
W Mo and Nakayama [4], the Coriolis-force terms are not in-
Yolved in the axial component of momentum equations. They
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Fig. 6 Variation of local friction factor and Nusselt number with Ro;
A = 1.0,B = 50,Pr = 0.7, Gr; = 103, K;
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Fig. 7 Mean friction factor and Nusselt number versus B; A = 1.0, Pr
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Fig. 8 Mean friction factor and Nusselt number versus Ro; A = 1.0, B
= 50, Pr = 0.7, Gr; = 10%, K; = 100

affect only the velocity components of secondary flow, which are
usually smaller than the axial velocity, so that the effect of the
Coriolis forces in this configuration is minor. Since in their
analysis the axial velocity and the angular-velocity vector are in
the same sense, the Coriolis forces impair the secondary flow
induced by the rotational buoyaney force when the wall is heated.
Therefore both f and Nu decrease with the increase in Ro. More-
over the relative effect of the Coriolis forces decreases with the
increase in Re, because they have no direct effect on the axial
velocity which does not affect the velocity components of secon-
dary flow. This is substantiated by the experiment conducted
by Humphreys, Morris, and Barrow [3] with the exception that

f and Nu increase with the increase of Ro because it seems that

the axial velocity and the angular-velocity vector are in the op-
posite sense. In the present configuration the Coriolis forces
act not only on the secondary flow but also on the axial velocity,
and thus enhance secondary flow, so that they exercise significant
effects on both f and Nu. If the fluid is at rest, there will be no
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Fig. 9 Mean friction factor and Nusselt number versus Gry;; A = 1.0,

B = 50,Pr = 0.7, Ro = 20,K; = 100

resistance against the secondary flow. Therefore there are no
critical values at which the effects of the secondary-flow-in~
ducing forces start to appear. Actually, however, they are
substantially negligible up to some values of the nondimensional
force parameters. Since the walls of the tube have a direct in-
fluence on the rise of the secondary flow, the so-called threshold
values of the parameters are largely dependent on the geometry
of tube cross section. For Ro < 10 the effect is negligible. As
Ro tends to zero, f-Re/(fs-Re) and Nu/Nu, do not approach
unity because there are some contributions by the buoyancy
and centrifugal forces. For Ro > 10, f increases rapidly, and the
extrapolation shows that f-Re/(f,:Re) is proportional to Ro'/s.
According to Ludwieg’s analysis [14] f-Re/(f;-Re) is propor-
tional to Ro'/ for large Ro. The increase in Nu is less remark-
able, and it is shown by the extrapolation of the curve that Nu/
Nu, is proportional to Ro'/,

Figure 9 shows the mean friction factor and Nusselt number
against Grs, which is varied from 100 to 3 X 104 The effect of
Gr, becomes remarkable at Gry =~ 10°® where both f and Nu in-
crease at almost the same rate as Gre in the range of Gr computed.
However, it is seen that there is a trend for Nu to increase more
rapidly for large Gr.. The extrapolation of the curves shows
that f-Re/(f;-Re) and Nu/Nu; are proportional to Gr.'/¢ and
Gr.'/* respectively. According to Mori and Nakayama’s anal-
ysis [4] for a circular tube rotating about a parallel axis, they are
approximately proportional to Gr,/* and Gr,'/? respectively
for large Grs.

Figure 10 shows the mean friction factor and Nusselt number
against K, which is varied from 10 to 103, The centrifugal force
begins to exercise a marked effect at Ky = 100, and the rate of
increase of f is different from that of Nu. This indicates that
there are interactions between the secondary-flow-inducing forces,
and therefore their total effects cannot be represented by the mere
sum of the effects of each single force. The extrapolation shows
that f-Re/(f;-Re) and Nu/Nu, vary porportionally to K\ and
K,'/* respectively, while both of them increase with K;"/* for
large K, in the case of a stationary curved ecircular tube according
to Mori and Nakayama’s analysis [10].

Conclusions

The problem treated in the present investigation is the flow and
heat transfer in curved rectangular tubes rotating about an axis
through the center of curvature. The flow and heat-transfer
characteristics are determined by the six nondimensional param-
eters A, B, Pr, Ro, Gry, and K;. The results of computations are
presented for the axial-velocity and temperature fields, the local
friction factors and Nusselt numbers, and the mean friction
factors and Nusselt numbers. Because of excessive length, the
presentation of results is confined to the effects of Ro alone on
the flow and heat-transfer characteristics, except those on the
mean f and Nu. However, the effects of 4 and Pr on the mean f
and Nu are abbreviated.

The formation and intensity of secondary flow are characteristic
of each parameter. Both an increase and decrease in 4 impair
the secondary flow, because a narrow cross section causes a greater
resistance against it. It is somewhat intensified by the increase
in B, since the axial velocity and accordingly the centrifugal and
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Fig. 10 Mean friction factor and Nusselt number versus K A = 1,9,
B = 50,Pr = 0.7, Ro = 20, Gr; = 10?

Coriolis forces are increased by it. Pr exercises practically ng
effect, although the intensity of the secondary flow tends to
decrease very slightly. Ro creates a broad central core where 4
uniform and rather weak secondary current flows, but a rathe
strong returning current arises in the immediate vinieity of the
upper and lower walls. * The effect of Gr; is somewhere between
those of Ro and K, and the secondary flow is strong not only
in the central region but also in the neighborhood of the upper and
lower walls. K, induces a strong current along the horizontal
centerline, which, however, decreases rapidly toward the upper
or lower wall.

The friction factor f and the Nusselt number Nu are also afe
fected characteristically by the parameters. Their increase i
most remarkable when 4 = 1. As A deviates from unity, how:
ever, the secondary flow is suppressed, so that the mean f and Nu
approach those for a stationary straight tube. They are raised
as B increases, bul its effect is minor because its greatest effect is
involved in the centrifugal force in terms of X;. Pr has no sub.
stantial effect on f, while Nu is significantly increased. On the
contrary, Ro causes a great increase in f, but Nu is much les
enhanced. Their increase due to Gr. is gradual. However, it
has an advantageous characteristic in that it tends to make more
contribution to the enhancement of heat transfer than flow frie-
tion. K, also possesses the same advantage, and raises more
rapidly both f and Nu than does Gr.

Since the tube wall exercises a resistant force against the secon-
dary flow, its rise and intensity depend largely on the geometrical
shape of the tube cross section. It is apparent, therefore, that
the threshold values of the nondimensional force parameters at
which their effects commence to be considerable are different
according to the tube cross section. For the rectangular tube
with 4 = 1 the threshold values are Ro = 10, Grz ~ 107 and
K; = 100.
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Convective Instability in the Thermal
Entrance Region of a Horizontal Parallel-
Plate Channel Heated from Below

An tnvestigation is carried out to determine the conditions marking the onset of longitud;-
nal vortex rolls due to buoyant forces in the thermal entrance vegion of a horizonil
parallel-plate channel where the lower plate is heated isothermally and the upper plate i
cooled isothermally.  Axial heat conduction is included in an analytical solution for the
Graetz problem with fully developed laminar velocity profile. Linear-stability theory
based on Boussinesq approximation is employed in the derivation of periurbation equa-
teons.  Am ilerative procedure using high-order finite-difference approximation is ap-
plied to solve the perturbation equations and o comparison is made against the con
ventional second-order approximation. 1t is found that for Pr > 0.7 the flow is more
stable in the thermal entrance region than in the fully developed region, but the situation
is just opposite for small Prandtl number, say Pr < 0.2, Graphical results for the
critical Rayleigh numbers and the corresponding disturbance wavenumbers are pre-
sented for the case of Pe — « with Prandtl number as a parameter and the case of air
(Pr = 0.7) with Peclet number as a parameter in the range of dimensionless axial dis-
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tance from the entrasice between x = 0.001 and 4 X 1073,

Introduction

THE cLAssICAL Bénard problem on thermal instabil-
ity of a layer of fluid enclosed between two infinite horizontal
plates heated from below has been studied extensively in the past
and various extensions of the problem have been reported in the
literature,

Recently the onset of longitudinal vortex rolls due to buoyant
forees for fully developed laminar forced convection between two
infinite horizontal parallel plates with a constant axial tempera-
ture gradient and at different or identical temperature levels at
the upper and lower plates was studied theoretically by Naka-
yama, Hwang, and Cheng [1]* anid confirmed experimentally by
Akiyama, Hwang, and Cheng [2]. The thermal-instability
problem considered in (1] is characterized by a nonlinear basic
temperature profile and in this respect is similar to the problem
studied by Sparrow, Goldstein, and Jonsson [3] where the ther-
mal instability in a horizontal fluid layer is caused by a nonlinear
basic temperature profile due to uniform internal heat generation.

It is true that the critical Rayleigh numbers reported in [1] are
useful in estimating the onset of instability in practical problems;

1 Nurr}bers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division for publication (with-
out presentation) in the JOuRNAL oF Hear TrRaANSFER. Manuseript
received by the Heat Transfer Division September 15, 1971, Paper
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however, the assumption of fully established basic temperaturs
profile is fulfilled only if the channel is very long. In practice the
ratio of length to hydraulic diameter is usually moderate, and the
thermal entrance region is of practical interest. The need for
extending the thermal-instability problem reported in [1] to thé
thermal entrance region is obvious.

The purpose of this investigation is to determine the conditions
marking the onset of longitudinal vortex-type secondary flow for
a hydrodynamically fully developed but thermally developing re
gion of the horizontal parallel-plate channel where the lower plate
is heated isothermally and the upper plate is cooled isothermally.
The problem under consideration can be regarded as the Bénard
problem with fully developed laminar flow superimposed:
Furthermore, the vortex rolls with axes parallel to the basic flo¥
direction may be regarded as an infinitely elongated form of the
Bénard convection cells, Knowledge of the onset of instability
is required in the practical design problem since the solution of the
classical Graetz problem will not be valid after the secondary
flow sets in.

Theoretical Analysis

Graetz Problem for Fully Developed Luminar Flow between Horiz "
Parallel Plates. Consideration is given to a Graetz problem _Whl
deals with a steady fully developed laminar flow of an inco™
pressible viscous fluid with constant properties in a horizollml
parallel-plate channel, ¥ig. 1. The fluid temperature is (3onsm“t
and equal to the wall temperature T for 2’ < 0, see Fig. 1, except

gnto!
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Fig. 1 Coordinate system for fully developed laminar flow in thermal
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-

that at some axial position #’ = 0 there is a step change in the
lower-wall temperature to a higher value T with the upper-wall
temperature still maintained at the uniform temperature T,

Referring to the coordinate system shown in Fig. 1, the fully
developed velocity profile in the unperturbed state is

Ub = 6Um[(2’/h) - (2'/]7/)2] = Umd)u (1>

where Un is the mean velocity and ¢, = 6[(2'/h) — (2'/h)?] is a
dimensionless quantity representing a basic velocity-profile
function. The temperature distribution for ’ > 0 is determined
by solving the following equation expressing energy conservation

for a fluid:
2! z'\*'| oT% 0Ty, 0,
6Un| (=) —{— — =
[<h> <h> :l o' " (az'2 + ox'? &
By introducing dimensionless variables z = 2'/h, = z'/(h Pe),
and ¢ = (T — T0)/(Ty — T\) and a parameter Pe = U,h/k, the
following normalized equation results:
2,
6(z — zz)% - 0%y

ox 022
4

O
Pe? o

(3)

The boundary conditions are

90, 2) = Po( 0, 2) — (1 — 2) = do(z, 0) ~ 1 = gg(z, 1) = 0
i x>0 (4)

It is noted that the first term 02¢p/022 on the right-hand side of
equation (3) represents the heat conducted from the lower plate
and the term 6(z — 22)d¢y/dx represents the heat convected in
the main flow direction. The remaining term in equation (3),
(1/Pe)opg/dx2, sign'fies the conduction effect in the main flow
direction. The solution of equation (3) with the associated
boundary conditions (4) is given in the Appendix for Pe = 10, 20,
30, 50, 100, and .

for

According to the recent works by Hennecke [4] and Hsu [5]
for the exact analysis of low-Peclet-number thermal-entry-region
heat transfer based on the rigorous boundary condition of ¢pg( — =,
z) = 0, the heat conducted upstream of z = 0 is found to be sig-
nificant only for the extremely small Peclet-number regime.
However, the upstream conduction effect [5] in the adiabatic sec-
tion of the channel will not be considered for the present work in
order to limit the scope of the investigation. It should be men-
tioned that a step change in wall temperature (temperature dis~
continuity) assumed at the entrance in the formulation of the
classical Graetz problem is seldom met in practice. Conse-
quently the exact solution of the present problem with the up-~
stream conduction effect right near the entrance is believed to
be of theoretical interest only. Furthermore, for the extremely
small Peclet-number regime the possibility exists that the trans-
verse rolls may appear first under certain circumstances.

Perturbation Equations

In the thermal entrance region under consideration a nonlinear
basic temperature distribution 7% — T, in the vertical direction
exists near the lower plate, see Fig. 1, and eventually the dis-
tribution becomes linear when the temperature is fully developed.
Within the thermal boundary layer shown in Fig. 1 a top-heavy
situation prevails and the onset of convection in the vertical
direction is marked by the critical value of the Rayleigh number.
The instability theory considers amall disturbances superimposed
upon the basic flow, and both the disturbed and undisturbed
flows are assumed to satisfy the Navier-Stokes equations of
motion and the energy equation. For this purpose perturba-
tions are now superimposed on the basic velocity and temperature

fields as
U=1U,+uv T=1T,+0

P=P+yp

V =9 W = w'
(5)

where V and W are velocity components in the y’ and 2’ directions
respectively, and P, is the pressure in the unperturbed state.
The above perturbation quantities are considered to be in the
steady state [1, 2] and are functions of space variables 2/, ¥/, and
2’ only. Introducing the nondimensional quantities (z/, y’, 2’)
= Mzt ytzt), (W,v,w') = /), w), 8 = (AT, p’
= (pv2/h?)p and parameters Gr = Bg(T — To)h*/v?, Pr = v/,
Re = U.h/v, Ra = PrGr, Pe = PrRe, the following compo-
nent perturbation equations in dimensionless form are obtained
after linearization involving a few manipulations:

and

———=Nomenclature
a = wavenumber, 27h/\ To, Ty = fixed upper- and lower-plate 8’ = temperature disturbance
¢ = amplification or damping temperatures respectively k = thermal diffusivity
factor, ¢ = 0 on onset of U, V, W = velocity componentsin z’, 3/, A = wavelength of vortex rolls
instability and z’ directions y = kinematic viscosity
D = d/de U, Un basic velocity in unper- p = density
@ = mode shape function defined turbed flow and mean ¢. = basic velocity-profile func-
by equation (9) basic velocity respectively tion
Gr = Grashof number, gBATh?/p? U, U, W dimensionless velocity dis- ¢g = basic temperature-profile
g = gravitational acceleration turbances in @', 3/, and 2’ funection
h = distance between two in- directions V? = dimensionless three-dimen-
finite horizontal flat plates  w/, v/, w’ velocity disturbances in 2’, sional Laplacian operator
P = pressure y', and 2’ directions
Pe = Peclet number, Pr Re z,y,2 = dimensionless cartesian coor-  Superscripts and Subscripts
Pr = Prandtl number, v/k dinates ! = disturbance quantities or dimen-
p = dimensionless pressure z', y', 2 cartesian coordinates sional quantities
Ra = Rayleigh number, gBATH?/ coefficient, of thermal expan- * = gritical value or a dimensionless
VK sion variable '
Re = Reynolds number, Uk /v AT temperature difference be- + = dimensionless coordinate variables
T = temperature tween two plates, Ty — T or amplitude of disturbance
Ty = basic temperature in unper- 0 dimensionless temperature b = basic quantities in unperturbed
turbed flow ' disturbance state
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Fig. 2 Axial and vertical velocity perturbations at the onset of instability
in the thermal entrance region of a horizontal parallel-plate channel

Re (¢u S%L Vaw — g:i:;i %)
= VeV 4 Gr <a§iz + 6;;> 8 (6)
R,e(¢u5%+w%)=—%+vzu )
Pr(Re¢uSz—();r+u:—(i)§+wz—;’%€>=V20 8)

where V2 = 32/dx+2 4- 92 /oy +2 4 22/dz+2.
The following characterization of the disturbance form serves
also to demonstrate the region of interest in this study:

u = ut@H)GFzt yt)
w = wr(eNG(xt, y*)
(9)
p = pteh)Gxt y™)
6 = 8@zt yh)

where G(z*, y ) = exp (cx+ -+ Zay*), ¢ is the amplification factor
denoting the degree of amplification or damping along the main
flow direction, and ¢ = 2wh/(wave length) is the wavenumber to
be determined. Both quantities ¢ and a are real for the present
study involving the onset of Jongitudinal vortices. Tt should be
noted that the perturbation quantities are taken to be “in the
steady state’ in this analysis’ since steady-state longitudinal
vortices were observed to occur in the entrance region in earlier
experiments [2]. After substituting the relations (9) into equa-
tions (6)-(8) and utilizing the condition of neutral stability or
threshold of instability marked by ¢ = 0, one obtains

(D — a®)w* = a2 Gr O+ (10)
(D? —~ a?)u+ = Rew™ g% (11)
> >
(D? — @2)8+ = Pr (u+ 5;-'!’_’; + w+£¢€> (12)

where D = d/dz. In view of equation (3) for the basic tempera-
ture and previous related works [1, 2], it is convenient to use
parameters Pr, Pe, and Ra instead of Pr, Re, and Gr which appear
in the above set of equations. To achieve this end the new
variables w* = w* 0+ = Pr 0% 4+ = Reu* 2+ = 2, and x+=
Pe z are introduced. Then the following perturbation equations

result:
(D? — a?)nw* = g2 Ra % (13)
a 3
(D? — g¥)u®* = w* _¢4 (14)
oz
*
(D2 _— az)e* = IL % * 2@ (15)

Proz 'Y o
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The appropriate boundary conditions for the disturbances are

w*=Dw*=u*=0*=0 at z=0andl (g

It is instructive to note that the term a? Ra 6* in equation (13,
presents the effect of buoyancy forces which is balanced by ty,
viscous term (D? — a?)*w*. In equation (14) the inertia fore
term w*0¢./0z is caused by the coupled effect of upward djg.
turbance velocity w* and the vertical gradient of the bagj
velocity-profile function and is seen to be balanced by the viseoyg
term (D? — a?)u*. TFurthermore, in energy equation (15) ther,
are two convective motions; one is the convective motion causeq
by velocity disturbance u* and basic temperature gradien
Ogpp/ Oz in the main flow direction, and the other is the conveetiy,
motion caused by velocity disturbance w* and basic temperatyr,
gradient 0¢py/dz in the vertical direction. These two convectiye
terms are balanced by the conduction term (D? — a2)§*. The
boundary conditions w* = u* = §* = ( indicate that the ve]ocity
and temperature disturbances vanish on the solid boundary, anq
the eondition Dw* = 0 follows by also applying the continuity
equation.

In this investigation a minimum value of Rayleigh number and
the corresponding wavenumber which permits a solution of the
set of the disturbance equations satisfying the boundary condi.
tions is sought.

Numerical Method of Solution Using
High-Order Finite-Difference Approximation

Since the solution of equation (3) for the basic temperature
distribution is available in a numerical form, a finite~-difference
method using iterative technique is chosen for the simultaneous
solution of the disturbance equations (13)-(15). The details of
the numeriecal solution will not be given here because of space
limitation.

The high-order finite~difference approximation due to Thomass
[6] in a study on the stability of plane Poiseuille flow is employed
in the present investigation. The detailed derivation of the
approximation is given by Chen [7] in a study on the hydrody-
namic stability of developing flow in a parallel-plate channel.
After extensive numerical experiment, a mesh size of M = 40i8
used in all the computations to insure the accuracy for at least
five significant figures.

Results and Discussion

Perturbed Velocity and Temperature Fields. Some insights into the
physical mechanism of thermal instability for the present prob-
lem can be gained by a detailed study of the perturbed velocity
and temperature fields. TFig. 2 shows the distribution of the
velocity disturbances along the vertical section of the upward
stream (see inset), w* in the main flow direction, and w* in the
vertical direction, at representative axial positions x with the
fully developed basic velocity profiles 2¢./3 superimposed for
comparison for the case of Pr = 0.7 and Pe — . Since the
magnitudes of the disturbance quantities cannot be determined by
using linear stability theory, the values of u* = 0.1 at z = 0.2
and w* = 0.1 at z = 0.5 are taken as reference values. Dueto
the fact that the unstable region prevails in the lower part of the
channel, the relative magnitudes of the velocity disturbances ar
seen to be larger in the lower region z < 0.5 than those in the
upper region z > 0.5. This trend becomes less pronounced 8
the axial distance ¢ increases. For example at © = 0.4 the abs-
lute values of the disturbances are almost symmetric with 1&
spect to the central plane z = 0.5. From this figure one can also
say that the eye of the vortex roll is initially located in the Jowéf
region of the channel when « is small and gradually moves to"
ward the center line z = 0.5 as x increases.

The distribution of the temperature disturbance 6* along .the
vertical section of the upward stream is of considerable theoretic®
interest and is shown in Fig. 3 with the basic temperature pro e
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Fig.3 Basic temperature-profile development and temperature perlurba-
tion at the onset of instability in the thermal entrance region of a horizon-
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Fig. 4 Effect of Prandtl number on critical Rayleigh numbers marking the
onset of instability for Pe — o

o superimposed for comparison for the identieal case, Pr = 0.7
and Pe — «, and identical axial positions as are shown in Fig. 2.
Again the value of §* = 0.1 at z = 0.5 is taken as the reference
quantity. Tt is found that the maximum temperature dis-
turbance is located in the range 0.1 < z < 0.5 depending on the
axial position ®. This observation is of particular interest in
experimental verification of the onset of longitudinal vortices by
a transverse temperature-profile measurement for the small tem-
perature fluctuations using a thermocouple probe [2].

Effects of Prandil Number and Peclet Number on Critical Rayleigh
Numbers Ra*. The Rayleigh numbers marking the onset of in-
stability along the axial direction in the thermal entrance region
of the parallel-plate channel are presented graphically in Fig. 4
for various Prandtl numbers for the case where the axial-condue-
tion term is neglected (Pe — ) with ¢¢(0,2) = 0. In this
figure both the entrance and Prandtl-number effects are of interest.

Referring to perturbation equations (13)-(15) it is seen that
the flow field is destabilized by the term representing the vertical
conveetive motion, w*d¢y/dz, only when the Prandtl number ap-
proaches infinity. With thinner thermal boundary layer, see
Figs. 1 and 3, the flow is more stable in the thermal entrance
tegion than in the fully developed region. It is expected that as
the axial distance z increases the basic temperature profile
gradually approaches the linear temperature profile in the fully
de'veloped region and the critical Rayleigh number approaches a
tritical rvalue of 1707.76 at x =~ 0.1. When the Prandt] number
5 finite the effect of convective motion in the main flow direction
Tepresented by the term (u*/Pr)d¢gs/dz also destabilizes the flow.
For small Prandtl number, say 0.1 or 0.2, the destabilizing effect
due to the convective motion in the main flow direction pre-
domingtes over the stabilizing effect of thinner thermal boundary
layer and the flow is more unstable in the entrance region than in
the fully developed region.

In Fig. 4, when Pr > 0.7 the critical Rayleigh number de-
Creases monotonically with increasing axial distance and finally
pproaches to a limiting value of 1707.76. On the other hand,
Yhen Pr < 0.2 the critical Rayleigh number increases mono-
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Fig. 5 Effect of Prandil number on critical wavenumbers at the onset of
instability for Pe —> o
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Fig. 6 Effect of Peclet number on critical Rayleigh numbers marking the
onset of instability for air (Pr = 0.7)

tonically along the axial distance and approaches the same limit-
ing value from below. Thus a completely different trend is ob-
served for the small-Prandtl-number case as opposed to the
large-Prandtl-number case. This can be explained from the
fact that as Pe — , ¢ is the same for all Prandtl numbers, but
the effect of the axial-temperature-gradient term (u*/Pr)o¢e/0x
increases as Pr decreases. As z increases, both effects diminish
and eventually vanish completely when the temperature profile
becomes linear and fully developed. All the curves for various
Prandtl numbers are seen to approach a critical value of Ra* =
1707.76 at z = 0.1 ~ 0.2. The curve for Pr = 100 is seen to be
very close to the curve for Pr — «, and for practical purposes
they may be regarded as identical. From this, one also sees the
practical implication of large Prandtl number.

The interaction of the two opposing effects represented by the
two extreme cases of Pr — o and Pr — 0 in the thermal entrance
region is noteworthy. The stabilizing effect in the form of
thinner thermal boundary layer corresponds to the case of Pr —
« and the destabilizing effect in the form of convective motion in
the axial direction corresponds to the other case of Pr — 0.
When the Prandtl number is finite both effects are important in
the thermal entrance region. I1tis well to note that when the basic
temperature becomes linear and fully established, 0gg/0z = 0
and the perturbed equations (13)-(15) reduce to those for the
classical Bénard problem. Under the condition of uniform but
different wall temperatures the critical Rayleigh number re-
mains Ra* = 1708 regardless of the presence of forced flow.

The critical wavenumbers of the disturbances corresponding to
the critical Rayleigh numbers shown in Fig. 4 are presented
graphically in Fig. 5. The variation of the critical wavenumber
along the axial distance for different Prandtl numbers is of con-
siderable interest. For Pr > 100 the critical wavenumber de-
creases monotonically along the axial distance, but for the range
0.7 < Pr € 10 a maximum value for a* exists. The location of
the maximum value from the entrance increases as the Prandtl
number decreases. For Pr = 0.1 the critical wavenumber does
not seem to change up to « = 0.01, and then increases to the
limiting value of 3.116 from below for the fully developed case
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Fig. 7 Effect of Peclet number on critical wavenumbers at the onset of
instability for air (Pr = 0.7)

atz =~ 0.2. All the curves are seen to approach the limiting value
a* = 3.116. The behavior of a* in the thermal entrance region
for Pr < 10 shown in Fig. 5 is rather complicated and no physical
explanation can be offered.

At this point it should be said that the experimental confirma-
tion of the limiting critical values Ra* = 1708 and a* = 3.116 for
the fully developed condition is reported in [2].

Consideration may next be given to the effect of Peclet number,
representing the contribution of convective motion relative to
that of axial conduction on the onset of instability. Fig. 6 pre-
sents the variation of the eritical Rayleigh number along the axial
distance for Pr = 0.7 with Peclet number as a parameter. Since
the dimensionless axial distance 2 is defined as 2'/(hPe), the effect
of Peclet number cannot readily be explained. Focusing one’s
attention to the curves for Pe = 10 and 100, one finds the critical
Rayleigh number to be Ra* =~ 3400 for Pe = 10 at x = 0.01 or
2’/ = 0.1, and Ra* =~ 3900 for Pe = 100 at + = 0.001 or 3’ /h
= 0.1. This observation leads one to conclude that at a fixed
axial position @’ the effect of axial conduction is to increase the
thermal boundary-layer thickness, which tends to destabilize the
flow. The effect of Peclet number can better be seen if Ra* is
plotted against the variable z’/h instead of . However, Fig. 6
has the advantage of conciseness and convenience in application.
Practically speaking, the curve for Pe = 100 may be regarded as
already approaching the asymptotic solution for Pe — o, since
the largest deviation is found to be about 5 percent at z = 0.001.

The effect of axial conduction is to increase the thermal bound-
ary-layer thickness and decrease the axial temperature gradient.
However, depending on the magnitude of Prandtl number, one
factor dominates over the other. When Pr — o the increase
of thermal boundary-layer thickness dominates and the axial
conduction leads to destabilizing effect. When Pr — 0 the de-
crease of axial temperature gradient dominates and the axial
conduction leads to stabilizing effect as can be seen from pertur-
bation equation (15). Practically, the destabilizing effect of heat
conduction appears for Pr > 0.7 and the stabilizing effect of heat
conduction appears for Pr < 0.2. Fig. 6 shows that the critical
Rayleigh number decreases monotonically along the axial dis-
tance and approaches the limiting value of 1707.76 from above.
Although not presented here, the numerical results show that for
Pr < 0.2 the critical Rayleigh number increases monotonically
along the axial distance and approaches the limiting value from
below.

The role of wavenumber at the onset of instability is rather
complicated, as can be seen from the perturbation equations
(13)-(15). The wavenumber arises from the separation of
variables, and the terms involving a? in the perturbation equa-
tions represent either the viscous term or the conduction term in
the transverse direction y'. Fig. 7 shows the eritical wavenum-
ber distribution corresponding to the critical Rayleigh-number
distribution shown in Fig. 6. It should be pointed out that the
variation of a* in the thermal entrance region is rather small for
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air (Pr = 0.7) with the maximum variation from a* = 3.116 bejy,
about 6 percent for Pe = 10. In view of the complexity of th,
role of wavenumber at the onset of instability, no attempt wi
be made to explain the behavior of a* shown in Fig. 7. TFigs ¢
and 7 suggest that the results for Peclet number of order 100 o
ready approach an asymptotic solution for Pe — o, and thy
observation is important in understanding the physics and t,
practical implications of Pe — . In this respect the effect o
Peclet number depends on the value of Prandtl number and largy
Peclet number does not necessarily wash out the buoyancy effeet.
For example with Pr > 0.7 the secondary motion may appear g
some downstream position as Peclet number increases, see Fig, g
For Pr < 0.2 the flow is more unstable in the entrance regiop
One also notes that the results neglecting axial conduction (Pg~,
0) serve as an important asymptotic solution as demonstrate
clearly in Figs. 6 and 7.

Concluding Remarks

1 The onset of steady longitudinal vortices in the thermal en.
trance region of a horizontal parallel-plate channel heated from
below is approached by an efficient iterative technique based op
high-order finite-difference approximation [6, 7]. For the case
with Pe — o« the critical Rayleigh number decreases, mong.
tonically along the axial distance from the entrance for large
Prandtl-number fluids, whereas the critical Rayleigh number ip-
increases monotonically along the axial distance for small
Prandtl-number fluids. At the end of the thermal entrance re-
gion the temperature profile becomes fully established (linear
temperature distribution) and a limiting value of Ra* = 170776
which is independent of Prandtl number is approached. The
thermal entrance length z for small-Prandtl-number fluid i
longer than that for large-Prandtl-number fluid.

2 The completely different effects of axial heat conduction on
thermal instability appear depending on the magnitude of Prandt!
number. For Pr > 0.7, the increase of thermal boundary-layer
thickness due to axial conduction tends to destabilize the flow.
On the other hand, for Pr < 0.2 the decrease of the axial tempera-
ture gradient due to axial conduection tends to stabilize the flow.
The thermal entrance length « depends on Peclet number and is
longer for lower Peclet number.

3 The convergence of the numerical solution is assured by the
excellent agreement between the limiting values of Ra* = 1707.76
and a* = 3.116 for the present problem and those of the Bénard
problem. The present problem can be considered as an extension
of the Bénard problem with fully developed laminar flow superin-
posed. The experimental confirmation for the limiting case with
Ra* = 1707.76 is given in [2].

4 The instability problem for the present parallel-plate chan-
nel in inclined configuration making an angle of ¢ with respect tv
the vertical is of considerable practical interest. Under the 8-
sumption that the free-convection effect from side walls on U'le
basic velocity and temperature profiles is negligible, such as
the central region of a rectangular channel with large aspect rn!l"
[2], the results presented in this study can be applied to the it
clined parallel-plate channel by simply replacing Ra* by Ra* sing
for the case of large-Prandtl-number fluid only.

5 The results of experiments on the onset of longitudill&J
vortices in fully developed laminar convection between horizontsl
plates [2] suggest that the present thermal instability problem
can arise in a horizontal rectangular channel with a large 1lSP‘?°"‘
ratio, say near the order of 10. This information may be of -
terest in practical application. . N

6 The onset of longitudinal vortex rolls is sought in ”":
analysis since they are observed experimentally even at Re = %!
[2]. The region of interest for this study is discussed in (1. II"
contrast, the transverse rolls may have priority of opecurrentt
when the Reynolds number is extremely small. However, b ¢
finite dimension in the transverse direction for most practt
applications may prevent the occurrence of transverse rolls.
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APPENDIX
Solution of the Graetz Problem with Axial Heat Conduction

Reference is made to equation (39 for basic temperature and the
boundary conditions (4). In order to obtain the homogeneous
boundary conditions at z = 0 and 1 and faster convergence of a
power-series solution, the following transformations are intro-
duced: -

Substituting equation (17) into equations (3) and (4) one obtains

47" ) % T omr T Pe oz
HO,2) + 4% — 21 = H(w,2) = Hz, — §) = H(z, ) = 0
(19)

Applying the method of separation of variables, the solution of ¢y
can be written as

Po —a+ H=_—a+ 3 CZua)exp (—7va2) (20)

n=1

1
2

DO

where the constants «,? are the eigenvalues and the functions
Z(21) are the eigenfunctions of the boundary-value problem

Za" + (7n4/P62 + %’Ynz)Zn - 67"2z12Z" =0
Znl—4) = Zuld) = 0

(1)
(22)

The coefficients Cn,n = 1, 2, 3, .. ., are evaluated by considering
the boundary condition at 0 and the orthogonality of the
eigenfunctions. The resultis

f‘/ 2
— 1/2
f ‘/2
— 1/2
The eigenfunctions Z, of equation (21) are obtained by using

a power-series solution as

H(O; Zl)(27n2/P92 + % - 6212)Z71dz1
On

(23)
(2v:2/Pe? + & — 6u2)Z.%dxn

0
Zn = Z Amzlm
0

m=

The solution is found to be accurate up to 12 significant figures.
The corresponding eigenvalues .2 are determined by employing
the secant method with an error less than the order of 1078
The calculated eigenvalues .2 for various Peclet numbers are
listed in Table 1. A comparison of the first four eigenvalues for
the case of Pe — o from this work with those listed in [8] shows

- 1
? s (17) excellent agreement confirming the accuracy of the numerical
¢bo = 5 —=u+ H results.
Table 1 Calculated eigenvalues v,?
n Pe = o Pe = 100 Pe = 50 Pe = 30 Pe = 20 Pe = 10
;.540701 7.536377 7.523465 7.493206 7.435475 7.151305
.540
2 35.96191 35.84704 35.51094 34.76111 33.45733 28.61544
35.95
3 85.72609 85.03635 83.09086 79.08866 72.99041 55.82801
85.73
4 156.8283 154.4649 148.1291 136.3370 120.6686 84.97557
156.8
5 249 . 2664 243.2531 228.1029 202.7741 173.0479 114.9146
6 363.0394 350.3295 320.4783 275.6037 228.2296 145.2647
7 498.1466 474 .4884 422.9615 352.9115 285.1895 175.8672
8 654 . 5878 614.4478 533.6113 433.4291 343.3533 206.6406
9 832.3629 768.9026 650.8537 516.3153 402.3772 237.5365
10 1031.472 936.5684 773.4427 601.0005 462.0415 268 . 5232
11 1251.914 1116.215 900.4027 687 .0872 522.1974 209.5793
12 1493.690 1306.689 1030.971 774.2891 582.7395 330.6894
13 1164, 550 862.3944 643.5908 361.8423
14 1300.663 951.2417 704 .6934 393.0298
15 424 .2455
16 455.4846
17 486.7436
Note: The eigenvalues with four figures are from reference [8].
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Correlations for Laminar Forced Convection
with Uniform Heating in Flow over a Plate
and in Developing and Fully Developed
Flow in a Tube

A symptotic solutions for Pr — 0 and Pr — « and numerical solutions for intermediate
Pr were obtained for a uniformly heated flat plate. The method of Churchill and Usagi
was ulilized to construct a simple correlation for these values. The same method was
used to develop simple correlations for plug flow and fully developed flow in a uniformly
heated tube. These correlations were in turn combined to develop corvelations for the
available experimental data and computed values for developing flow in a uniformly
heated tube. Derivations and test calculations in which convection normal to the wall
was neglected veveal that this error is significant but insufficient to explain all of the dis-
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crepancies in the computed values.

Introduction

THE sUuBJECT of laminar forced convection from uni-
formly heated surfaces has received considerably less attention
than forced convection from surfaces with a uniform wall tem-
perature. A preliminary examination of the available experi-
mental data and theoretical solutions revealed various discrep-
ancies for both developing and fully developed flow in tubes.
Supplementary solutions were therefore derived and computed
for flow over a flat plate with the intent of using these results as a
criterion for resolving the discrepancies. Partial success was
achieved. The concurrent development by Churchill and Usagi
[1]% of a method for constructing simple empirical correlations
then provided a far more powerful method of evaluating and
correlating the results for both flat plates and tubes, and this in-
vestigation was completely reshaped in that form.

Solutions for a Flat Plate

Mathematical Model. The solution obtained by Blasius [2] for
the laminar portion of flow over a flat plate can be summarized
as follows:

t Currently with the Department of Industrial and Mechaniecal
Engineering, Okayama University, Okayama, Japan.

2 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division and presented at the
Winter Annual Meeting, New York, N. Y., November 26-30, 1972,
of Tae AmMeERICAN SocIETY OF MECHANICAL ENGINEERS. Manuscript
received by the Heat Transfer Division November 24, 1971. Paper
No. 72-WA/HT-14.
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u = up'(1)/2 (1
v = (u/x)" [0’ () — e(1)]/2 @

Howarth [3] computed and tabulated values of ¢(n) and ¢'(n).

For small values of % this function is represented well by the
series

Ant  App 114% 375444

o(n) = — — o1 " Ty

3)
2! 51 8! 11! (

A value of 1.32824 for A has been calculated by Goldstein [4].
For large 7

o(n) — 2(n — 0.860385) (4)

The corresponding temperature field can be represented by the
following energy balance which assumes constant physical proper-
ties, negligible dissipation, and the usual simplifications of
boundary-layer theory:

ug_{_yﬂ’:ab?’l’ (5
oz oy oy?
The boundary conditions are
T=1T forz < 0 andfor y — (6)
j= —kQdT/oy) aty=0 x>0 M

Solutions. Pr—> 0. For the limiting case of Pr— 0 the tempers
ture profile develops primarily in the region beyond the momen
tum boundary layer in which u 22w, Equation (5) then reduces
to
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5 (8)
[quation (8) with boundary conditions (6) and (7) is equivalent
to the well-known problem of transient conduction in a semi-
infinite region [5] with z/uy substituted for £. The solution can
pe expressed in terms of a heat-transfer coefficient as follows:

Nu, = (7Re,Pr)"/2/2 = 0.886(Re,Pr)" (9)

pr— . For the limiting case of Pr — « the development of
the temperature profile occurs very near the wall where only the
frst term in equation (3) needs to be considered. Making this
simplification and then applying the method of Hellums and
Churechill [6] permits reduction of equations (5), (6), and (7) to

V(20 — VY =0 (10)
Y'=—1 at Y =0 (11)
Y —0 as ¥V — o (12)

This boundary-value problem was solved numerically by the
Runge~Kutta method, guessing values of ¥ at ¥ = 0. The
yalue of Y(0, « ) for which (¥, ©)—0as ¥ — « was calculated
to be 1.18535. Hence

Nu, = [AY%/2¢(0, =)]Re,/"Pr'/* = 0.464Re,”/Pr'/* (13)

General Pr.  Application of the method of Hellums and Churchill
in the general case yields

Boundary conditions (11) and (12) are still applicable. This
problem was solved for a series of values of Pr by the same
method used for equation (10). In these calculations equation
(8) was used for n < 1.6, equation (4) for n > 3.0, and the values
tabulated by Howarth were interpolated for 1.6 < 5 < 3.0.
For Pr > 10, equation (3) was sufficient since Y/(¥, Pr) becomes
negligibly small before 7 = Y/(APr)/s exceeds 1.6.

The heat-transfer rates indicated by these computations can
be expressed in the convenient form

Nu, = [4"3/2¢(0, Pr)]Re,/*Pr'/s = 0.464Re,"/Pr'/sf(Pr) (15)

Values of ¥(0, Pr) and f(Pr) = (0, «=)/¢(0, Pr) are given in
Table 1. It may be noted that f(Pr) is only a slight function of
Pr for Pr > 1. The agreement of (0, 103) with the asymptotic
value for Pr — « to five significant figures is a confirmation of
the accuracy of the numerical caleulations.

pr— o, v = 0, The effect of neglecting convection normal to
the plate in the limiting case of Pr — « can be evaluated by
dropping the »(37'/dy) term and again using only the first term
of equation (3). Dimensional analysis then leads to

1p// + Yﬁ[/’ —_ Yll/ =O

The boundary-value problem represented by equations (16),
(11), and (12) has the same mathematical form as the approxi~
mate representation utilized by Sellars et al. [7], Bird [8], and
Bird et al. [9] for the temperature field in fully developed laminar
flow in a tube following the application of a uniform heat flux
[3, 4]. A solution may be obtained by dividing equation (16)
by Y, differentiating with respect to ¥, and introducing the addi-

(16)

YA 0 — 0y =0 (14)  tional boundary condition
Table T Computed values
0, =) w(py) = L50, @)
Pr ¥(0, Pr) JED) = J0P) (L4 (0.0207/Pryd—vs 0, Pr) PP = 50, Pr)
@ 1.18535 1.0000 1.0000 1.06509 1.0000
108 1.18536 1.0000 0.9998 1.065 1.000
102 1.18547 0.9999 0.9991 1.065 1.000
10 1.8662 0.9989 0.996 1.066 0.999
1 1.19752 0.9898 0.982 1.079 0.987
10t 1.27147 0.9323 0.928 1.172 0.909
102 1.5268 0.7764 0.786 1.463 0.728
103 2.0537 0.5772 0.585 2.020 0.527
104 2.9222 0.4056 0.408 2.90 0.367
Nomenclature
A = constant = 1.32824 Pr = v/ = Prandtl number z distance along flat plate or
. D = tube diameter, ft Re: = azup/v = local Reynolds tube wall, ft
fPr)y = (0, «)/¢(0, Pr) number for flat plate Y distance normal to flat
T5(Pr) = ¥*0, «)/Y*(0, Pr) Rep = Dun/v = Reynolds number plate or tube wall, ft
Gz = wDn/dax =  QGraetz in tube Y = (APr)/*n = (APr)*y(ue/
number T = temperature, deg F w)/2/2
by = j/(Tw — Ty) = local heat- Ty = inlet temperature, deg F z = any independent variable
transfer coefficient for a T, = mixed-mean temperature . ;
3 m s Z = w(»)/w(0) for increasing
flat plate, Btu/hr-ft>-deg deg F (an()i/ w(0)/w(w) for de-
F T» = local wall temperature, deg creasing power of 2
hp = j/(Tw — T») = local heat- F _ PP 2 /e
- : - L o thermal diffusivity, ft2/hy
transfer coefficient for a % = local velocity in z direction, ) . 9
tube, Btu/hr-ft>-deg F ft/hr Bn = IO?:S of equation (24)
J = heat-flux density at wall, un = mean velocity in tube, ft/hr (%/3) 2= sg=2dz = 1.358
Btu/hr-f+2 uy = free-stream velocity far 0 '
Jo(8) = Bessel function of zero order from plate, {t/hr 7 = ylue/av)/2/2
k = thermal conductivity, Btu/ v = local velocity in y direction, 6(Y, Pr) (Pr2/A)/*| oY /(APr)/4}
h_r—ft—deg F . ft/hr ) v kinematic viscosity, {t2/hr
n = arbitrary exponent in equa-~ w(z) = any function density, 1b/ft?
tion (19) w(0) = asymptotic behavior of P € .y, distribution f
Nu, = her/k = ja/(Tw — Todk= function for z — 0 () = ve1<.)(31ty. ;Es’)in_utlonl unc-
local Nusselt number on w(») = asymptotic behavior of tion 1n S asius 50 \:lt102n,
flat plate function for z — « see equations (1) anl 2
Nup = hoD/k = jD/(Tw — Tw)k W = w(x)/w(©0) for increasing WYY, Pr) = KT —  To)(4Pr) /(o /
= local Nusselt number and w(«)/w(z) for de- w)'/?/2
in tube creasing power of 2z Y*(Y, Pr) Y(Y, Pr)forv = 0
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Fig. 1 Correlation for the effect of Pr on forced convection in laminar

flow over a uniformly heated plate

Y - o

Y —0 as (7

The solution yields Y(0, ») = 3/2/y(2/;) = 1.06509, thus giving
a heat-transfer rate 11.2 percent greater than the solution of the
complete equation.

General Pr, v = 0. Dropping the »(d7/dx) term leads to

¢” + YHI\I// . 913[/ =0

in place of equation (14). Numerical solution by the Runge—-
Kutta method yielded the values included in Table 1 under the
headings ¥*(0, Pr) and f*(Pr).

Results. The percentage overestimate of Nu which results
from neglecting the normal-convective term decreases from 11.3
percent to 10.9 percent at Pr = 1 and then more rapidly to 4.4
percent at Pr = 0.01, and of course to zero as Pr— 0. Ulrichson
and Schmitz [10] ealculated only a 6 percent overestimate for
Pr = 0.7 in a tube, indicating that their computations may not
have extended far enough upstream. Since normal convection

carries energy away from the wall, a solution which neglects this
term might be expected to underestimate rather than overesti-
mate the heat-transfer coefficient. However, as explained by
Ulrichson and Schmitz, the resulting disappearance of some of
the heat flux supplied at the wall when the normal velocity is
neglected has a greater effect. Since the neglect of normal con-
vection does not produce a significant simplification in the
boundary-value problem for Pr > 0, this approximation does not
appear to have any justification for the flat plate.

The agreement to four significant figures between ¢*(0, ») and
Y*(0, 10%) constitutes a check on the aceuracy of the numerical
integration, since the asymptotic value for Pr — « was obtained
from previously tabulated functions rather than by numerical in-
tegration. Sparrow and Gregg [11] solved the equivalent of
equation (14) for Pr = 0.003, 0.006, 0.01, and 0.03 and compared
their results with the asymptotic solution for Pr — 0. These
values are compared with those computed herein in the next sec-
tion. Other solutions appear to be based on integral or other
approximate models.

(18)

Correlation for a Flat Plate

Churchill and Usagi [1] suggested the construction of correla-
tions in the form

W = [1 + Znu» (19)

Since the dependence of Nu, on Pr in this instance decreases from
the 1/, power to the !/; power as Pr increases, the corresponding
trial correlation is

0.886Re,/*Pr'/2/Nu, = [1 4+ (Pr/0.0207)%]1»  (20)

The values computed herein as well as those computed by Spar-
row and Gregg [11] are plotted in Fig. 1 in the form suggested
by Churchill and Usagi. The curve corresponding to n = 4
represents the computed values within about 1 percent, although
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a slightly higher value of say 4.5 would yield an even bette,
representation for Pr > 0.0207 and a slightly lower value of say
3.5 an even better representation for Pr < 0.0207. Comparisg,
of equation (20) with » = 4 and equation (15) indicates that the
empirical approximation for f(Pr) is [1 4 (0.0207/Pr)*/ N
Values of this term are compared in Table 1.

Asymptotic Solutions for Inlet of a Tube
in Developing Flow

The above solutions and correlations for the flat plate can b
used to develop asymptotic solutions for the inlet region of u unj.
formly heated tube in developing flow insofar as the velocity fielq
for the flat plate is applicable, i.e., insofar as acceleration of the
fluid in the core of the tube owing to the development of the
momentum boundary layer can be neglected.

For forced convection inside a tube the dimensionless flow ratg
is usually expressed in terms of Rep or Gz and the dimensionles
heat-transfer rate in terms of Nup, since this latter quantity is 4
function only of Gz for developing flow with Pr = 0 and for fully
developed flow at all Pr. The heat-transfer coefficient is ordi.
narily expressed in terms of the mixed-mean temperature rather
than the inlet temperature. Lipkis [12] suggested that reexpres.
sion of the Lévéque solution for the onset of heating following 5
step in a wall temperature in fully developed flow in a tube in
terms of the mixed-mean temperature would extend its range of
applicability to smaller Gz. The equivalent form of equation
(20) withn = 4 is

Nup = Gz2/{[1 4+ (Pr/0.0207)/4]"/* — wGz~"2} (21

The Gz term in the denominator has the effect of increasing
Nup. Forlarge Pr the correction becomes less than 5 percent for
Gz > 1075/Pr'/%, In the limiting case of Pr — 0 the dependence
on Gz in the denominator of equation (21) does not become less
than 5 percent until Gz exceeds 3950. Thus the difference be-
tween correlations based on 7% and T, may be significant even
in the inlet region. The applicability of equation (21) is obvi
ously limited to Gz > 72/[1 + (Pr/0.0207)/%]"/* by the singular-
ity in the dénominator. This singularity arises from boundary
condition (6) for y — o« which is not valid for the pipe as Gz —0.

As discussed in the next section, the series solution of Worsde-
Schmidt [13] for large Gz and fully developed flow reveals that
the effect of curvature, which is neglected in equation (21), is to
reduce Nup. This effect more than compensates for the increass
due to the use of the mixed-mean temperature. Lipkis [12] and
Munakata [14] previously noted but did not explain the same
discrepancy for uniform wall temperature. The effect of curva-
ture would be expected to be less in developing flow. Pending
the development of an analytical solution for developing flow
corresponding to the Worsge-Schmidt solution for fully de
veloped flow, or of numerical solutions in which the various
simplifications are evaluated, it therefore seems reasonable to
drop the Gz term in the denominator of equation (21) to obtain
the following better lower bound:

Gz"+/[1 + (Pr/0.0207)"7" (22)

Nup =

Gorrelations for Fully Developed and
Plug Flow in a Tube

The series solutions for plug and fully developed flow converge
satisfactorily for moderate values of Gz. The asymptotic solu-
tions for Gz — o are valid only for very large Gz owing to the
neglect of curvature, but the perturbation solution of Worsge
Schmidt [13] is satisfactory for the intervening range for fully
developed flow and an equivalent expansion could be derived for
plug flow. Empmcal correlations for these processes, howeven
still have a justification if they are simpler to use and if they 8¢
sufficiently accurate for practical purposes. Furthermore, 8
correlation for fully developed flow is of direct use in the derive”
tion of a correlation for developing flow.

Transactions of the ASME

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



jeo——"T T T T T T T T 1.20

X Kays

ws=me= Siegel, Sporrow and Hallman
O Wersge-Schmidt

—===n 31 G %

LB~ ~ue

™~
T

Nup/ 4.364
>
2
Nup/1.410 Gz'3

B
2
T

—————— 71.00

96 .
098, 0.2 04 0.6 08 o 0.8 0.6 0.4 0.2 o

(62/29.6) (29.6/6z)"?

72}

Fig. 2 Correlation for forced convection in fully developed laminar flow
mrough a uniformly heated tube based on an asymplotic solution of
sellars, Tribus, and Klein,

piug Flow. Plug flow may be applicable for solids and under
other special circumstances. However it is primarily of interest
for fluids as a bounding solution for Pr — 0. A solution for plug
flow can be constructed from the solution discussed by Carslaw
and Jaeger [5] for conduction in a heated cylinder and is

Nup = 8/(1 -8 Z e—n—ﬁnﬂ/Gz/ﬁn2>
n=1

where (. are the roots of

(23)

Jo(ﬁ) =0

Equation (23) indicates that the asymptotic solution for Gz —
o is Nup = 8. KEquation (21) with Pr = 0 can be shown to be
an asymptotic solution for plug flow for Gz — . However the
singularity at Gz = 72/[1 ++ (Pr/0.0207)%] Y ?, which is irrelevant
for large Gz, would persist in a combined expression for all Ga.
Equation (22) with Pr = 0 may be a more appropriate bounding
solution in any event because of the compensating effect of neglect-
ing curvature. The resulting trial solution is

Nup/8 = [1 + (Gz/64)n/2]1/n

(24)

(25)

Avplot in the form suggested by Churchill and Usagi of the values
computed from equation (23) reveals that the best overall value
of nis 2.0, producing the simple correlation

Nup = (64 + Gz)'> (26)

The series in equation (23) actually converges very rapidly as
contrasted with the equivalent solutions for fully developed flow.
Indeed the first term in the series provides a better approximation
than equation (26) for Gz .< 64. Furthermore equation (21)
with Pr = 0 provides just as good an approximation as equation
(26) for Gz > 400. Hence equation (26) has value only by virtue
of its simplicity and its applicability over the entire range of Gz.
Fully Developed Flow. Prior Work. Sellars et al. [7] obtained a
series solution for a step in heat-flux density in fully developed
laminar flow in a tube by integration of the Graetz solution for a
Step in wall temperature and computed the coefficients for the
first three terms in the series. Siégel et al. [15] derived this same
$olution divectly from the differential energy balance and com-
buted the first seven terms. Kays [16] integrated the differential
energy balance numerically for fully developed flow for 4 < Gz <
028 in order to test his computational procedure for developing

flow. e asserted that his results for a step in uniform wall .

tempf&rature agreed with the series solution to within 2 percent
ad implied an equivalent accuracy for other boundary con-

itions,

Sellars et al. also presented an asymptotic solution for large Gz
a“i*glogous ta the Lévéque solution for uniform wall temperature
Which can be reexpressed as

Nup = 1.410 Gz'/* (27)
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Fig. 3 Correlation for forced convection in fully developed laminar
flow thraugh a uniformly heated tube based on the Worsoe-Schmidt solu-
tion '

Bird [8] and Bird et al. [9] rederived this equation more di-
rectly and in greater detail and showed that it can be reinter-
preted as a solution for certain non-Newtonian models. (The
expression for the temperature field in the derivation is incorrectly
written as k(T — To)/qR? on page 309, but is correct on page 364
of [9].) This asymptotic solution is based on the difference be-
tween the wall and the inlet temperatures.

Worsge-Schmidt [13] derived a series solution which represents
a perturbation on this asymptotic solution and extends its appli-
cability to lower Gz, His solution reveals that equation (27) is
not a lower bound for the general solution as hag sometimes been
asserted or implied. Worsge-Schmidt attributes the error in
equation (27) primarily to the neglect of the effect of curvature
and the use of a linearized approximation for the velocity profile
near the wall. Churchill and Balzhiser [17] have shown that
the radial heat-flux density goes through a maximum near the
wall in fully developed flow due to the predominance of the ef-
fect of curvature relative to longitudinal transfer. Their equa-
tion (11) demonstrates quantitatively how this effect reduces
Nup. Analysis of the derivation of equation (27) indicates that
linearization of the velocity profile increases Nup. This effect
is thus in the same direction but is probably small with respect
to the effect of curvature. The error due to the use of the inlet
temperature is in the opposite direction. This partial compensa-
tion of errors gives equation (27) more credence than it deserves.
The Worsge-Schmidt solution which corrects for all three errors
should now be used generally in place of equation (27) and in
place of the extension derived by Bird.

Empirical Correlations. Iquation (27) was first combined with
Nu = 4.364 to construct.a correlation in the hope that its limita-
tions might not be significant in this particular usage. The re-
sulting trial expression is i

Nup/4.364 = [1 + (Gz/29.6)»/3]1i» (28)
A curve representing the series solution, with values computed by
Worsge-Schimidt for his series and values computed by Kays by
numerical integration, is plotted in the suggested form in Fig. 2.
The seven coefficients and eigenvalues computed by Siegel et al.
are sufficient only for (29.6/Gz)"/* > 0.45 (Gz < 325) as indicated.
Fortunately the solution of Worsge-Schmidt appears to be valid
for Gz > 325. The swing of this combined solution below unity
for (29.6/Gz)"/* < 0.666 (Gz > 100) is due to the failure of equa-

" tion (27) to provide a lower bound. The values computed by

Kays are self-consistent and only about 2 percent high for Gz <
30, but the deviations become erratic and much greater for larger
Gz, presumably owing to the use of too large a grid size for that
region. An advantage of the coordinates of Fig. 2 is that these
deviations which would hardly be distinguishable in a plot of log
Nup versus log Gz are shown very clearly: n = 6 represents the
series solution within 1 percent for Gz < 90 and is in error a
maximum of only 3.5 percent for larger Gz.
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Fig. 4 Correlation for forced convection in developing laminar flow
|hrou5h a uniformly heated tube for all Pr

The first-order correction of the Worsge-Schmidt solution in-
cluding correction for the mixed-mean temperature can be ap-
proximated closely as

Nup = 1.41 G7'* — 1.00 (29)

This approximation corresponds to a tangent at 29.6/Gz = 0 to
the curve representing the solution of Worsge-Schmidt in Fig. 2.
Nup = 4.364 can be combined with equation (29) to yield the
trial solution

(Nup 4 1)/5.364 = [1 + (Gz/55)/5]1/»

The corresponding plot is shown in Fig. 3. Some dissymmetry
is evident: n = 19/; represents the solution closely at Gz = 55
but is in error as much as 3.5 percent for small Gz and as much as
2.5 percent for large Gz. The choice of equation (28) or (30)
depends on the application. For example equation (30) may be
preferable to equation (28) as an asymptotic solution for de-
veloping flow for large Gz since it is a lower bound, whereas
equation (28) is not.

(30)

Developing Flow in a Tube

An exact analytical solution for a developing velocity field in a
tube has not yet been derived. Hence solutions for forced con~
vection have either utilized an approximate analytical solution or
a numerical solution for the flow field. Apparently neither an
analytical solution nor a general empirical correlation has been
developed for convection. A simple correlation of the various
values obtained by numerical integration would appear to be of
value. This has been the principal objective of this work. Un-
fortunately the various sets of computed values are not in agree-
ment, so that a prerequisite to the development of a reliable
correlation is the eritical evaluation of the computed values.

Prior Work. Kays [16] presented results obtained by numerical
integration of the differential energy balance for developing flow
in a uniformly heated tube for Pr = 0.7 and Gz < 785. He
utilized the approximate analytical solution for the longitudinal
velocity field derived by Langhaar [18] and neglected radial con-
vection. His solution agrees closely with the experimental data
of Kroll for Gz < 180 as reported by Tribus and Klein [19].

Heaton et al. [20] subsequently presented tabulated values of
an approximate integral solution for the inlet region of an annu-
lus with a uniform heat-flux density at the wall, including the
limiting case of 4n empty tube, and reported values of Nup for
Pr = 0.01, 0.7, and 10 and Gz up to 983. The solution takes
convection normal to the wall into account on the average. The
same auithors [21] presented experimental data for Gz up to
983.

Ulrichson and’ Schmitz [10] integrated the differential energy
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balance numerically for Pr = 0.7. They too used the long,
tudinal velocity field of Langhaar but caleulated the ragyy
velocity field from the continuity equation and hence took radjg)
convection into account. Their results agree closely with the
solution of Heaton et al. for Gz < 1000 but are somewhat abgy,
their experimental data. From test calculations in which ragyy
convection was neglected, they conclude that this simplificati,
results in a 6 percent overestimate of Nup near the entrapg
They further conclude that the earlier values of Kays are sig.
nificantly in error on the high side because of the use of too lg;
a grid size. (The abscissas of the figures in [10] should be labely
x/4Re,Pr, which is equivalent to £/DRepPr in the nomenclatyy
of this paper, rather than 4x/RepPr.) TUlrichson [22] presentey
additional results for Pr = 0.08 and 0.4.

Manohar [23] integrated the differential mass and momentyy,
balances as well as the energy balance numerically. Ie cop
cludes that the values of Nup computed by Ulrichson gnq
Schmitz are slightly low for large Gz because of their use of g
approximate solution for the velocity field, and agrees with thej,
assessment of the values computed by Kays. Manohar presen,
only curves, but the computer printout of the calculations ha
been generously provided for use in this work.

Development of an Expression for Correlation. Combination of
equation (28) with n = 6 and equation (22) yields the tes

expression
Nup
4.364[1 + (Gz/20.6)2]"/¢
_ [1 GZ/19-04: >an]llx
= [P\ ¥ @ry0.020n 70 + (Gz/29.6)2)"/

@y

This expression proves to be surprisingly successful even though,
equation (28) is not a true lower bound.

Arbitrarily adding 1.0 to the left side of equation (22) to cor
rect for the net effect of curvature and the use of the inlet temper-
ature makes it compatible in form with equation (30). Com-
bining this expression with equation (30) with n = 10/; yields

Nup + 1
5.864[1 + (Gz/55)"/**/

— [1 + G’Z/288 >nl2:|1/u
- [1 £ (Pr/0.0207)77/[L + (G/55)" /1"
(32

This equation, which is based on a better lower bound, sl
proves successful for correlation.

Equations (31) and (32) appear to be somewhat ungainly, but
they are probably the simplest possible expressions which cot-
verge to the chosen asymptotic solutions for both large and
small Pr and Gz. Thus for any n they approach the chosen corre:
lations for fully developed flow as Pr — o, they approach the
chosen asymptotic solution for the inlet region as Gz — w, the
approach the upper bounding solution for plug flow as Pr -0
for large Gz, and they approach Nup = 4.364 as Gz — .

Evaluation of Computed and Experimental Valves. The complltad
values of Kays, Heaton et al,, and Manohar (selected) and ﬂ"‘
experimental values of Kroll and Heaton et al. are plotted it
Fig. 4 in the form suggested by equation (31). The comput"1
values of Ulrichson ave represented by curves since tabula
values are not available. The computed values of Manobah
Ulrichson, and Heaton et al. for Pr = 0.7 are in general agrt®
ment, although the values of Manohar which are the latest
presumably most accurate show considerable scatter for Jarg
Gz. The computed values of Heaton et al. for Pr = 10 and for
Pr = 0.01 and large Gz are also in accord. The experimen
values of Heaton et al. are generally 10 percent below the com”
puted values. The computed values of Kays and the expél
mental values of Kroll deviate increasingly and significantly o

Transactions of the ASME

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



he high side as Gz increases. 'The agreement between the re-
qults of these two early investigations was apparently fortuitous
;111(1 gave them false ecredence. The computed values of Ulrich~
gon for Pr = 0.04 and 0.8 and of Heaton et al. for Pr = 0.01 are
very high for small Gz but appear to be approaching the pre-
qmably more reliable values as GGz increases.

’ Final Correlations. It appears that n = 3 is a reasonable choice
1o represent the computed values in Fig. 4. If complete confi-
Jence could be placed in the experimental values of Heaton et
o =25 would be a better choice. However, in view of the
. reement of the several independent theoretical solutions it is
probable that the experimental values are in slight error on the
lowside. It should be emphasized that the choice of coordinates
in Fig. 4 exaggerates the deviations. The maximum difference
petween the curves for n = 3 and n = 5 is only 10 percent and is
cmpletely negligible at both large and small Gz. Indeed even
the most extreme values in Fig. 4 do not differ from the curve
forn = 3 by much more than 25 percent. It is somewhat sur-
prising that the computed values for large Gz do not fall slightly
pelow unity as they do in Fig. 2, since this plot has the same
theoretical limitation. Tt may be that more accurate values for
farger Gz would.

The alternative correlation suggested by equation (32) is shown
in Tig. & in which only the sets of values which are deemed to be
most reliable are plotted. A value of n = 3/, appears to repre-
«nt these values remarkably well. A few values fall slightly
helow unity for small Gz, and the values of Heaton et al. for Pr
= 0.01 are again far above the others for low Gz.

Evaluation of Asymplotic Solutions for the Inlet. Iquation (21) is
plotted in Figs. 4 and 5 for Pr = 0 and 0.7. The fact that equa-
tion (21) for Pr = 0.7 falls below the correlation implies that the
effect of the acceleration of the velocity in the core exceeds the
effect of curvature, and conversely” for Pr — 0. Equation (21)
apparently has a far more limited range of applicability than Gr
> 1000 Pr, the limit. inferred from the Langhaar solution. This
conclusion is critically dependent on the validity of the correla~
tions derived in Figs. 4 and 5 and might be modified by additional
vomputed values for large Gz and Pr.

Discussion and Conclusions

Flat Plate. The values computed herein and the values pre-
viously computed by Sparrow and Gregg are in good agreement
and are correlated within 1 percent for all Pr by equation (20)
withn = 4. The neglect of convection normal to the wall results
ina maximum overestimate of Nu, of 11.3 percent.

Tube=Plug Flow. Iquation (26) represents the series solution to
within 10 percent for all Gz. However the series solution con-
verges very rapidly and the first term in the series is an even
hetber approximation than equation (26) for Gz < 64. Equation
(21), which is based on the correlation for the flat plate, with Pr
= () represents the series solution even better than equation (26)
for Gz > 400,

Tube=Fully Developed Flow. The series solution of Worsge-
:Schmidt reveals that the Lévéque-type solution of Sellars et al.
ot a lower bound for large Gz, owing to the neglect of curva-
ture, The extension of this solution to certain non-Newtonian
fuids by Bird is correspondingly in error. The neglect of curva-
tire more than compensates for the error arising from the use of
the inlet, temperature in place of the mixed-mean temperature by
both Sellars et al. and Bird. Equation (29) is a first-order ap-
Proximation of the Worsge-Schmidt solution for uniform heating.
‘Tlle seven coeflicients and eigenvalues computed for the
Flffletz-t,3rpe solution by Siegel et al. are sufficient only for Gz <
2. However the Worsge-Schmidt solution is satisfactory for
Wl higher Giz. The overall solution is represented within 3.5
Berent, for all Gz by equation (28) with n = 6 and within 1
Percent, for Gz < 90. The computed values of Kays are only
iﬂ]b')“t 2 percent high for Gz < 30 but are as much as 14 percent
error for higher Gz, The overall solution is also represented
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Fig. 5 Modified correlation for forced convection
laminar flow through a uniformly heated tube for all Pr

in developing

within 3.5 percent for all Gz by equation (30) with n = 10/,
This equation is based on the Worsge-Schmidt solution rather
than on the Lévéque-type solution. )

Tube-Developing Flow. The computed values of Heaton et al.
for Pr = 0.7 and 10, of Ulrichson and Schmitz for Pr = 0.7, and of
Manohar for Pr = 0.7 are represented within about 5 percent
for all Gz hy equation (31) with n = 3 and even better by equa-
tion (32) with n = 5/,. These equations also approach the chosen
asymptotic solutions for both large and small Gz and Pr. Addi-
tional precise values for large Gz and large Pr are still needed to
test the correlations critically in that range.

The computed values of Ulrichson for Pr = 0.08 and 0.4 and
of Heaton et al. for Pr = 0.01 are increasingly in error on the high
side as Gz decreases. The experimental values of Heaton et al.
for Pr = 0.7 appear to be about 10 percent low.

The computed values of Kays and the experimental values of
Kroll are in seriously increasing error as Gz increases. The ap-
parently fortuitous agreement between these two sets of values
gave them early false credence. Xays’ solution deviates from
the others more than can be accounted for by his neglect of con-
vection normal to the wall. The additional error is presumably
due to the use of too large a grid size. Most current books on
heat transfer present curves based on this pioneering work which
is now seen to be in error.

Equation (21), which is an asymptotic solution for large Gz
based on the flat-plate solution, would be expected to be high be-
cause curvature is neglected and low because acceleration of the
fluid in the core is neglected. Comparison with the correlations
for developing flow suggests that the former effect is predominant
for Pr — 0 and the latter for Pr — .

The solutions and correlations presented herein all neglect
longitudinal conduction and variations in the physical properties
with temperature. McMordie and Emery [24] indicate that the
former effect is significant only for very small Pr and only in the
very inlet. Rosenberg and Hellums [25] indicate that the latter
effect may be quite significant.

Plots such as Figs. 1-5 reveal the scatter of the computed and
experimental points far more clearly than conventional log-log
plots. Equations (20), (22), (26), (28), (30), (31), and (32) with
the appropriate exponents are not only more convenient for cal-
culations than the series or numerical solutions which they
represent, but are more convenient and accurate to use than log—
log plots. Hence this conventional graphical form may have
outlived its usefulness for the presentation of data and solutions
for convective heat transfer.
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Non-isothermal Laminar Flow of Gases
through Cooled Tubes

Numerical solutions of the laminar-flow equations in differential form ave presented for

gas flows through cooled tubes.

For nearly isothermal flow there is good agreement with

available experimental data, as is also found for the case of a large amount of wall cool-

ing.

This correspondence along with a check on the satisfaction of the global momentum

and energy constraints allowed an appraisal of the effect of wall cooling on flow through

tubes.

In general, ithe effect of wall cooling was to decrease the wall friction and the

change in pressure along tubes, but the average heat-transfer coefficient did not vary much.

I Introduction

IN A RECENT investigation [1]? numerical solutions
of the laminar-flow equations in differential form were described
and compared to experimental measurements for a very high
temperature argon gas flow through the entrance region of an
externally cooled tube. The ratio of the wall to inlet enthalpy
H, = H,'/H /' was about 0.05. Good agreement was found be-
tween the measured and calculated wall heat flux and internal
flow and thermal distributions. The pressure was found experi-
mentally to be nearly uniform along the flow in the entrance re-
gion (actually increased slightly) as the gas decelerated along
the tube while cooling. This behavior is unlike more familiar
laminar flow through tubes with no heat transfer in which ac-
celeration occurs in the core flow in the entrance region and there
is & pressure drop, e.g., see the survey in [2] and other investiga-
tions [3-11].

The present investigation was undertaken to provide informa-
tion on gas flows through tubes over a wide range of wall cooling
spanning the highly cooled to the nearly adiabatic condition.
The analysis accounts for the variation of properties across the
flow and involves the numerical solution of the laminar-flow
equations in differential form. Of specific interest are the in-
ternal flow and thermal distribution, pressure variation, wall
shear-stress and heat-flux distributions along the flow, and how
these quantities are influenced by the amount of wall cooling.
Such an investigation apparently has not been reported in the

—

. ' This work presents the results of one phase of research carried out
n the Propulsion Research and Advanced Concepts Section of the
Jet Propulsion Laboratory, California Institute of Technology, under
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bace Administration.
? Numbers in brackets designate References at end of paper.
Contributed by the Heat Transfer Division of THE AMERICAN
A%?\I«ETY oF MEcHANICAL ENGINEERS and presented at the AIChE-
M 1E Heat Transfer Conference, Denver, Colo., August 6-9, 1972.
P Anuscript received by the Heat Transfer Division May 14, 1971.
aper No. 72-HT-45.
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literature for gases flowing through cooled tubes over this wide
range of wall cooling. Most of the previous heat-transfer in-
vestigations apply to situations where the amount of wall cooling
(or heating) is sufficiently small so that property variation is
negligible, e.g., [12-15]. The few analyses, e.g.,, [16, 17], that
have been made for a significant amount of wall cooling (or heat-
ing) are discussed in Section IIT in connection with the present
results. These latter analyses differ from the present analysis
in that the inlet profiles were chosen therein to be nonuniform,
presumably because of a relatively long uncooled (or unheated)
portion of tube upstream [16] or because of the effects of gas
heating upstream [17]. The present analysis accounts for the
simultaneous growth of both the velocity and the thermal layers
in the inlet region, since the axial velocity and the total enthalpy
profiles were taken to be uniform at the tube inlet.

The analysis is briefly described (Section II), a discussion of
the numerical caleulations and applicability of the results follows
(Section IIT), and then the results are presented (Section IV).
The results of the calculations and the comparisons to experi-
mental data are shown graphically.

Il Analysis

A brief description of the analysis is given to indicate the differ-
ential form of the conservation equations that is considered, the
spirit of the calculation scheme, and the global conservation
equations which also must be satisfied by the numerical calcula-
tions. Details of the finite-difference formulation are given in
[1].

For steady axisymmetric laminar flow the conservation equa-
tions that are taken to describe the flow through a stationary
tube are as follows:

continuity

a 7 16 b, !
9 29 -0 1
az(pﬂw)-% " aT(Tpu 1

axial momentum
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total energy

JOH,  dH, 1 d (2T
prw' = ket — = e k-

oz or
10 , , ow'
— 3
+Ta7‘<rwu or ®)

In these equations where the primes refer to dimensional quan-
tities, w’ and »' are the axial and radial velocity components in
the 2z and » directions, respectively, and the total enthalpy is

(w)? + @)
e

H/ =H 4)

In this form of the momentum and energy equations, the im-
portant viscous stress is taken to be the shear stress in the axial
direction, 7/ = u'Oow’/or, the important heat flux that in the
radial direction, ¢’ = —&’' 077/dr, and the pressure is taken to
be uniform across the flow so that p’ is a function of z only. The
analysis accounts for variable properties across the flow, radial
convection, and viscous dissipation. A perfect gas is considered

p’ = p'RT’ (5)
with a viscosity-temperature relation described empirically as
p'oe (T (6)

The Prandtl number Pr = p’c,’/k’ is presumed to be invariable
with temperature. The distributions of axial velocity and of
enthalpy are taken to be prescribed at the tube inlet, and the tube
wall is taken to be impermeable and at a specified temperature
dictated by external cooling so that the enthalpy distribution
along the wall is known.

. The system of equations was written in terms of nondimen-
sional independent and dependent variables as given in [1]. By

and (3) to directly solve for the axial velocities and total entha,
pies across the flow at the z + Az location from the known valueg
at the prior 2 — Az and z locations by a method of successivg
iterations. The equation of state, viscosity relation, and toty
enthalpy were used to express p’, p/, u', and H' or 7" in terms of
w’ and H,'. Radial velocities were obtained by integration of
the continuity equation across the flow. The pressure distrily,.
tion was calculated along the flow by using the mass-flow con.
straint which in nondimensional form is

1 r
Imi - Im = 0 where Im = f pwfd'(’ g‘ = ;— (7)
0 w

in conjunction with an averaged axial-momentum equation iy.
volving a balance between the axial convective acceleration ang
the pressure gradient. In this method, the pressure was adjusteq
so that the axial velocity was forced to satisfy the mass-flow con.
straint, which indeed must be the case.

The numerical formulation allows for variable radial and axiq)
increments. The radial increment can be chosen to become
progressively smaller as the wall is approached where gradientg
are larger. Without this provision the wall shear and heat
flux cannot be obtained accurately with a reasonable number of
radial increments for gas flows with an appreciable amount of
wall cooling [1].

In addition to satisfying the mass-flow constraint, the integra]
form of the conservation equations (2) and (3), i.e,, momentum
and energy, should be satisfied. In nondimensional form these
are

In; —Ine = —3AP 4+ 1, 8)
Ini~ Iy =1, ©)

where the momentum and enthalpy integrals and pressure-change
parameter are

1
IM’:f pwr{d{
0

expressing the nondimensional version of equations (2) and (3) _ t . _p P
in finite-difference form, the numerical solution was carried out In = o pwH £df; AP = p (w,')? (10)
in the axial direction z because of the parabolic form of the equa-
tions. The calculation scheme consisted of using equations (2)  and the shear-stress and heat-flux integrals are
Nomenclature
A, = surface area of tube Nu, = Nusselt number, equation (12) u' = viscosity
¢; = friction coefficient, equation p’ = static pressure »' = kinematic viscosity
(12) Pr = Prandt! number p’ = density
¢,’ = specific heat at constant pres- AP = pressure-change  parameter, p = dimensionless density, p’/p’
sure equation (10 ow’
D = tube diameter a ) T 7' = shear stress, 7’ = u' 31_
pogt . . ! = heat flux, ¢’ = —Fk'
g = gravitational force per unit ! 4 or x = dimensionless axial coordinate,
| oass r = radial distance z 1
h = average heat-transfer coeffi- r, = tube radius D Reo,
cient based on log mean R = gas constant

temperature difference
H' = static enthalpy

1

Xz, = dimensionless tube-length co-

Rep; = Reynolds number based on 1

diameter, Rep; = p;/w,/D/ ordinate, = ——
H, = wall to inlet total enthalpy ' ’ ’ ! " D Rep;
. (3 . .
ratio, H,'/H ;' T' = static temperature w = exponent of viscosity—tem
H,' = total enthalpy, equation (4) T, = wall to inlet temperature perature relation
H, = dlme?smn}ess total enthalpy, ratio, T,/ T, Subscripts
H//H, ' = radial velocity component e s
. . e = exit condition
L, IM:} = mass, momentum, and en- w’ = axial velocity component i = inlet condition
Iy le;?lpyd n;(t)egrals, equations w = dil'nens.ionless velocity, w’/w;’ ¢ = condition along tube centerline
and (10) z = axial distance w = condition at tube wall
I;, 1, = shear-stress and heat-flux in- v = specific-heat ratio
tegrals, equation (11) 8* = boundary-layer displacement Superscripts
k' = thermal conductivity thickness } ' = dimensional quantity
- L = tube length ¢ = dimensionless radial distance, = average value across flow
7 = mass flow rate § =r/ry, = average value for length of tube
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L=—2 g =o [ Rep o

L Cevdz =20 — 7 [ Nua (X
III = 7'wp¢"w1-'H¢i' 0 quw 0% = ’Lv) 0 Up! P_l'

The friction coefficient ¢;, the Nusselt number Nup, and the di-
mensionless axial coordinate x are defined as follows:

(11)

7o' Nu, = 4’ DPr
P (H,' — H,") ,Ui'

<
a5

9 pilw)

1
X ==--— (12)
€D;

Tlw

These global constraints are important in determining if solu-
tions have actually been obtained, since there are errors in the
finite-difference approximations that depend upon mesh size and
there are numerical round-off errors to a lesser extent. An at-
tempt was made in [1] to satisfy these global relations at each
axinl step, but the scheme was unstable. Consequently, it is
important to check that the global constraints are indeed satisfied
pefore the results can be judged to be reliable. These relations
are referred to in Section IV.

Il Numerical Galculations and Applicahility of Results

Caleulations were made for a relatively low-speed flow through
o tube at constant temperature with H, = 0.04, 0.5, and 0.99.
Values of the Prandtl number, viscosity=temperature exponent,
and specific-heat ratio, typical of many gases, are shown in Table
1 along with the Mach numbers at the tube inlet. Table 1 also
contains information on the number of radial increments used
between the centerline and the wall, the radial increment at the
wall, and the extent of the calculations in terms of the axial co-
ordinate Xz. For a moderately cooled tube (H,, = 0.5) the calcu-
lations extended to a relatively large value of x; for which the
flow was nearly fully developed. Since the calculations were
more difficult to make with a large amount of wall cooling (H,, =
0.04) and consumed a longer computation time, they extended
to a smaller value of xz. For a nearly isothermal flow (H, =
0.99) the calculations were carried out to a value of x, to estab-
lish & reference datum to appraise the effect of wall cooling and
to compare to available experimental data. The calculations
were made with a Univac 1108 computer.

Axial-velocity and total-enthalpy profiles were taken to be
uniform at the tube inlet. Of various inlet profiles that are
found in practice, including those for abrupt entrances where
flow separation, reattachment, and subsequent development oc-
eur, the uniform-flow condition was felt to be a plausible choice
m order to calculate the flow and the thermal development farther
downstream. 'The precise nature of the inlet condition which is
}lsually unknown in most applications tends to be less important
In determining the pressure drop (or rise), frictional loss, and
.heat transfer for the entire tube as the length-to-diameter ratio
Increases. Numerical calculations with other inlet conditions
appear in [16, 17]. The case of entering cubic velocity and linear
enthalpy profiles was treated in [17] for a severely cooled tube
(T, = 0.05). In [16] a relatively long uncooled (or unheated)
Dortion of the tube was presumed to exist upstream so that the
entering velocity profile where wall cooling (or heating) began
Vas taken to be parabolic. Calculations were carried out in
[16] for one wall cooling condition (7', = 0.5) and wall heating
tonditions (7', = 2 and 5) as well as for various uniform wall
heat-flux conditions. '

. In the caleulations the Reynolds number based on inlet condi-

tions Ren; was chosen as 500, The results, however, are pre-
Sent?d in terms of dimensionless variables that should lead to
Negligible error if they are applied to higher Reynolds-number

OWs.  This is so because by a different choice of dimensionless
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Fig. 1 Effect of wall cooling on the centerline velocity distribution along
the flow

independent and dependent variables [16] than used in [1], the
system of equations can be written in a form in which they de-
pend upon the parameters M, Pr, , and v along with H, and
the shape of the inlet profiles for the situation where the contribu-
tion of the radial velocity component to the kinetic energy in the
total enthalpy expression equation (4) is negligible, i.e,, (w')?/2
& (w")?/2. Experience has indicated that this is usually the
case unless the Reynolds number is relatively small.

Utilization of the present results for much lower Reynolds-num-
ber flows, i.e., smaller ratio of inertia to viscous flows, is less
clear since normal viscous stresses and axial heat conduction,
not included in this analysis, begin to become important as indi-
cated by constant-property calculations, e.g., see [18-24]. Al-
though variable-property calculations apparently have not been
carried out, the constant-property calculations indicate that
axial heat conduction should not be significant provided that the
Peclet number Rep,Pr is on the order of 50 and larger. . It should
be noted in this regard that the calculation of variable- or con-
stant-property internal flows at relatively low Reynolds numbers
for which the equations (including the radial-momentum equa-
tion) are elliptic are more difficult to make in a meaningful way
because of the need to specify realistic conditions either at or
upstream of the tube inlet.

The question of free-convection effects also arises. This de-
pends upon tube orientation and the magnitude of the gravita-
tional forces relative to the viscous forces. For a variable-
property flow this ratio of forces can be written in terms of a modi-
fied Grashof number and Reynolds number '

_ Py _ (DYt _ Gy
w'w'/D? v’ ) w'D/y’  Rep

‘Caleulations in [16] for upward flow through a vertical tube with

a uniform heat flux along its length indicated that the influence
of buoyancy was not significant for values of Grp/Rep up to
about 50. For other tube orientations, e.g., horizontal, vari-
able-property calculations apparently have not been carried out
for gases to appraise the importance of buoyancy effects. This
would entail the inclusion of the radial- and circumferential-
momentum equations in the system of equations. Of note is
that the effect of free convection is less in gases at high tempera-
tures, since Grp/Rep o 1/T71+«,  In particular, the effect of free
convection was not believed to be significant for a very high
temperature gas flow by inference from the good agreement be-
tween the calculated and measured wall heat fluxes [1].

To apply the caleulations to the flow of specific gases, sufficient
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Fig. 2 Effect of wall cooling on the pressure changes along the flow

information must be available to determine the range of tempera-~
tures and pressures for which dissociation, ionization, radiation,
and rarefaction effects are not important, since these effects are
not accounted for in the analysis.

IV. Results

The results of the calculations and comparisons to available
experimental data are shown in Figs. 1-9. The global features
of the flow with a negligible amount of wall cooling (H,, = 0.99)
are evident in Figs. 1-4. As the shear layer grew in thickness
and eventually extended to the centerline along the tube, the
core flow accelerated (Fig. 1), the pressure dropped (Fig. 2), the
local shear stress shown in terms of the friction group decreased
(Fig. 3), and consequently so did the average shear stress (Fig.
4), There is reasonable agreement between the present calcula-
tions that display these familiar trends and the relatively small
amount of experimental data with negligible wall cooling that
is shown in Figs. 1-4 and summarized in Table 2. In the inlet
region, measured centerline velocities (Fig. 1) and pressures (Fig.
2) are larger than caleulated. This may be partially caused by
the finite thickness of the shear layer at the inlet of the tubes.
These tubes were preceded. by contraction sections. Farther
along the tubes there is better agreement between the calculated
and measured centerline velocities and pressures. The calculated
local shear stress also agrees well with the measurements by
Pfenninger [7]. Of note is that laminar flow was maintained
at rather large Beynolds numbers in the experimental investiga-
tions of Shapiro, Siegel, and Kline [5], Reshotko [6], and Pfen-
ninger because of fhe stabilizing effect of acceleration on dis-
turbances in the contraction sections and also in the inlet region
of the tubes. Reshotko and Pfenninger also used screens up-
stream to minimize disturbances. On the other hand, the ex-
perimental data of Kays and London [4] (Fig. 4) were obtained
in a tube with an abrupt inlet where flow separation, reattach-
ment, and development occurred downstream. However, the
length-to-diameter ratios of the tubes were sufficiently large
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Fig. 3 Local wall friction along the flow

(Table 1) so that there still is good agreement between the aver.
age shear stresses inferred from the measurements and those
caleulated (Fig. 4).

With a large amount of wall cooling (H, = 0.04) the core
flow decelerated (Fig. 1) and the pressure rose (Fig. 2) in the inlet
region of the tube. The pressure measurements by Massier,
Back, and Roschke [25] (Table 2) indicated a relatively small
pressure rise (Fig. 2) although the predicted rise is more than ob-
served experimentally. This discrepancy is partially caused by
the location of the first pressure tap in the tube inlet region being
downstream of the actual inlet. Nevertheless, there is an en
tirely different behavior in a highly cooled flow compared fo s
nearly isothermal flow. The available pressure measurements,
although admittedly few, support the predicted trends. Hest-
transfer measurements described in [25] were found to be in good
agreement in [1] with the predicted values that are shown in Fig,
5. These heat-transfer measurements are not shown again
herein on & local basis, but instead are shown on an overall basis
subsequently.

The check on the global momentum and energy constrainis
is shown in Fig. 6. The check was very good for a moderalely
cooled tube (H, = 0.5) and is considered to be satisfactory
for a highly cooled tube. For a nearly isothermal flow the
check was not as good just downstream of the inlet, although
farther downstream the discrepancy is small. For example,
for a nearly isothermal flow at a Reynolds number of 500
the respective differences between the average shear stress for
tubes with an L/D of 1 and 10 are 10 percent and 1.8 percent a8
obtained by using the calculated local shear stress or the shear
stress integral inferred from the momentum balance.

Fig. 6 also indicates the momentum changes and energy losses
in the fow. These relations apply as well to tubes of gives
lengths, i.e.,, X = Xz.

The general agreement with available measurements and the
satisfactory check with the global constraints warrant a MoK
specific look at the effect of wall cooling indicated by the caleuls
tions.

The predicted development of the velocity and enthalpy:

Table 1 Information on numerical calculations
ALy

No. of radial No. of XL

radial increment axial axial
b, Pr %) v M; increments at wall steps coordinate
0.99 2 3 5 0.1 20 0.01 0.02

3 4 3

0.50 0.7 0.7 1.4 0.1 20 0.04 7600 0.2
0.04 2 3 2 0.0m 40 0.0025 4030 0.016
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Fig. 5 Local heat transfer along the flow

difference profiles along a moderately cooled tube (H, = 0.5) is
shown in Fig. 7. The profiles became less steep near the wall as
the shear and thermal layers grew along the tube wall; conse-
Quently, the shear stress (Fig. 3) and heat flux (Fig. 5) decreased.
The shear and thermal layers extended to the centerline at an
axinl location of x = 0.01. At this location the centerline ve-
l9City exceeded the inlet velocity by about 25 percent, so that
smilar to a nearly isothermal flow the shear layer grew in an
acceleration region, butt the acceleration was less (Fig. 1). Far-
thelr along the tube at a location of x = 0.025, the centerline ve-
locity reached a peak value and then the flow along the centerline
decelerated because of cooling and the attendent increase in the
dﬁl}sity of the gas (Fig. 6). In the deceleration region the ve-
locity profiles did not develop a point of inflection; hence the
flow would still be more stable to small disturbances. Of note is
that, a4 the largest value of x = 0.2 where the flow was nearly
fully developed, e.g., see Figs. 3 and 6, the centerline velocity
%8 about the same as the inlet value. The enthalpy-difference
[:;Oﬁles depict the loss of energy by heat transfer to the wall (Fig.

The development of the profiles along the tube is not shown
f"‘ & nearly isothermal or a highly cooled flow. For example,
ﬁe 18] for predicted velocity profiles for an isothermal flow and

I for predicted velocity and enthalpy profiles for a highly cooled
W, that include comparisons to measurements.
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The influence of wall cooling on the velocity and mass-flux
profiles is shown in Fig. 7 at a particular axial location, ¥ = 0.01.
Near the wall the velocity profile was steeper for a highly cooled
flow than for a nearly isothermal flow, but it was less steep for a
moderately cooled flow, presumably because of the smaller mag-
nitude of the velocity in the core region compared to a nearly
isothermal flow. However, the local shear stress (Fig. 3) became
progressively smaller with the amount of wall cooling, i.e., as
H, decreased, because of the lower viscosities at the wall.

The magsflux profiles determined the basic flow field. Be-
cause of the increase in the density of a gas in the region of &
cooled wall, the mass flux was larger, and in particular for a
highly cooled wall exceeded the mass flux in the core region.
In this case the flow along the centerline decelerated starting
from the inlet of the tube (Fig. 1). With moderate cooling the
mass flux in the region near the wall was also larger than for a
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Fig. 8 Pressure changes along the flow

density in the core region farther along the tube leads to flow
deceleration along the centerline.

The mass-flux deficit in the shear layer in the inlet region als
determined the kind of pressure variation there (Fig. 8). Ap
plication of the inviscid form of the momentum equation in the
core-flow region and utilization of the continuity equation give
the following expression for the pressure change for a low-speed
flow where the displacement thickness 6* is small compared to
the radius of the tube:

AP = 2(5*/r,) (13)

were lower. Even for this case the eventual increase in gas Istimates from equation (13) are shown in Fig. 8 based on the
Table 2 Experimenial data
L
Source Ref. Fluid H, Rep; D in. D Inlet configuration Measurements
Kays and London 4 air ~1 600 to 0.231 80 abrupt inlet average wall shear
(1952)* 2,500 stress; average
heat transfer
with wall heat
ing; see [12]
Shapiro, Siegel, 5 air ~1 51,000t0 1.25 48 contraction section  pressure drop
and Kline 113,000 upstream
(1954) .
Kays (1955) 12 air ~1.25 600 to less than 42 to abrupt inlet heat transfer with
2,500 0.25 80 wall heating
Reshotko (1958) 6 air ~1 4,100 2.02 110to0  contraction section  velocity profiles;
7,600 670 upstream, with local pressure
. 16,000 screens drop
Pfenninger (1961) 7 air ~1 3,400t0 2.0 250 to  contraction section  velocity profiles;
110,000 350 upstream, with local wall shear
screens stress obtained
from velocity
profiles
Korayem (1965) 10 water-sugar ~1 600 to 0.93 5t0 38 contraction section velocity profiles;
solution, 1,230 upstream pressure drop
Newtonian
Atkinson; 11 water ~1 500 to 1.0 48 series of brass velocity profiles
Kemblowski, 1,550 gauzes in tube
and Smith (1967)
Massier, Back, 25 7 contraction section pressure drop;

and Roschke
(1969)

high-temperature 0.039 to 450 to 590 1.95
0.055

argon

upstream

* Other data reported by Kays and London are for L/D = 16, 35, and 100; Rep; from 640 to 5100.
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Fig. 9 Average heat-transfer group for entire tube

growth of a low-speed laminar boundary layer with constant free-
stream velocity, i.e, p = const, along a cooled surface [26].
These estimates are too high for a nearly isothermal and a moder-
ately cooled flow. This difference may be attributable to the
accuracy of the tube flow caleulations just downstream of the inlet
and to the fact that flow acceleration occurred in this region
which would decrease the displacement thickness, e.g., see [27].
Nevertheless, on an overall basis, the estimates from equation
(13) indicate the magnitude of the pressure variation just down-
stream of the inlet. Of note is that Fig. 8 is a logarithmic rep-
resentation. The actual magnitudes of the rather small pressure
changes for tubes with small values of ¥, are better seen in the
linear vertical representation of Fig. 2. '

The amount of wall cooling significantly influenced the magni-
tude of the local shear stress in the inlet region (Fig. 3). Whereas
rather small differences are estimated from laminar-boundary-
layer theory for a constant-free-stream-velocity flow over a
cooled surface, the tube flow calculations indicate larger differ-
ences and an opposite effect of wall cooling. This is believed to
oceur because with wall cooling velocity differences across the
flow are less and the smaller core flow accelerations or decelera-
tions would increase the shear stress less than in a nearly iso-
thermal flow, e.g., see [27, 28] for laminar-boundary-layer
caleulations.

The local heat flux in nondimensional form in terms of the
Nusselt number (Fig. 5) is insensitive to the amount of wall
tooling and thus acceleration or deceleration in the inlet region.
This trend is also consistent with laminar-boundary-layer
eleulations [27, 28].

Of significant importance is the reduction in the shear stress
with the amount of wall cooling as seen in Fig. 3 on a local basis
and in Fig. 4 on an average basis. Hence the frictional drag
would be less and the mechanical energy losses would be smaller
than for an isothermal flow. As an example, for a fully de-

. " C s c .
veloped isothermal flow the friction group 4 Rep; is 8, whereas

for o moderately cooled flow the asymptotic value of 2 Rep1 is

ahout 2.5, Correspondingly, the pressure change is also less
since application of the momentum equation in the fully de-
veloped region gives a relationship between the pressure change

®d the friction group when the inlet effects have become in-
Significant

AP = 4 <% Rem> X5
For 4 moderately cooled flow, AP =~ 10y, while for Poiseuille

Journal of Heat Transfer

flow (H, = 1), AP = 32x, see Fig. 8. Of note is that eventu-
ally the pressure must drop along a highly cooled tube that is
sufficiently long so that the flow becomes fully developed, i.e.,
where there is essentially no heat transfer to the wall. In gen-
eral, the asymptotic value for the friction group is

C/ Mw’ w@’
L Rep, = 4 {2 )| —=
g O (Ni')(“h")

and the asymptotic velocity profile is parabolic

wl

w, !

o "y 1Y

The calculated velocity profile shown in Fig. 7 at x = 0.2 for a
moderately cooled tube is very nearly parabolic, consistent with
the expected behavior. Of course, numerical calculations must
be carried out to determine the centerline velocity before the
asymptotic values for the friction group and the pressure change
are specified explicitly.

To facilitate the use of the results in heat-transfer applica-
tions, an average heat~transfer coefficient / was calculated based
on the log mean temperature difference. The results are shown
in Fig. 9 in terms of the heat-transfer group
hA,

Mmep;’

A, is the surface area of the tube and m is the mass flow rate.
In this representation % can be obtained from the ordinate in
Fig. 9 given the inlet conditions, i.e., #, ¢p;, Rep; and tube
length in terms of L/D. It is also a simple matter to calculate
the length of tube required to cool a gas to a given exit tempera-
ture T, with specified inlet and wall temperatures and inlet

conditions. For example, for a specified thermal “effective-
T 1 " /
ness,”’ € TA’——? , the heat-transfer group is known from an

energy balance (typical heat-exchanger calculation with the
average heat-transfer coefficient based on the log mean tempera-
ture difference and one fluid (surface) at a uniform temperature)

ha 1
M. 111[ ] (14)
MCpy 1 —e€

Therefore, the tube length in L/D can be obtained from the
abscissa in Fig. 9 and the known inlet conditions. For the other
situation where the exit temperature is to be calculated for a given
tube length and specified inlet and wall temperatures and inlet
conditions, Xy, Is known and the heat-transfer group can be ob-
tained from Fig. 9. Equation (14), when rewritten as follows,
is then used to calculate € and thus T’

ha,
i Mep;’
i

Representations that involve the Nusselt number and the
Reynolds number with properties evaluated at some average or
“bulk’” condition are difficult to use.

The heat-transfer group shown in Fig. 9 did not vary much
with wall cooling, a trend also consistent with measurements that
extended over a large range of H,, from the wall heating condition
H, ~ 1.25 (Kays [12]) to a highly cooled wall, H,, ~ 0.05 [25].
This trend was also observed experimentally by Kays and Nicoll
[29] for air flow through a cooled tube (T, from 0.85 to 0.56) at
Reynolds numbers Rep, from 950 to 1400, but with a relatively
long uncooled length of tube upstream (L/D = 64) so that the
entering velocity profile was probably parabolic where cooling
began. The asymptotic value for the heat-transfer group shown
in Fig. 9 was obtained from the expression

};’A" = 4 E_D_ )_<£'
mep; k" J\Pr
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by taking AD/k; = 3.65 for H, — 1. The average or “bulk”
enthalpy for the flows considered can be obtained from Fig. 6 since

Note that the abscissa in Pig. 6 is x, not x/Pr as it is in Figs. 5
and 9.

V  Summary and Conclusions

Numerical solutions of the laminar-flow equations have been
presented for gas flows through tubes for a wide range of wall
cooling from nearly adiabatic conditions to wall-to-gas enthalpy
ratios as low as 0.04. 'The large changes in properties that occur
across the flow for the highly cooled conditions were taken into
account in the analysis.

The flow field was found to be strongly influenced by heat
transfer. Because of the increase in the density of a gas in the
region of a cooled wall, the mass flux in this region as H, — 0
exceeded that in the core. Correspondingly, the flow along the
centerline decelerated in the inlet region. With moderate wall
cooling, H,, = 0.5, the mass flux in the wall region was also larger
than for a nearly isothermal flow, H,, — 1, and consequently the
centerline velocities were lower. Tven for this case, the eventual
increase in gas density in the core region farther along the tube
led to flow deceleration along the centerline because of cooling.

Smaller pressure changes and wall friction were found with
cooling. The pressure drop was less because of the smaller mass-
flux deficit in the shear flow. For the case of a highly cooled
wall there was a pressure rise in the inlet region instead. Of
significance is the reduction in shear stress with the amount of
wall cooling since the frictional drag would be less and the me-
chanical energy losses would be smaller than for an isothermal
flow. With wall cooling the shear stress is reduced because
velocity differences across the flow are less and the smaller core-
flow accelerations or decelerations would increase the shear stress
less than in a nearly isothermal flow.

The average heat-transfer coefficient for tubes did not vary
much with wall cooling primarily because of the insensitivity of
the heat flux (when normalized by the driving potential for heat
transfer) to the amount of wall cooling and thus acceleration or
deceleration in the inlet region. .

The general agreement between the calculations and available
measurements and the satisfactory check of the global constraints
indicate that reliable predictions can be made of quantities of
engineering importance, i.e., pressure drop (or rise), frictional
losses, and heat transfer, for the flow of gases through cooled
tubes.
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An Approximate Analysis of the Diffusing
Flow in a Self-controlled Heat Pipe

Constant-density two-dimensional axisymmetric equations are presented for the diffus-
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gas.

Introduction

THE FORMULATION of an analytical model for the per-
formance of a heat pipe was first developed by Cotter [1].2 He
derived the governing equations for the processes taking place
and indicated capillary- and incipient-boiling limits of operation.
A number of modifications to this theory have been proposed by
various investigators. For the case of incompressible vapor flow
and zero gravity, Cotter’s meniscus boundary conditions have
heen modified by Ernst [2] who assumed that the pressure equal-
ity between liquid and vapor occurs at the interface between
eondenser and evaporator sections. Various alternative expres-
sions for the pressure drop in the gas and liquid have been sug-
gested. Busse [3] treated laminar vapor flow in a cylindrical
heat pipe for eonstant heat addition and removal by solving the
Navier-Stokes equation through a fourth-power polynomial
approximation for the axial-velocity profile. Haskin [4] con-
sidered a heat pipe with an adiabatic section where the pressure
drop was found by assuming Poiseuille flow. Brosens [5] used
Poiseuille flow throughout the pipe. For high vapor velocities
Levy [6] analyzed a one-dimensional compressible vapor flow
decoupled from the liguid phase and predicted a choking limit.
Many other models exist for the description of the flow and are
valid in various regions of applicability.

It was demonstrated by Grover et al. [7] that if a heat pipe
ntaing a noncondensible gas it is driven to the end of the con-
denser, There it forms a stagnant zone the length of which is
Proportional to the mass of the gas and its mean temperature and
Wwersely proportional to the pressure. The result is an effective
shOl‘teuing of the condenser, thus reducing the total axial heat-

—
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ing flow of a class of self-controlled heat pipes.
Condensation of the vapor 1s relaied to its mass fraction at the wall by the gas
The Karman—Pohlhausen integral method is applied to obtain ap-
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The analysis is restricted to the vapor

Solutions are presented for a water heat pipe with neon control

transfer capability of the heat pipe. If the axial heat flux is in-
creased the pressure increases correspondingly and the gas zone
contracts to allow more of the condenser to become operative
again. The converse is also true when the heat flux is decreased.
Cotter first noted that this feature might be extremely useful in
certain applications. Katzoff [8] suggested that one possible
technique to accomplish thermal control with the heat pipe serv-
ing as a variable thermal conductor is to intentionally introduce
an inert gas into the vapor space. Bienert [9] showed that con-
trol is improved by the use of large inert-gas reservoirs. He
further indicated that it is advantageous to keep the reservoir at
the temperature of the evaporator through intimate contact to
reduce temperature fluctuations. Bienert, however, assumed a
perfect interface between the vapor and the inert gas. This
may or may not be a good approximation depending on certain
parameters. A number of investigators have experimented with
inert-gas-controlled heat pipes. Among the most recent inves-
tigations is that reported by Marcus and Fleischman [10]. Their
analysis also considered a perfect interface. Based on their ex-
perimental results, however, they conciuded that diffusion and
axial conduction played a strong part in determining the actual
diffused region and controllability.

To date no theoretical analysis of the flow in a heat pipe has
been presented that includes the mutual diffusion between the
vapor and the inert gas. The object of the present investigation
is to study the theoretical behavior of the diffusing flow and its
effect on the self-control capability. The analysis is restricted to
the vapor space and completely decoupled from the liquid flow in
the wick. Only incompressible and isothermal flow fields are
treated in a cylindrical heat pipe. The control-gas concept is the
hot non-wicked reservoir.

Flow Equations

The determination of the effect of the inert gas diffusion on
the self-control capability of a heat pipe is a complex problem.
The thermodynamic-state variables in the heat pipe are coupled
to those in the inert-gas chamber. A complete evaluation would
involve the study of a flow field with evaporation or condensation,
convection, and diffusion in an irregular geometry. The problem
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Heat-pipe inert-gas diffusion model

is simplified by treating the decoupled system shown in Fig. 1.
The heat-pipe vapor space is separated from the inert-gas cham-
ber by a semipermeable membrane which is impermeable to the
working-fluid vapor. The interaction is determined by a number
of iterations on the common parameters of the final solutions.

The analysis considers only the vapor space and ignores the
effects of the liquid flow in the wick. This restriction is justified
if it is assumed that only those geometries are treated which
satisfy an overall heat-pipe design analysis. This study refers
specifically to the cylindrical heat pipe whose design is presented
in [11]. This is a high-performance water heat pipe designed to
transfer a heat load of approximately 640 Btu/hr at 190 deg F.
Total length is 38 in. with a diameter of 0.75 in. Heat is added
uniformly over a 24-in. length; the adiabatic as well as the con-
denser lengths arve 7 in. The wick consists of sintered metal of
high thermal conductivity diffusion-bonded to the wall with an
inner diameter of (.433 in. The design analysis consisted of a
one-dimensional model with a perfect vapor-inert-gas interface.

In the operating regime of this heat pipe the axial-flow Reynolds
number Re, <€ 1000; hence the flow is laminar. Furthermore, if
only vapor-inert-gas combinations of equal molecular weights are
considered, density and temperature gradients generally experi-
enced in a heat pipe have second-order effects on the primary flow
parameters. Iqual molecular weights also imply uniform mix-
ture viscosity if the collision diameters are similarly equivalent.
Then for constant density and viscosity, isothermal flow, and
negligible body forces the equations of conservation of mass,
species, and momentum in axisymmetric eylindrical coordinates
are

1
%422y =0

ou ou L op i [bzu n 10 Qu
ud ko b G T it R O

“ ox v or p Oox ox? 1 Or or @)
7Y o) 1 op % % d (v

“ oz v o p or [bﬁ * or? * or <r>:| @

If the global-continuity equation (1) is used, then only one of th,
species-conservation equations needs to be included, in this egg,
that of the inert gas (2).

Due to the geometry and the behavior of some of the sty
variables in the operating regime of the heat pipe, boundary‘
layer-type approximations may be made. For this purpose th,
following dimensionless variables are defined:

= EI%:}L”u (5q)

¥ = glrﬂlla_:li)fﬁl—zv (5b)

¥ = ;i ¥ = I% for C2 and v (5¢)
¥ lia (5e)

The reference velocity used to nondimensionalize u is the maxi.
mum axial velocity based on the constant density p. The
density p is based on the operating temperature and pressure in
the inert-gas chamber at maximum heat load. The reference
radial velocity is the condensing-mixture velocity at full heg
load with full condenser surface available. The reference pres
sure is based on the reference axial velocity in the usual mauner,
It should be noted that the isothermal assumption inherently
implies negligible sensible heats and that the heat transfer is en.
tirely accomplished by the vapor convection of latent heat of
condensation. The axial distance is normalized by {,, except in
the consideration of the mass fraction C; and the radial velocityt,
where R is used. This is due to the fact that for a useful inter
face to exist sharp axial gradients must be allowed in C, as well
as v, which is inversely proportional to Ca.

Use of the dimensionless quantities transforms the governing

PO M (1)  equations to the following form:
oG 00 _ o O'Ch 1o ot ou* b 19 ey o 6)
¥ oz T or De dx? + Da 7 or (7 ar) @ dz* t 20, — la) r* Or* (riv?) = 0 (
=N menclature —
e, by, ¢ = constants in equation (225) p = pressure ¢ = durmamy variable
@y, by, ¢, = constants in equation (22a) p1 = partial pressure of vapor B = viscosity
C = massiraction Py = vapor pressure of liquid v = kinematic viscosity
D2 = Dbinary diffusion coefficient, g, = condenser heat flux p = density
fua = latent heat ¢, = evaporator heat flux
Jj = integer @, = total heat load Subscripts
K, = constant in equation (34) r = radial coordinate
K, = sink conductance R = radius of heat-pipe vapor — vapor
K. = constant in equation (34) chamber 2 = inert gas )
lo = length of evaporator and R, = gas constant of vapor 0 = value at center of pipe
adiabatic section T; = liquid temperature r = value at wall
lo = length of evaporator T, = vapor temperature m = maximmum
lp = length of heat pipe % = axial velocity .
ma = mass of inert gas in heat pipe v = radial velocity Superscripts
me, = total mass of inert gas V. = inert-gas-chamber volume (¢) = iteration step
N, = l,/Az x = axial coordinate * = dimensionless variable
N, = [./Az O( ) = orderof " = first derivative
N, = l,/Ax o = condensation coefficient " = second derivative
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The order of magnitude of the dimensionless coefficients in
each equation is evaluated in view of the parameter values given
in [11]. Although these parameters apply specifically to the
referenced heat-pipe system, the order-of-magnitude analysis will
in general hold for heat pipes of similar length-to-diameter

or*2

ratios.  Using these typical parameters it can be shown that
b
— = 1 10
2, — 1y~ 0D (100)
Bp Dish
TP _ 1) (10b)
Qe
Loh
Tl 1) (10¢)
Qe
R« (10)
20, — 1)
R
-1 (10e)
Lp
TR2h1ou
K1 (10f)
2(l, — 1)Q. /

It is important to note that the reference radial velocity is
hased on the full condenser length available. However, as the
vapor-inert-gas interface is displaced toward the evaporator due
o reduced sink temperature, the effective condenser length I, —
lisshortened. The reference radial velocity should be based on
this reduced condenser length. However, only in the extreme
case, when the interface is within a distance of B/2 of the en-
tranee to the condenser, will the orders of magnitude of (10a),
(10d), and (10f) be affected significantly. This case is eliminated
from consideration in this investigation. Retaining only terms
9 0(1), the governing equations, when written in dimensional
wordinates again, become

ou 1

e}
= () = 11
ox r or (o) = 0 (1)
AC, 92Cs 10 AC,
=D === 12
uax mbz+ ”157'(701') (12)
ou ou ldp v O ou
— — === —\r— 13
“3 Vo pdx+rar<’ar> 13)
The bOllndary conditions that must be satisfied are
oC.
T =0: % =0 v=20 =y (14a)
ox
aC
T, =0 =0 = = (14b)
ox

hurnal of Heat Transfer

U = U Cy = Cy

r =0 a—“—o v =0 20 (14c)
o or

r = R: u =0 v = f(ge, Cor) Co = Cy (14d)

The functional relationship in (14d) is to be established from the
gas kinetic formula for condensation. The pressure gradient may
be eliminated from equation (13) by noting that p is independent

of r. Then the equation may be evaluated at » = 0 to obtain an
expression for dp/dz as
1 dp duo v o { ou\T]
— = = =gy — — N Z =y = 15
p dx % ,i% l:r or <r M)] (1)

Momentum and Goncentration Integrals

To obtain solutions, the Karman-Pohlhausen integral method,
common in boundary-layer analysis, is applied. In the usual
application of this technique integration is carried out across the
boundary layer using assumed profiles for the dependent vari-
ables. Thereby the partial differential equations are reduced to
ordinary differential equations with the boundary-layer thickness
as one of the dependent variables. In the presént analysis the
final variables will be the axial velocity at the pipe centerline, wu,,
and the mass fraction of the inert gas at the wall, Cy,.

To apply the method, equations (12) and (13) are multiplied
by r and integrated with respect to » from 0 to B. Making use
of the boundary conditions and equation (15), these integrals

become
E o 20
Du f r 2% 4 DuR (—2> (16)
o oa? or )z

E L Ry d
f ru%dr—{—f rvldr - %
0 ox 0 or 2 dx

R? v du ou ,
— —1 - —|r = R — 17
2 ,B,I(l) [7‘ or <7 br)] + <br ),-=.R (17

The radial velocity v can be eliminated from equation (17) by
applying the continuity eduation. Multiplying equation (11)
by r and integrating with respect to » from any point r to B yields

By
rv = Rv, + f 7 ou dr
, ox

When this is substituted into the second integrand in equation
(17) and integration performed by parts, the integral becomes

R > R > R >
f w2 dr = —Rvaue — up 7 o dr + f U oy
0 or 0 ox 0 ox

(19)
Substituting this back into equation (17), the concentration and
momentum integrals become

R R 2 . dC.
f o oCh dr — Dy, f r 0t dr = DuR <~—2> (20)
0 oz 0 dx? or Jr-r
R 7 Ry, d
2 U ou dr — uo T ou dr — Rvae ~ b e
0 ox o Oz 2 dz

2
_ _Lim[zi o :|+VR ou
2 ,—obLr Or or or Jr-r

Application of Karman—Pohlhausen Method

To apply the Karman—Pohlhausen method it is necessary to as-
sume a form for the distribution of velocity and concentration
across the pipe. The simplest polynomial expressions that
satisfy the required boundary conditions are the following quad-
ratic forms:

(18)
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7-2
w(z, 1) = wlz) (1 - ﬁ) (22)
72 r?
Co(z, r) = Cuo(z) (1 - E) Cor(z) 7 (23)

By assuming profiles separately for u(z, r) and Ci(z, r), the inter-
action between convection and diffusion takes place in the mean
instead of locally. This is consistent with the boundary-layer-
type approximation for heat pipes that has ratios of B/I, <« 1.
The assumed profile for velocity is the usual parabolic form for
fully developed laminar flow in a pipe. The actual flow in the
evaporator and condenser is dynamically equal to pipe flow with
injection or suction through a porous wall. This has been
studied by Yuan and Finkelstein [12], and their results indicate
that for the low radial Reynolds numbers encountered here,
Re, = 2.4, the velocity profile is close to the parabolic shape.
Weissberg [13] analyzed laminar flow in the entrance region of a
porous pipe. His results are given in terms of two parameters,
Re, and {, a dimensionless axial coordinate. For the heat pipe
under consideration { = 0.6 for all conditions of heat load up to
the design limit., For the operating conditions characterized by
these parameters there is only small variation from the parabolic
profile. Although in the interface region Re, decreases rapidly
so that Weissberg’s analysis is not strictly applicable, it is ex-
pected that as { approaches unity the profile approaches para-
bolic. A siniilar argument is assumed to apply to the concentra-
tion profile.

Upon substituting the assumed profiles, equations (22) and
(23), into the concentration and momentum integrals, equa-
tions (20) and (21), and performing the integrations over r, the
following nonlinear ordinary differential equations result:

12 v,

P o2 24

Up 5 R ( )
3D12Co" - 3DisCo" — 2ugCo’ — weClsr’
24D

+ 20 O = ) = 0 (25)

Note that the radial velocity at the wall, v,, is the forcing func-
tion for the system. Tt can be evaluated in terms of the boundary
conditions by corisidering the heat balance. In the evaporator
this velocity is directly proportional to the heat flux; which is a
constant, and is independent of the concentration. Since the
sensible heat is neglected, the heat balance in this section can be
expressed as

(w1 )le = g. (26)
For a binary mixture
pur = (p11)1 + PZUZ)r
But (), = 0, so that from-equation (26)
Qe
v o= = (27)
phs

In the adiabatic section there is no heat transfer, that is, o, = 0.
In the condenser section the phenomenon is more complex, since
in a self-controlled heat pipe the heat rejection is a function of
axial location and depends on the mass fraction itself. The con-
denser heat flux can be expressed in terms of the condensed-liquid
temperature T';, which also is a funection of location, and a sink
temperature 75, which is a constant.

Qe = I{s(Tl - Ts) (28)

The sirik conductance K, generally depends on 7" as well as 7%.
Theé present sink design, however, consists of laminar flow of
water through a coil of tubing wrapped around the condenser.
Temperature rise of the cooling water is negligible. In this case
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K, can be considered to be constant. Replacement of ¢. by % in
equation (27) yields an expression for v that is valid in ¢y,
condenser.

Vr =

K,
- (T = Ty)
2

e (29

The new unknown introduced, 7', can be related to the mpgg
fraction at the wall, Cy, by employing the kineti¢ formula fy,
condensation (or evaporation) which can be expressed as

I3
haz

[+4
== (P1 — Po)r=R 3
VorR, T, (30

The partial pressure of the vapor, p1, can be written in the form
pr = pR,T\(1 — C) (31

At this point it is recalled that the flow field is considered to be
isothermal. It is recognized that this is not consistent with the
assumption of constant dersity and the perfect-gas equation of
state since an axial pressure variation is allowed which is the
pririe driving force for vapor transpert. However, the range of
T, is limited here to relatively small values, whereas C; may takg
on values between zero and unity. Hence p, is determine
mostly by Cs, and T, may be taken to be a constant. The vaper
pressure of the liquid is a complicated function of the liquid tem.
perature 7. Over a relatively small range of Ty, Ty < T: < 7,
the functional relationship can be approximated by an exponen.
tial for mathematical convenience as

pu = K, exp (K1) (32

where K, and K, are taken to be constants and depend on the
working fluid under consideration. Combination of equations
(28), (30), (31), and (32) results in the following relation between
T and Ce,:

athis

2 [pR,T(1 — Cu) — K, exp (K,T7)]
'\/27FR0'T1 ‘ ’ ? !

= Ka(Tl - Tu) (33)

In this form no solution for 7 is possible. To facilitate the analy-

sis the following expansions are made:

1 1 T — Ts <Tl - T‘,)Z:i
S [ LT ) (L (34)
VT VT, [ o7, T T,
exp (K, 1) = exp (K,T){1 + KT, — Tb)
+ O[K(T; — T2} (39)
If Ty ~ T, is limited to small values such that K(T; ~ 72 =
0(0.1), the higher order terms in the expansions may be neglected.
Substitution of the truncated series into equation (33) yicldss
quadratic expression for 7y — 7.
alinK K, exp (K,T,) ahuK K. exp (K1)
———eem S (T - ) = e
2T, VorR,T, V2R, T,
v chyp[pR,TH(1 — Cu) — K, exp (K,T)] 1 Ks} (T, — T2
oT, vV 2rR, T,
4 ahialpR,To(1 — Cu) — K, exp (K.Ts)] ~0 (3
VorR,T,

For the heat pipe under consideration the coefficients in this

equation have different orders of magnitude. TUsing the
parameters of [11] again
Olth,,I(g exp (I{tTg) - 0(10_3) (375)
2T, V2rR,T,
ahmI{pK; exp (I(LTS) _ O(l) (37!,}

VorR,T,
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fig. 2 lnerf-gﬁs mass fraction at the wall as a function of location in the
condenser for various heat loads

qhm[pRgTV(l — Co) — K, exp (K.T,)]
27, VorR,T,

ahulpRoTo(1 — Co) = K, exp (K,T.)]

= 0(1072) (37¢)

= 0(10-%) (37d)

VorR,T,
K, = O(10~4) (37¢)
T, — T, = 0(10) (37f)

Then an approximate solution, as determined by the most sig-
nificant terms, is given by

Ry Tl — Co 1
Tl—Ta_pa ( ar)

T KK, exp (K.T)) K, (38)

Substituting this for 7’ — T, in equation®(29), v- in the condenser
section becomes

(39)

Uy

K, [pRgTv(l — Cu) 1 ]

T pha LK.K.exp (K1) K,

The radial velocity at the wall has thus been expressed in
terms of the mass fraction at the wall, Cy,. The mass {raction at
the center, Ch, can be related to Cs by considering the mass
transfer at the wall. Mass balance requires that

. _ D (20,
= \or Joen

Differentiating equation (23) with respect to » and evaluating the
derivative atr = R

(40)

oC: 2
<br >7-=R =% (Car ~ Cy) (41)
Solving equations (40) and (41) fér Cxn
. R
= 1 - — i r
C ( T ) C, (42)

The terms in equations (24) and (25) have now been reduced to
fun.ctions of C3r. These two equations can be combined into one
by Integrating (24) as

12 z

5k ), or(E)dE

Uy = (43)
a.nd using equations (27), (39), and (42) in the appropriate sec-
tons of the heat _pipe. After substitution, differentiation, and
Tarrangement, the final governing equations for the three sec-

tons, respectively, become
fro < 2 <y,
8Duphis\ ., | (3Duphi — Rg,
CZr + R xC?TI
8q. 4Dy5phis — Ry.

( 5D12Ph12

Cor =0 (44
4D12Ph12 - R(h) ’ ( @)

Jurnat of Heat Transter

forl, <z <1

6QGZ5

. _dee S =0
5RD12phu> A (44b)

oo

forzangZP

3RK.R,T»
6D, —
2hlZI{pKt exp (KtTa)
3RK,R,T, 3RK.R, T,
——————— O, | Oy A
thng exp (Kth) hlzKpKt exp (KlTS)
12q.l. - 12K, x B, T,(1 — Cu 1
+ 12k 12 [po(‘ W) 1
5Ephiy = SRph: J, LK,K.exp (K.Ts) K.
< { 20, F B RKR,T, RK,
2 2D12h12KpI(t exp (K:Ts) 2D12Ph12Kt
RK.R,T, 24Dy,
Car Chr
DuhsK K, exp (K.T,) ]} TR @

“ l: RKR,T,
2D]2h]2KpI{L exp (I{.sz)

3RK,
2ph12K t

(Co' )2

RK, ] ~ 0
2D15phsa K
(44c)

(1 —_ CZT) -

The boundary conditions that remain to be satisfied after trans-
formstion are:

z=0: Cp' =0 (45a)

_ K, exp (K.T,)

O = 1
* pR,T,

Co' =0 (45b)

T =y

The requirement on Cy is a result of the condition that » = 0 at
z = l,, equation (14b), and is obtained by setting equation (39)
to zero. It is a statement of overall heat balance and that the
mixture is in equilibrium with the liquid at the end of the con-
denser.

Inert- Gas- Chamher Intér'actinn

Up to this point it has been assumed that the operating pres-
sure and temperature levels are unaffected by the presence of
inert gas in the heat-pipe vapor space. To estimate this effect it
is necessary to obtain the total amouni of inert gas diffused into
the pipe. Thisis given by

R s
me = 2mp f f rCodzdr
0 0

Using equations (22), (23), (27), (39), and (42) for 4, this can be
written in the form

le *la
Mo = ’IFR2p <1 - _@q:;_) f CodE + TR2%p OZrdf
4Dj2phye 0 Ji,
RK.R,T, RK,

In 1
R 1— = -
+ TRe j;a { 2 [2D12h121{pK¢ exp (KgTs‘) 2D12ph12K¢

REK.R,T, ]
- Cr Crd 46
2Dk, K, exp (KT ; wdf  (46)

For the hot non-wicked reservoir the pressure and temperature in
the inert-gas chamber are equal to those in the heat pipe itself,
and the equation of state can be written as

(me — ma)R,

T,
Ve

p =
This equation should be satisfied by p and 7', at all times. 1In
this analysis it is used as an iterative correction by writing the
equation as

(me — maC70) T 6 (47)

@) =
14 V. )
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That is, ms is always based on the previous solutions of Cp,.
Since p and T, are not far from equilibrium at any time, the ex-
ponential approximation of equation (32) is applicable

P = K, exp (K,T,¥)

or approximately

P = K, exp (KT D)1 4 KT — T,6-8)]  (48)
Combining equations (47) and (48) and solving for 7',®
TL-D 1
7,09 = K, (49)

L (me~ mo0)R,
VKK exp (K,T6D)

The iteration is continued until the changes in 7, and p@ be-
come negligible. At this point the pressure p, axial velocity
radial velocity v, and centerline mass fraction Co are obtained
directly from equations (15), (43), (27), (39), and (42) respec-
tively.

Numerical Solution

The equations (44) describe the behavior of Cy, in the heat pipe.
In the evaporator and adiabatic sections they are linear differen-
tial equations. In the condenser it is a nonlinear integro-dif-
ferential equation to which no analytic solution is possible. A
computer program using the finite-difference technique is there-
fore employed here. Using simple central and forward dif-
ferences, the equations become

for0<2<l, j7=23..,N,

Co' 1 = 20y — Cpf !
8. 3Dyophyy — Ry,
~ 5RDuphas [4D12ph12 — Rge
5D12ph12
4Dysphis — Ry,

(7 + D(AX)?

X (Copf — Cyf 1) + (AX)%W] (50a)

fraction is so close to zero away from the interface region thy
even the use of double precision results in fast divergenc
Therefore the initial point has to be shifted toward the interfacq
"This shift results in an additional complication in that at the ney,
initial point neither the slope nor the magnitude is known. T,
solution now requires double iteration. The error in equationg
(52) grows rapidly, but sufficient accuracy is available with (h,
computer so that the end boundary conditions can be satisfieg
with an acceptable deviation.

Results and Discussion

To illustrate the method of analysis and the effect of diffusioy
on heat-pipe performance, the compiiteir program was applied tq
the configuration selected in [11]. The present analysis pertaing
only to water as the working fluid, an operating temperatype
level 7'y of 190 deg F, and a design heat load (@.)n of 640 Blu/h.
Since the analytical model assumes equal molecular weights for
the vapor and control gas, neon would be a good choice.

The variation of the inert-gas mass fraction at the wall, ¢,
with location in the heat pipe, z, is shown in Fig. 2 for a numbe,
of heat-load ratios @./(Qe)m, a sink temperature of 7> = 160 deg F,
and a diffusion coefficient Dy, = 0.1 in.2/sec. The shapes of the
curves are completely similar for all of the heat loads shown, ang
are equally spaced. The diffused region extends over a length of
about 1.25 in. The equilibrium value at the end of the pipe for
the case considered in this work depends only on the sink tem.
perature, which for T, = 160 deg I is 0.471. It can be observed
that at the heat-load ratio of 0.8 the equilibrium value has ngt
been reached at the end of the pipe. According to the mathe
matical model no solution exists in this case with the semi
permeable membrane and the constant pressure and temperature
assumed in the convective-diffusion analysis. The physieal
significance in the absence of the mernbrane is that diffusion of
the vapor into the inert-gas chamber would take place, raising
the pressure level and readjusting the equilibrium situation.
Therefore diffusion has the effect of limiting the maximum heat-
transport capability of the heat pipe.

Tt should be noted here that the accuracy of this solution i
limited to relatively small values of KT, — T,), due to the

forle < v < la §="No...,Na series approximation of equation (85). This also implies lower
60l. values for the equilibrium inert-gas mass fraction Co{ly). There
Co? ™t = 2007 — (o™t — ERDunt (AX)(Cn? — Co? 1) (500) fore, in the absence of the semipermeable membrane a sufficiently.
wpihe large amount of vapor would diffuse into the inert-gas chamber
forla <2 <1, j=N,..,N, before the establishment of equilibrium. This in turn would
. . ) (AX)?
CodFl = 2097 — (i1 -
2 o w7t 4 - 3RK, . oR,T, 3RKR,T, Cui
® T 9K phu Ky exp (KiTy)) & KK exp (KT "
R T , jolo 2U4K.R,T, J 4
s l- 3RK.R,T 1 (Cod — Cori-1)2 — 24qu T (AX) Y (1~ Cw)
KK thie exp (K,T%) (AX) 5Rphis  SEK, K exp (K T's) =,
24K RK:R,T, oy s :
- = (AX)G+ 1 — N, e T (] — O (O — O 1)
5RKtPh1z( )(J + ):I [DIQI(pthﬂ exp (KT, (AX) ( ! NG ’
3 R, Ty s 1 . " 24D . RK,
—{= L + __IEE__ (S OZP,—l):l + 12 C? [M
2 2D121<],I{Lh12 exp (I(th) 2D121([ph12 (AX) RZ 2D12ph121{t
RK,R,T,

In this formulation, this is a mixed initial-boundary-value prob-
lem. The slopes are zero at both ends of the heat pipe and the
magnitude of the mass fraction is known at the end & = [,. At
the initial point z = 0 the magnitide of the mass fraction is un-
known and an iteration is required, that is, with an assumed initial
magnitude and zero slope the integration is carried to the end
point, and if the required conditions are not met an indicated
correction on the initial assumption is made. However, for
typical conditions in an operating heat pipe the inert-gas mass

98 / FeBRUARY 1973

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

(1 - cm]] (304

e

" 2Dk, exp (K1)

raise the operating pressure level and counteract the small pré*
sure drop normally expedted in the self-controlied heat pipe Whe‘f
the hedt load is lowered. The effect of vapor in the inert-g#
chamber is not accounted for in the analysis outlined here; hen®
only large values of 7' — 7', can be compared with the actV

physical situation where no semiperimedable membrane 1S usf

However, the influence of the diffusion on the real heat pipe el
be determined by the present analysis even though strict accurng
is only obtained for small values of KT, — T,). The tref®
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Fig. 4 Vapor-inert-gas interface as affected by diffusion

predicted here must be the same, with some error in the location
of the vapor-inert-gas interface.

The effect of sink temperature 7’5 on the vapor-inert-gas inter-
face is shown in Fig. 3. Lowering the sink temperature has the
effect of reducing the width of the interface diffuse region. At
T, = 170 deg F the interface width is about 1.50 in., while at 140
deg T it reduces to about 1.0 in. Lowering sink temperature
has the additional effects of raising equilibrium mass fraction of
the inert gas at the end of the pipe, Co.(f;), and of shifting the in-
terface toward the evaporator end. The shift and narrowing of
theinterface is due to the higher rate of condensation to the colder
liquid in the wick. Therefore, indications are that the colder sink
temperatures minimize the effects of diffusion.

The effect of diffusion coefficient on the interface is shown in
Tig. 4. As is expected, an inert gas with a higher diffusion co-
efficient exhibits a more diffuse interface with an accompanying
reduction in the maximum heat-transfer capacity. Actually, at
the operating temperature level of 7%, = 190 deg F the diffusion
wefficient does not vary as much as is indicated in the figure.
At lower temperature levels, however, the value of Dy, can in-
crease considerably, since it is inversely proportional to density.
Low-density effects are encountered during start-up of a heat
vipe, indicating the requirement for a thorough transient analysis
with diffusion.

TFigure 5 illustrates the difference in value of the inert-gas mass
fraction at the pipe wall and at the pipe centerline. The con-
“ntration gradients are of the same order in the axial and radial
lirections, 'Therefore, as postulated, both are significant in the
deseription of the interface profile, and the two-dimensional ap-
Poach seems warranted.

.Figure 6 shows the self-control performance of the heat pipe
With diffusion for various sink temperatures. It should be re-
@lled that, this was obtained by neglecting the possibility of the
Mresence of working-fluid vapor in the inert-gas chamber. The
thop in the operating-temperature level is less than about 3 deg F
for the lowest sink temperature considered, 7's = 140 deg F, for
M heat-load ratios. The dashed line indicates the maximum
Qeftt-load ratio as reduced by the diffusion. Finally, based on
m‘;“analysm,. it can be concluded that ‘for the water heat pipe
t'leﬁlcllered with neon control gas the diffusion does not impair
a Sfﬁlf-control feature. It does reduce the total heat-load

Dacity somewhat depending on the sink temperature.

‘ Journal of Heat Transfer

0.5 T T

T, = 190°F
T, = 160°F //—
Dy, = 0.1in%/sec /

0.4 " Qu/(Qg)y, = 0.6

0.2

|

35.5 36

INERT GAS MASS FRACTION

36.5 37
LOCATION IN CONDENSER, x, IN.

Fig. 5 Comparison of inerl-gas mass fractions af the wall and cenfer for
a typical case

5.0

4.0
T
°, 3.0 ——
¢ ——
. 2.0 3
= /’\,L‘D
= s, B
= K /
19
o
5 / 8 /
< ©°
§ 1.0 2 _
& 0.8
= \ ,\b
g ol— V4 /.
= 0.
- I 4 L
& <[/ /

0.4
= e~z Ty = 190°F
3 0.3 Dip = 0.1 ix_la/sec |
ol
a

0.2

1.0 0.8 0.6 0.4 0.2 0

OPERATING ‘HEAT LOAD RATIO, QE/(QE)M

Fig. 6 Self-control performance of the heat pipe with diffusion for
various sink temperatures

A heat pipe with the configuration analyzed here has been
fabricated, but testing has not progressed to the point where
comparison with prediction can be made. Valuable data have
been reported by Kirkpatrick and Marcus [14] for a heat pipe
that was similarly controlled by a hot reservoir. However, no
direct comparison with their results is possible due to two major
differences. The first is the nonlinear cooling by radiation of a
finned condenser in contrast to the constant conductance of the
water cooling coils. The second is that the temperature differ-
ences between evaporator and sink are larger than is allowable in
the present analysis due to the approximations of the functions in
equations (34) and (35).
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e.s.noran | Heat Transfer during Vessel Discharge:

Sandia Laboratories,

e | Mean and Fluctuating Gas Temperature

A gas, discharging from iis container through an orifice to the atmosphere, is shown to
experience a temperaiure history that is strongly dependent upon the heal transfer from
the contatner wall. Using a quasi-steady free-convection model for the instantaneous
conductance between the wall and gas, a satisfactory correlation results between experi-
mental and analytical mean gas-temperature response during discharge. For the
special case of choked orifice flow and constant wall temperature, the mean temporal
temperature of the gas remaining within the vessel is shown to depend upon just two
parameters. The onset of the oscillating component of gas temperature is shown lo
occur at times which correspond to the dramatic growth of the diffusional thermal
boundary layer on the wall, and this finding is in agreement with the Malkus theory of
turbulence. The relative size of the temperature oscillations during discharge is shown
to reach a maximum at the time when the scale of dimensionless temperature, a param-
eter essentially dependent on the instantaneous mean gas temperature, is a maximum.

Introduction developed fluctuating component of temperature was found to
correlate with certain mean parameters which have previously
THERE ARE many practical applications in which a  been introduced for the problem of the steady heating of a gas
compressed gas is allowed to discharge from a vessel through an  from below [6]. Third, under certain conditions the fluctuating
orifice into another region of lower pressure [1-3].1 The wall- component of gas temperature has a significant effect on the
to-gas heat-transfer mechanism, which controls the mean mean value.
temporal temperature of the gas within the vessel, has been The experimental apparatus, consisting of a cylindrical vessel
identified as free convection [4]. However, apparently no prior  with an orifice at one end, was operated for initial gas pressures
stidy has validated the application of a quasi-steady free- in the range 70 to 370 atm. Two gases, nitrogen and helium,
convection model during discharge, especially when the fluctua-  were discharged. Under these operating conditions, a system-
tions in the gas temperature are included. atic study could be made of both the mean and fluctuating gas-
In the present study, both' the mean and fluctuating gas- temperature components and their influences on the discharge
temperature components were considered. In determining the process.
Mean gas-temperature response, three factors were included
which were not previously addressed. First, the dependence of \
the mean gas temperature on the unchoking of the flow was de- Formulation
termined.  Second, effects of wall-temperature change were in-
f"llded and assessed. Third, variation in the gas properties,
te, density, viscosity, and thermal conductivity, were considered
& an integral part in assessing the validity of the free-convection
Model. Examination of the fluctuating component of the gas
mperature revealed several significant findings. First, the
et of the fluctuations was found to correspond to the rapid
lW.\Vth of the thermal-diffusional layer on the wall of the vessel,
Which is in accord with the theory of Malkus [5]. Second, the

Mean Gas-Temperature Response. Consider a vessel of wall thick-
ness L, mass M,, and specific-heat capacity ¢, containing a gas
initially at pressure p, where both the wall and the gas are ini-
tially at the same temperature 7. Beginning at time ¢ = 0 the
gas is allowed to exit from the vessel through the orifice of area
A, into the surroundings maintained at atmospheric pressure.
In seeking the temperature response of the gas remaining within
the vessel owing to heat transfer, the temporal gas temperature
- is assumed to be uniformly distributed throughout the entire

' Numbers in brackets designate References st end of paper. volume V" of the cor}talnel‘. .

Contributed by the Heat Transfer Division and presented at the The energy equation applied to the control volume represented
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The experimental data discussed in subsequent sections were ob-
tained under conditions where ideal-gas behavior could be as-
sumed. Hence, using the equations of state for an ideal gas
allows equation (1) to be written as

Mot a_v’ﬂ — T d_m. +
meR \oz*/o+ =0 dr
Two additional specifications are required before a solution to
equation (2) can he obtained. Omne of these is the wall-tempera-
ture gradient (dv,/0x*). To obtain this gradient, the heat-

conduction equation within the wall, 0 < z+ < 1, must be
solved; that is

n_dr
(v — 1) dr

0%y
ax +2

Oy

or

(3)

subject to the initial condition v, = 1 when 7 = 0, and to the
boundary conditions on which discussion is deferred.?

The second specification needed to solve equation (2) is the
mass rate of flow, —dm/dr. The flow is choked (M; = 1) for
times 0 < 7 < 7¢

y—1
2y 2
AN
Te = TREF -1
s <pATM> v+l
a ¥V 2/ Y/ vgRTy

L* 4, 92 /iy [TTTUT T (4b)
~ [ = Y
=0 (7 + 1> \/l T

and unchoked for times 7 > 7., during which time the exit-orifice
Mach number is given by

(4a)

TREF =

y—1

M;?2 = 2 ( Do 1T’LT> (- 1
Y — I \parn

With M; = 1 for 0 < 7 < 7, and M; given by equation (5) for r >
Te, the mass rate of flow is specified by

(5)

2 Equa,tion (3) is written for planar walls, although it still has
validity for curved walls if the wall thickness is small compared to
the characteristic vessel size.

y+1
v —1 2(y~1)
1 —_—
()

-1
1 (7#2 )Mlz
Finally, the boundary conditions for equation (3) must p,

considered. Taking a free-convection heat-transfer coefficign
ho on the outer surface of the wall (at z+ = 1)

duy, hol
oxt + kw

—_ @ = ( 2 )m:___\/%: M (G)

dr ¥ — 1/ TrEr

(oo — 1) =0, ¥ =1 ]

At the wall~gas interface, where + = 0, a quasi-steady (turky,.
lent) free-convective heat-transfer coefficient h(7) was taken:
h(T)De _ gDan3Pr
kg vi(T)

n
[0u(0, 7) — T]/T] )
The gaseous thermal conductivity &, and kinematic viscosity y
are given by the instantaneous values below:
\/‘7:“/m

ko/kio = VT v/vy =

where kp and vy are initial values of those properties, respes
tively. If this (turbulent) free-convective coefficient h(t) is tq
suffice in describing the model, the values for the constants ¢ ang
n in equation (8) should be: (¢) independent of time during any
one discharge and (b) insensitive to the initial conditions of
pressure, temperature, volume, or type of gas. The values of
¢ and n, determined by correlating analytical and experimental
results, were found to be 0.105 and 1/, respectively, over a wide
range of initial gas pressures for the two gases; thus both criteris
were adequately met (see Discussion of Results for further de
tails). Note that for the value of » = !/; the characteristic
dimension De in equation (8) is eliminated, and thus the results
of this analysis do not depend upon the shape of the container.
The boundary condition at % = 0 is thus given by

Ay h(T)L

v A + =0
ozt Tow v

(T — v) = 0, (9)
With the initial conditions v, = T = M@ = 1 at the time 7 =,
equations (1)-(9) completely formulate the problem. The

Nomenclature
A = effective discharge area of orifice p = pressure of gas within vessel Zo = (a*/9Q)"/*
¢ = constant in equation (8) found Pr = Prandt] number of gas o = thermal diffusivity of the gas
to be 0.105 gPr\"f0,(0, 7) — T\l*» v = ratio of specific-heat capacities
¢» = specific heat capacity at constant Q= ca (T) ( T ) for the gas
v
volume for gas within vessel R = gas constant 7 = Fourier number, owt/L?
¢w = specific heat capacity of vessel Ras = Rayleigh number, » = kinematic viscosity of the gas
wall " o p = density of gas
Dg = characteristic vessel size, approxi- Q‘l?“(M) o = [Q3/(arg)]"/4
mately 27 L7 . .] . . O mox = maximum of the function 8 in
g = acceleration due to gravity t = time after 1n1t1at1.on of discharge time
h(r) = temporal mean heat-transfer co- tRF;lf = defined by equation ,(41),) w = t/truy
efficient at wall-gas interface T = gas temperatur(:) -V\.flthlll vessel .
ho = heat-transfer coeflicient on outer normahlzed to initial value SUbsc"p’s. - ion
wall of vessel u = mean gas internal energy 0 = initial conditions of the gas
k — thermal conductivi uo = (agQ)"/s ATM = conditions in discharge reservos
al conductivity = + = 11 t erature ¢ = choked conditions
L = vessel wall thickness v = vla, T)‘ W empo grokec £
. normalized to initial gas tem- w = properties of the wall .
M = mass of gas 1‘emaining within perature ¢ = temporal gas properties within
vessel normalized to initial V' = vessel internal volume vessel
mass % = coordinate measured into vessel 1 = refers to thermocouple closé
Mi = Mach number at discharge (ori- wall from gas—wall interface to the orifice along axis °
fice) area, normalized to wall thickness cylinder
M, = mass of vessel wall Z = distance from wall to temperature 2 = refers to thermocouple fart‘he*"‘
n = exponent in equation (8) found sensors, 0.87 in. = radius of from the orifice along axis ¢

to be 1/3
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Fig. 1{a) Nitrogén temperature response within vessel; solid curves are
data measured at two locations along axis of cylinder; broken curve is
{he mean predicted response for ¢ = 0.105,n = !/3

method of solution is that of [8], with particular details described
in [9]. The results for three particular cases are shown in Figs.
1(a), 2(a), and 3(a). )

With the recognition that # depends only weakly upon T, it
is possible to decouple equations (2) and (6) in calculating 7.
If in addition a constant wall temperature is taken, Myc./
(ml) > 1, and choked-orifice flow is taken, a closed-form solu-
tion for T follows:

_ 6~—A11(7,w) AL
T =—>1 A
(1+w)2 [ + 2( ,’Y,(:))] (10)
where
Muycw kg [gLPr\'/s
A = (v — Lrar ’ L
(v )TREF s kw( o ) (11)
o
I1=f§‘(w’,'y) dw’ (12)
0

h= fwu + )% (W', v) exp (4 fw (", 7)dw"] dw’  (13)
0 - 0

0= w(@ 4 w)/(l + )y =3H/=D (14)

The results of equation (10) were found to be in excellent agree-
ment with the exact solution for times less than the time for the
flow to unchoke. Further discussion is deferred regarding the
tonstraints leading to equation (10).

Onset of Fluctuating Component of Gas-Temperature, Figiires 1(a),
Aa), and 3(a) show that the fluctuating components of the gas
temperature within the container begin at times corresponding
ipproximately to ¢/trer = 0.2, 0.3, and 0.4, vespectively. There-
Mter, they grow and have the same general character as the
fluctuations reported for the case of the steady heating of a gas
from below (for example, see [5]). As the meéan gas témperature
Yproaches 7 = 1, the fluctuations appear to diminish in size
‘mtil the oscillations are no longer discernible. The Malkus
theory of turbulence [5] describes the onset and existence of
these fluctuations as the detachment of columns of hot gas from
the edge of the conduction layer on the wall and the erosion of
these rising columns by contact with the surrounding cooler gas.

If the Malkus theory has validity for the present case, one can

lournal of Heat Transfer
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Fig. 1(b) Wall growth of thermal diffusion layer § for nitrogen and the
correspondence to the onset of fluctuations

anticipate that there should be some correspondence between the
onset of fluctuations and the size of the conduction layer which
grows on the wall of the container below the sensors. In fact;
the growth of the thermal layer on the wall (determined below)
will be shown to be dramatic at times that correspond to the
onset of temperature fluctuations.

Assuming the curvature of the wall slight and a one-dimen-
sional thermal-diffusional-layer growth, the conductive boundary
layer is described by the following:

> (. of of T
Ak =)= pco— = pcy — 15
by<€ﬂ ay> P = P4 (15)

where the term on the right-hand side represents a temporal heat
sink within the diffusional layer as a consequence of discharge.
The coordinate y is the distance measured from the wall into
the diffusional layer and f is the excess temperature 1 — T'/T%
within the layer. Since the objective is to determine the dif-
fusional-layer thickness prior to the onset of fluctuations, the
presence of heat transfer outside the diffusiohal layer can be
neglected because the terms on the right-hand side of equation
(1) can be shown to dominate the term representing heat transfer
in equation (1). Hence, for ea.ly times (approximately less than
about 0.2 {rer), it can be shown from equations (2) and (6) that

_ 1 t
= —— 0<— <02 (16
(1 4 t/trur)? {RET )
1 1
P 0<—— <02 (1)

Do - (1 + t/true)2r/(r—1 lrEF

If the pressure is assumed to be uniform throughout the dif-
fusional layer, and the variation of gas conductivity with tempera-
ture is considered, equation (15) becomes

a_f _ 2/trEF
ko d Vi ot {1 4+ t/trwr)®
Pocy OY

) - _
~T5) T O F /e OO — )

(18)

The boundary conditions are given by
f=0,ally, when¢ = 0 (19a)
f=0,allt, wheny = 0 (19b)
1—f—T,allt,asy—>o (19¢)

Since the growth of the thermal diffusional layer is sought, an
approximate method [8] which introduces a diffusional-layer
thickness has been chosen to solve equation (18). The profile

fo_oufy 1
f1-25<1 ,zy/6>
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Fig. 2(a) Nitrogen temperature response within vessel; solid curves are
data measured at two locations along axis of cylinder; broken curve is
the mean predicted response for¢ = 0.105,n = /;
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Fig. 2(b) Wall growth of the thermal diffusion layer § for nitrogen and
the correspondence to the onset of fluctyations

with

b= T ey

satisfles the constraints of equations (19b) and (19c).
equation (18), integrally averaged over 6, then gives

ds? kt 2y 2
oz 2 ()]
dw PoCo 3 5

(2 + o)
+ 852 [1+(1 :I( +wf 3 1

(2 + w) 202+ w)(1 + )

Using

(20)

Equation (20) is linear in 62 and therefore may be solved using
quadrature. For the cases shown in Figs. 1(a), 2(a), and 3(a),
& = 6(t) was calculated, and the results are shown in Figs. 1(b),
2(b), and 3(b), respectively. For very early times (approxi-
mately 0 < t/trer < 0.01), 62 = 4(ko/poc.)t, but near the times
when the fluctuations become discernible (of order of ¢/iaer =
0.2), 82 grows roughly according to (1 + ¢/trer ).
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Fig. 3(a) Helium temperature response within vessel; solid curves are
date measured at two locations along axis of cylinder; broken curve is
the mean predicted response for ¢ = 0.105,n = /3
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Fig. 3(b} Wall growth of the thermal diffusion layer § for helium and the
correspondence to the onset of ﬂuc'uahons, the dotted curves correct for
the time lag, A w== 0.06, in measuring T1 and T, owing to cellular move-
ment between wall and sensor

Developed Fluctuating Component of Gas Temperature. Once the tem-
perature fluctuations have developed, it is desirable to determine
the mean quantities upon which they depend. For the problem
of the steady heating of a gas from below, it has been shown (see,
for example, [5]) that three mean quantities suffice to describe
the root-mean-square of the fluctuations, AT?”/2 'In terms of
the previously introduced mean temporal quantities, these are a
scale of length Zo, velocity us, and dimensionless temperature &,
this latter scale being independent of pressure for n = 1/;.

In the problem of the steady heating of a gas from below {6],
the root-mean-square of the temperature fluctuations, non-
dimensionalized by T,7T6, did correlate with the parameter
Z/Zy, where Z was the distance between sensor and heated sur-
face. Nosuch correlation existed for the present case of transient
heating (by virtue of discharge). However, the parameter 6o
behaved in time similar to the relative size of the fluctuating
component of temperature: that is, 6, in both early and late
times was found to be small, and in the intermediate times at-
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Fig. 4 Fluctuating temperature and its correlation with the mean param-
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tained a maximum very near the time when the fluctuations were
found to be most severe. Additionally, the fluctuating tempera-
ture data from Figs. 1(a), 2(a), and 3(a) could be nondimen-
sionalized according to the grouping

ZN g ToT6s

where /97 /g 15 the time for a particle of hot gas at the wall to
travel under constant acceleration g to the sensor a distance Z
from the wall. Hence, Fig. 4 was constructed and the above
ordinate was plotted as a function of 8/6s max.

Experimental Apparatus

The apparatus consisted of a cylindrical vessel which dis-
charged the two gases, nitrogen or helium, through an exit
orifice at one end of the cylinder to the atmosphere. Two burst
dises, located downstream of the orifice, acted as a rapidly open-
ing valve to initiate the discharge. The cylindrical vessel, whose
axis was perpendicular to the gravity field, was instrumented
with two 0.001-in. copper—constantan thermocouples and a
pressure gauge. One of the thermocouple junctions (74) was
positioned within the eylinder at an axial position 1.575 in. from
the orifice and the other (7%,) at an axial position 2.515 in. from
the orifice: the distance between the orifice and opposite end
wall of the cylinder was 4.145 in. Further details on the design
and construction of the apparatus are given in [7].

The effective orifice discharge area A; appearing in equation
{4h) was obtained by the use of the early-time solutions given by
elquations (16) and (17) as substituted into equation (6). Bqua-~
ton (6) was then integrated in early times, and the mass within
the tank resulting from this calculation was set equal to the
Mass remaining as a result of the equation of state using mea-
swred pressure and mean temperature data. This procedure,
V&}id for times less than about 0.5igrr, gave effective discharge
&it areas which were substantially constant in these early times.
F_Ol' times later than about 0.5tzmr, the same effective orifice
dlSGharge area was used as was found in the early times, the basis
for this assumption being estimates from the results of Deckker
and Chang [1]. '

Discussion of Results

Mean Gas Temperature. Three different experimental runs were
i‘(?nsidered, and the results for each of these runs are shown in
3(15)3 (a), 1() (Fun 1); Figs. 2(a), 2(b) (run 2); and Figs. 3(a),

' {run 3). Nitrogen was discharged in runs 1 and 2; run 1
Was for g pressure ratio pe/paTn = 72.4, while for run 2, po/para
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= 368. In run 3, helium was discharged at the pressyre ratio
po/Datm = 72.4 to give an experimental range of conditions for
trer and also to give greater oscillations than in runs 1 and 2.
The conditions for runs 1, 2, and 3 (shown in Figs. 1(a), 2(a), and
3(a), respectively) assured a turbulent free-convective mechanism
throughout the minimum of mean gas temperature, ¢Z33 (AT/
v?) > 108 ' :

The predicted mean temperatures, the broken curves shown
in Figs. 1(a), 2(a), and 3(a), were obtained using the values for
¢ and n in equation (9) of 0.105 and 1/; respectively. The
experimental temperatures T; and T reproduced in Figs. 1(a),
2(a), and 3(a) are shown for the two axial locations along the
cylinder axis. Apparently there was a tendency for T to read
consistently higher than T, evidently as a result of axial position
with respect to the orifice location. Both the mean and fluctu-
ating components of T and T3 were found to be repeatable when
any given run was repeated using the same initial conditions.

The value of ¢ = 0.105 was chosen so that the mean of the
experimental history of 73 matched the predicted response, since
Ty, farther from the orifice than T3, was thought to best represent
the bulk temperature of the gas. For runs 1 and 2, as shown in
Figs. 1(a) and 2(a), there was good agreement between thé pre-
dicted and experimental mean temperatures at all times. For
run 3, as shown in Fig. 3(a), the fluctuations in 7; weré much
larger than those observed for runs 1 and 2, and difficulty was
experienced in interpreting a mean temperature response.
However, it does appear that the predicted mean temperature
response of Fig. 3(a) for helium underestimates the mean ex-
perimental values. This could be a consequence of the large
magnitude of the fluctuations interfering to such an extent that
the experimental mean temperature rises above its predicted
value.

The unchoking of the flow must be accounted for to obtain
the mean gas-temperature response in later times, as shown in
Fig. 1(a). Equation (10) should not be used when ¢ > ..

For the experimental data of runs I, 2, and 3, the ratio of wall
thermal capacitance to initial gas thermal capacitance, Myc./
(meR), was equal to 356, 70, and 353, respectively. The wall
temperature was found to be essentially constant under these
conditions. It was determined that the above parameter for
the thermal-capacitance ratio had to be smaller than about 10
to cause a 10 percent or more change in the wall temperature.

An additional computation was performed to determine the
accuracy of the approximate result given by equation (10). It
was found that pressure ratios ps/paTy greater than about 15
gave mean gas temperatures within about 10 percent of the
coupled (actual) solution.

Fluctuating Gas Temperature. The temperature measurements
for 71 and T3 are shown on an enlarged scale in Figs. 1(b), 2(b),
and 3(b) for runs 1, 2, and 3, respectively. Superimposed on
these figures are the calculated thermal diffusional layer 6 from
equation (20) and the Rayleigh number Ra;. As shown, the
growth of § in time is very rapid, and in Figs. 1(b) and 2(b) the
fluctuations appear at the same time that 6 begins to grow rap-
idly. However, in Fig. 3(b) (helium) the onset of fluctuations
as directly read from the thermocouples appears to lag ‘the
rapid growth of 8. Upon further study of Fig. 3(b) it was noted
that the abscissa ¢/trer for helium had a different reference time
than did the nitrogen data, Figs. 1(b) and 2(b), and therefore a
cellylar-type movement for the helium data of run 3 from the
wall to the sensor, located a distance Z = 0.87 in. from the wall,
would take a longer dimensionless time ¢/trer to reach the sensor
than would the nitrogen data of runs 1 and 2. In fact, if the
correction is made for the time lag of a particle to travel from
the wall to the sensor under constant acceleration g, then the
onset of fluctuations appears to correspond more closely with
the rapid growth of § for the helium data of Fig. 3(b), see the
dotted curves. (For the nitrogen data, the time-lag correction
was found to be negligible.) At the point where oscillations
are first discernible, the Rayleigh number Ras which is based
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upon 8, appears to be the same for all three runs, about 108,
Since the resalts of Figs. 1(b), 2(b), and 3(b) show a strong cor-
respondence between the wall diffusion layer and the onset of
fluctuations, the results of Townsend [6] appear to have validity
even for transient heat transfer of the type discussed herein.

In Fig. 4 the relative size of the fluctuations is plotted as a
function of the scale of logarithmic temperature., The data are
seen to fall nearly symmetrically about the line 8y/0) max = 1,
giving substantiation to this mean correlating quantity. Since
the dependence of §; on mean gas temperature is 6y ~ [v,(0, 7) —
T1/T, and since 0 is independent of gas pressure, it may be con-
cluded that during discharge the relative fluctuation size is
governed primarily by the difference between wall and mean
gas temperatures. The scaling parameter used for the ordinate
of Fig. 4 appears to adequately group the fluctuation size for the
data considered.
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Surfaces in a Free Molecular Flow

A Monte Carlo modeling technique is described for mathematically simulating free
molecular flows over a concave spherical surface and a concave cylindrical surface of
finite length. The half-angle of the surfaces may vary from 0 to 90 deg, and the incident
flow may have an arbitrary speed ratio and an arbitrary angle of atiack. Partial diffuse
reflection and imperfect energy accommodation for molecules colliding with the surfaces
are also considered. Results of heat transfer, drag, and lift coefficients are presenied

for a variety of flow conditions.

The present Monte Carlo results are shown to be in

very good agreement with certain available theoretical solutions.

Introduction

ALTHOUGH THE subject of free molecule flow over
simple convex bodies has been extensively investigated and rele-
vant theories well developed, the problem of free molecule flow
over concave bodies, such as a spherical surface or a eylindrical
segment, is relatively unexplored. This is primarily due to the
dificulties involved in analyzing the complicated multiple inter-
swface reflections for a concave flow. Previous studies pertain-
ing to this subject were all based on the simplified assumptions
that the flow is hyperthermal (thermal motion neglected) and
that the molecule-surface interaction is perfectly diffuse [1-7].1
Anotable exception is, however, the recently reported work of
Stewart [8], in which the author made theoretical calculations of
non-hyperthermal (arbitrary speed) flow along an infinitely long,
diffusely reflecting, concave cylindrical surface. The condition
sfimperfect energy accommodation for the gas particles colliding
vith a surface was considered in most of the concave-flow studies.
But the possible effects of molecular shielding are not treated
teept in two of the above-mentioned papers. Sparrow et al. {5]
tonsidered shielding effects in a study of hyperthermal flow over
“ncave cylindrical surfaces of infinite length. Wimberly [7]
1o made investigations of shielding effects for hyperthermal flow
over a hemispherical cavity.

This paper is concerned with the heat-transfer and aerody-
wmic-force characteristics on concave spherical and concave
Ylindrical surfaces in a free molecule flow. The usual limiting
#sumptions of hyperthermal flow and diffuse reflection have been
noved.  The effects of molecular shielding are included in the
Malysis, The length of the eylindrical surface is considered to be

! Numbers in brackets designate References at end of paper.
e hllsed on a paper contributed by the Heat Transfer Division and
! Sented at the Winter Annual Meeting, Washington, D. C., No-
r-.flll\ll;,cl, 28-December 2, 1971, of Tur AMERICAN SoCIETY oF ME-
r‘ei‘v’\IC:\L ENGINEERS as Paper.l\{o. 71-WA/HT-17. Manuscript re-
.~cr'0d by _the Heat Transfer Division August 2, 1971; revised manu-
Pt received February 14, 1972,
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Fig. 1 Schematic of flow over a concave spherical surface
finite. The problems are solved by the application of a Monte
Carlo simulation technique which was developed through a series
of previous studies of various molecular flow problems [9-13].
The results of this study have applications in such areas as the
design of high-altitude air collectors and in analyzing space-
vehicle concave surfaces.

Description of the Prohlems

The two problems considered in this study are shown sche-
matically in Figs. 1 and 2. A highly rarvefied gas flows steadily
and uniformly with a mass velocity U and an angle of attack ¢
over a concave spherical or a concave cylindrical surface which has
a radius of curvature 7o and a half-angle w. The cylindrical sur-
face has a length [, and the flow is considered to be normal to its
axis. Both ¢, and w may take on any value between 0 to 90 deg.
The gas particles have a molecular mass m and a ratio of specific
heats yv. The free stream is maintained at a temperature T',, and
a number density n.. It is assumed that n, is sufficiently low
that the effect of intermolecular collisions in the vicinity of the
body is negligible and a free molecule flow analysis is valid.

The temperature of the bodies is assumed to be kept at a con-
stant value T. Maxwell’s reflection coefficient ¢ and Knudsen’s
energy accommodation coefficient « are used to account for par-
tial diffuse reflection and imperfect thermal accommodation for
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Fig. 2 Schematic of flow over a concave cylindrical surface

the molecules colliding with the surface. The extreme cases of
totally diffuse reflection with perfect energy accommodation (o
= a = 1.0) and completely specular reflection without energy
accommodation (¢ = a = 0) are also considered. It is assumed,
as usual, that the probability distribution of the molecular
velocities in the free stream is drifting Maxwellian.

Monte Garlo Simulation Procedure

To start the Monte Carlo simulation of molecular motion, it is
necessary first to construct a control volume which completely
encloses the body. The control volume constructed for the
spherical surface is in the form of an imaginary cylinder as shown
in Fig. 3. A rectangular parallelepiped control volume is chosen
for the concave cylindrical body. The surfaces of the control
volumes are used as the starting locations for the trajectories of
sample molecules, which are mathematically simulated, one at a
time, on a high-speed digital computer by means of random
numbers. The selection of the control volume for a given prob-
lem is very critical to the Monte Carlo simulation of the problem.
An appropriate choice of the control volume would not only

BACK
SURFACE

SPHERICA,
SURFACE

CYLINDRICAL \

CONTROL
VOLUME Xiy
AT ¢
/B\X; '7\\\ L
/ . U

{ ¥ ]
el /
X Xe /
\ ' /
\\‘~¥/

Fig. 3 The cylindrical control volume enclosing the concave spharleq
surface

A\ (sms SURFACE

FRONT SURFACE

For the present selections, the surfaces of the control volumes g
either perpendicular or parallel to the free-stream velocity; thy,
the calculations for the position and velocity of the starting sample
molecules are greatly simplified.

Consider first the flow over the concave spherical surface, £
body-centered cartesian coordinate system x@sx; and three loeg)
coordinate systems 21 z2"zs’, vz, and x,"2,"zy" are defined in Fig,§
for later calculation purposes. The body-centered coordinate
have their origin located at the center of curvature of the spherica)
body. The origin of #1'z,'z;’ axes coincides with the center of the
front surface of the control volume. The eylindrical coordinate
system rfz is an alternate system for x:'z»"xs’ (2 axis coincides with
x3' axis). The site of a molecule-surface collision will be chosen
as the origin of z;"zs"2;” coordinates. The x,” axis will always be
an outer normal of the spherical surface. The z;” axis will be
perpendicular to the z; axis and will always make an acute angle
with the z; axis. These coordinate systems are all right-handed.

The Monte Carlo caleulations of the problem begin now by
simulating a molecule (by calculating its trajectory and velocity;
as it enters the control volume by means of uniformly distributed
random numbers. The random numbers are generated by a cow

simplify the caleulations but also minimize the computation time.  gruential multiplicative random number generator [14] &
Nomenclature
A = projected area of body, 4 = Fp = totaldragforce T, = temperature of a molecule 1
Tre? sin? w for the concave Fi = total lift force flected from wall
spherical swface, 4 = 2ryl k = Boltzmann constant T» = temperature of body
Sin. w for the concave cylin- I = length of the concave eylindri- T, = temperature of gas in free
d.rlcal surface cal surface stream
ci; = cosine of the angle between z;'- m = massof a molecule w: = direction cosines of V  with e
z.md ziaxes; ¢ = 1,2, 3 and M. = momentum of an incident sPect t0 12z axes; i = 1,23
§=123 molecule U = mass velocity of gas in fre¢
Cp = drag coefficient defined by T stream
equation (13) N = number density in free stream v = theumal velocity of a molectlé
= li i ’ _ = gsample number density in free - ¥
C1 hf’i.coef(i;lil)ent defined by equa o stfeam pm = most probable thermal speed
ion e .
Cqo = heat transfer coeflicient defined N = sample size or total number of Zf a_ Hzgl]f;m/:?‘/le ee streal
by equation (12) molecules generated on the ” . md'ff Iy reftected
E; = kinetic energy of an incident surfaces of a control volume Va = velocity of a diffusely 1
molecule gs; = sample flux generated at the molecule L. Jocity
E, = energy of a molecule reflected front surface of a control Vi = resultant or Imcldent veloth
from the body volume of & molecule . oel
E, = energy of a molecule if it is in Q = total amount of heat trans- @ = energy accommodation ©
thermal equilibrium with the ferred to a body per unit ficient, 0 5 a <10
body time ¥ = ratio of specific heats of ges ‘
f = velocity distribution funection ro = radius of curvature of the con- o = Maxwell’s reflection coefficie®
of the molecules crossing a cave bodies or tangential moment'umﬂ""
surface R: = <th uniformly distributed pseu- commodation coefficients *
Jos fo, fo = marginal velocity distribution do-random number in the <o <10 4
funetions with respect to a interval of 0 and 1;¢ = 1, 2, ¢ = angleof attack, 0 < ¢w L
set of eylindrical coordinates L2 w = half-angle of - the cones¥
6z 8 = speedratio,S = U/vn bodies, 0 < o < 7/2
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follows:
N = 5'N; (mod 2%) 1=0,1,2,...
Riyy = 278N,

(1a)
(1b)

where No is an initial random number which could be any odd in-
teger. The Ri, R, R; etc. are uniformly distributed pseudo-
gandom numbers in the interval of 0 and 1 with a period 25,

For a sample molecule simulated at the front surface of the
control volume (see Fig. 3), the position of the molecule with re-
gpect to the &1'2:"z;’ axes is calculated in terms of random num-
pers, such that its positional distribution will be completely uni-
form.

Next, a thermal velocity vector for the sample molecule is
randomly selected according to the assumed Maxwellian velocity
distribution of the molecules crossing the surface. The relation-
ships of the thermal velocity components in cylindrical coordi-
nates (v, 0,v.) and the random numbers can be derived using
random-variable theory as follows:

0 fvm = [In (1/R()]V? (2a)
0 = 2rR, ' (2b)
{exp (—v:2/on?) + T/8[1 — erf @ /ou)l}/X(8) = Ry (2)

where v, is the most probable thermal speed of the molecules in
the free stream and the function x(S) is defined by

x(S) = exp (—8?) + 7/28( + erf 8) 2d)

A brief derivation of these equations is given®in the Appendix of
reference [17]. Note that », is only implicitly related to the
random number B3 by equation (2¢). An explicit relationship
can, however, be developed for any S of interest by a least-squares
curve fitting of a polynomial in terms of R;. For example, a
seventh-degree polynomial fit for § = 5.0 is

Wftm = ~3.16689 + 8.040019 — 12.3923572 + 11.707619¢
— 1161345 — 6.011129° + 4.2056175 — 0.8809077 (3)

where p = [In (1/R;)]/

After the thermal velocity of the molecule is computed, it is
added vectorially to the mass velocity U to give the resultant
velocity V.

The total kinetic energy and momentum of this molecule may
now be calculated as [15]

5 — 3y
o= — 2 JU——
E; 9 mV2 + 57 =~ 1) kT 4)
and
- M; = mV; (6)

The last term in equation (4) represents the vibrational and rota-
tional modes of energy for polyatomic gases.

At this time, a determination is made as to whether this
molecule will hit or miss the body. In the latter case, a new
molecule is simulated on either the front, back, or side surface
of the control volume. The number of molecules simulated on
tach swrface of the control volume is made proportional to the
"}Olecular flux through that surface. The procedures of simula-
tion of  sample molecule on the back surface are the same as
those described above, except that the flow is away from the
‘irface, and consequently anegative S value should be used.  For
a'Tl.olecule simulated on the side surface of the control volume, its
Psitional distribution is again taken to be uniform.

he equations for calculating the magnitude and polar angles
"2 sample molecule as it crosses the side surface of the control

Yolume may be derived as [16]
v/om = {In [1/(Rs-Rs)]}'/? (6a)
¢’ = sint (Rs"?) (6b)
0 = 2rR, (6¢)

humal of Heat Transfer

where ¢’ and 8’ represent the colatitude and longitude with respect
to an inner normal and a tangent line drawn at the point at which
the molecule is simulated. The resultant velocity of the molecule
is again the vectorial sum of v and U. Both energy and momen-
tum of this molecule are calculated as above.

When a molecule hits either the concave or the convex side of
the body, the site of collision is first determined and the coordi-
nates z"z:"z;" established (see Fig. 3), and then the molecule is
assumed to be reflected or reemitted according to Maxwell's
surface-collision model. That is, a fraction ¢ of all the molecule—
surface collisions is reflected diffusely according to Lambert’s
cosine Iaw, while the remainder is reflected specularly.

A specular reflection causes no change in the components of
velocity which are tangential to the body surface, and the normal
component is reversed in direction but unchanged in magnitude.
There is no energy or tangential momentum (shear force) transfer
for this type of collision. The normal momentum transfer (pres-
sure foree) is equal to twice the incident normal momentum.

The velocity distribution of the diffusely reemitted molecules
is assumed to be Maxwellian at a temperature 7 which depends
on the wall temperature 7', and the energy accommodation coef-
ficient a.

The magnitude of velocity Vg of the diffusely reemitted mole-
cules can be caleulated by [10, 12]

kT, \ '/ 1\
Vi=\- I 7
‘ < m ) <nRsR9> @

TTZM<:E)E+ETM
a

with

(7a)
v+ 1 g k
It is emphasized that the quantities o and @ are treated as overall
phenomenological averages and are considered to be known a
priori.
The direction cosines of V¢ with respect to z1"z:"z;" axes may
be calculated by

uld” = Rm.l/2 [a]] (Z’H'Rn)

(8e)
Uaa [ le/z sin (27TRM) (Sb)
usd” = 4 (1 - Z\?lo)l/2 (86)

where, in the last equation, a positive value is taken for a convex-
side collision and a negative value for concave-side collision.

The direction cosines of Vg with respect to ziz:x; axes may be
obtained through the following coordinate transformation:

ig = ciiza” (67 = 1,2,3) 9)

where ¢;; is the cosine of the angle between the positive z;” and 2:
axes. 'The nine components of the direction cosine matrix [ci]
were derived in reference [12].

At this time, the energy and momentum transfer to the body
due to this collision are computed and recorded as

AQ = E; — B,
AM = M; — mVy

(10)
(11)

where m is again the mass of a molecule.

If the collision occurs on the convex side of the body, the re-
flected molecule will be lost in space, and the simulation of a new
molecule is in order. But if the collision occurs on the concave
side of the body, further intersurface collisions are possible. The
trajectory of the diffusely or specularly reflected molecule is con-
tinually traced, and momenta and energy exchanges for further
collisions are again computed and recorded, until the molecule
finally moves out of the control volume. After that, a new
molecule is again simulated on one of the surfaces of the control
volume, and the caleulation is repeated.

The Monte Carlo calculation procedure used for the flow over
the concave cylindrical surface is the same as that described
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Fig. 4 Heat transfer coefficient vs. half-angle for a concave spherical
surface for different values of energy accommodation coefficient
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Fig. 5 Heat transfer coefficient vs. speed ratio for different valuyes of
wall-to-gas temperature ratio

above, the only difference being the geometry of the body and the
shape of the control volume. This brings up an important point;
namely, a Monte Carlo method can be applied to problems with
more complex geometries without undue difficulties.

The Monte Carlo calculation of a molecular flow problem is
completed when a sufficiently large number of molecules is
sampled and when the energy and momentum exchanges for all
collisions are tallied. The statistical results of heat transfer rate,
drag force, and lift force may be calculated in terms of heat trans-
fer, drag, and lift coefficients which are defined, respectively, as
follows:

Q/4

Co = 1/2memU?

(12)
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Fig. 6 Drag coecfficient for a concave hemisphere vs. speed ratio for
different values of wall-to~-gas temperature ratio

__Fp/a

€ = 2 memt? )
__Fu/A

Cr = 1/2memU? (1)

In the above equations, A is the projected area of body (4 =
712 sin? w for the concave spherical surface, 4 = 2rol sin w for the
concave cylindrical surface), @ is the total rate of heat transferred
to a body on both sides, and Fp and Fy, are the drag and lift forces
(momentum rates) acting respectively in the direction of and nor
mal to the mass velocity U. The quantity no appearing in the
denominator of the above equations is the sample number density
in the free stream, which may be calculated from the sample flux
qs, at the front surface of the control volume as

_ 271'1/ 2q f
vmx(8)
where the function x(S) was defined by equation (2d).

(15

Table 1 Monte Carlo calculated Cq for a concave spherical surface ond
a long concave cylindrical surface compared with other analytical solu
tions; S = 20.0, ¢, = O deg, T,/T,, = 20.0, ¢ = 1.0,y = 1.67,N =
10,000

Sa
Chahine's Analytical {Schamberg's Approxi- Present
Hyperthermal mate Hyperthermal Monte Carlo
Solution™ Solution? . Results
o [ w Spherical |[Cylindrical| Spherical {Cylindrical | Spherical Cylindric?l
(deg) | Surface Surfacet Surface Surfacet Surface SﬂH
4 0.090 0.090 0.092 0.092 — —
15 0.091 0.092 0.094 0.094 0.092 0.102
30 0.095 0.098 0.098 0.096 0.096 0.102
0.1] a5 0.105 0.104 0.106 0.108 0.104 0,104
60 0.120 0.118 0.120 0.109 0.117 011!
75 0.146 0.136 0.138 0.119 0.136 0.120
| 90 | 0.178 0,158 0,168 0.132 0.166 | 0.135
0 0.450 }“ 0.450 0.462 0,462 — —
15 0.455 0.452 0.467 0.466 0.455 0.464
30 0.468 0.458 0.480 0.473 0.465 0.462
0.5| 45 0.490 0.477 0.499 0.495 0.491 0.479
60 0.535 0.504 0.529 0.504 0.522 0.493
75 0.594 0.527 0.567 0.528 0.555 o.;;g
90 0.652 0.562 0.617 0.555 0.603 _0.
70 | 0.960 | 0.900 0.925 0.925 po =
15 0.900 0.900 0.925 0.925 0.900 0.900
30 0.900 0.900 0.925 0.925 0.910 0.913
1.0{ 45 0.900 0.900 0.925 0.925 0.917 0.897
60 0.900 0.900 0.925 0.925 0.913 0.904
75 0.900 0.900 0.925 0.925 0,906 0.907
90 0.900 |  0.900 0.925 0.925 0.908 0.909

*Reproduced from Figs. 4 and 7 of Ref. 2.
Calculated with Eq. {21) of Ref, 6,
Infinite length.

‘J/ro = 20.0,
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Fig. 7 Heat transfer coefficient vs. half-angle for a long concave
cylindrical surface for different values of energy accommodation coef-
ficient '

Discussion of Results

Two separate Monte Carlo computer programs were developed.
Alarge amount of data was obtained for many possible combina-
tions of the flow parameters v, 8, ¢w, 0, Tw/Tw, &, ¢, and 1/7.
The calculations were carried out on an IBM 7094 digital com-
puter using a sample size of 10,000 to 20,000 molecules. The
computation time required for each flow case is approximately 1
to2 min. Probable errors for the statistical results are estimated
{hy comparing various Monte Carlo data with known exact solu-
tions) to be less than 3 percent,.

Some typical results of heat transfer, drag, and lift coefficients
are presented in Tables 1, 2, and 3, and in Figs. 4-8. Table 1
shows the Monte Carlo calculated results of heat transfer coef-
ficient C'p for both concave spherical and cylindrical surfaces for
anear-hyperthermal flow (S = 20.0) compared with analytical
hyperthermal solutions obtained by Chahine [2] and Schamberg
[6]. In Table 2, the Monte Carlo data of Cq, Cp, and Cy, are
tabulated for various values of speed ratio . Since ¢ = 0, C1,
should be equal to zero. The data of €'y, are shown in Table 2 to
be close to zero. The minor variation from zero merely reflects
therandom fluctuation. The data tabulated in Table 3 show the
tlects of molecule -sample size on the accuracy of the Monte
Carlo calculated results.

The results of C for a concave spherical surface tabulated in
Table 1 are also plotted in Fig. 4. Good agreement is observed
between the present Monte Carlo data and the analytical solu-

Table 2 Monte Carlo calculated Cg, Cp, and C 1 for a concave hemisphere
tnd o finite-length concave cylindrical half-surface; y = 1.67, ¢, = O
oy, » = 90 deg, @ = 1.0, ¢ = 1.0, To,/T,, = 0.25, N = 10,000

{\ﬁ Co °p CL

S

Spherical |Cylindrical| Spherical [Cylindrical| Spherical {Cylindrical
Surface Surface® Surface Surface® Surface Surface®
| 3.526 3.364 4.106 3.968 0.006 -0.006
} 1.269 1,226 2.502 2.393 0.009 -0.001
| 1,094 1.091 2.250 2.230 0.001 0.003
l 1,037 1.038 2.144 2.137 0.001 -0.001
i ‘00 1,027 1.024 2.116 2.100 | -0.002 0.002
| 1s.0 1.014 1.005 2.077 2,052 ~0.002 -0.000
‘Z&} 1007 1.004 2.051 2.042 0.001 -0.001

’/TU = 4.0 for thc'cylindrical surface,

lurnal of Heat Transfer

4.0

(o]
1
! Y =167
& w = 90°
351 o =10
\ a=10
\ TW/T = 0.25
\ 2/, = 20.0
3.0 —
2.5 —
%
2.0
1.5 —
0.5 [~ OLHAPRESENT MONTE CARLO DATA
_ _ _ THEORETICAL SOLUTION (STEWART)
o 1 | | s
0 2 4 6 8 10

S

Fig. 8 Drag coefficient vs. speed ratio for a long concave cylindrical
surface for different values of angle of attack

tions from other sources, except that Chahine’s results are seen to
be somewhat too high for the cases of large concavity (w > 60
deg). This discrepancy is perhaps due to minor errors intro-
duced in Chahine’s formulation of his momentum and energy
balance equations (see Pratt [3], Sparrow et al. [5], and
Schamberg [6]). The Monte Carlo results of Cg for concave
surfaces with @ = 1.0 are also shown to be in excellent agreement
with corresponding theoretical convex-body solutions by Oppen-
heim [15]. This is because for concave surfaces with o = 1.0
and a uniform wall temperature, multiple collisions have no effect
on heat transfer; and, for a convex surface, multiple collisions are
not possible (see also Fan [11]).

In Fig. 5, Cp for a concave hemisphere is plotted as a function
of S for two different values of 7,/7Tw. The dotted and center-
lined curves were calculated from references [6, 15] (using their
equations 21 and 2.15, respectively). As expected, the Monte
Carlo results for a coneave hemisphere lie very close to Oppen-
heim’s theoretical convex-hemisphere solutions for nearly all
values of 8 (since @ = 1.0). It is also expected that Scham-
berg’s hyperthermal solutions agree with the Monte Carlo results
only at large speed ratios, but not for small ones.

The results of C'p for a concave hemisphere are shown plotted
in Fig. 6 as a function of speed ratio for two different values of

Table 3 Effects of sample size on the accuracy of Monte Carlo calculated
results; S = 20.0, ¢, = O deg, T/T,, = 20.0, w = 90 deg, « = 1.0,

= 1.0,v = 1.67
C c c
Sample Q D . i
Size Spherical |Cylindrical]Spherical {Cylindrical} Sphericat [Cylindrical
N Surface Surface® Surface Surface™ | Surface Surface™
100 0.8969 0.8958 2.405 2.400 -0.0025 | 0.0198
200 0.8949 0.8679 2.403 2,313 -0.0086 | 0.0342 .
500 OA9Q03 0.8912 2.417 2.344 -0.0183 -0,0009
1000 0.9104 0.8936 2.438 2.363 -0.0036 | -0.0051
2000 09122 0.9053 2.430 2.405 0.0091 |  0.0080
5000 0.9116 0.9060 2.438 2.400 0.0029 | -0.0061
10000 0.9082 0.9091 2.430 2.400 -0.0024 | 0.0037
20300 0.9076 0.9076 2,421 2,407 -0.0025 ~0.0016
50000 0.9055 0.9074 2.417 2,404 0.0015 0.0005
Exact Sol. | 0.9062F| 0.9062t | 2.418T 2.4097 0 )
L
# pfr =20.0

¥ Calculated from Ref. 15
+ Calculated from Ref, 4

FEBRUARY 1973 / 111

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



wall-to-gas temperature ratio. The dotted curves are Pratt’s
theoretical hyperthermal solutions. It is observed that at large
speed ratios, the Monte Carlo calculated results nearly coincide
with the hypertherinal solution. As one would expect, however,
this agreement begins to deteriorate at the lower speed ratios.

The results of (g for a long concave cylindrical surface (I/r,
= 20)in a near-hyperthermal stream (S = 20) are given in Fig. 7,
along with various analytical solutions from other sources.
Similar observations can be noted as those given for Fig. 4.

Fig. 8 shows the results of drag coePﬁ,cient for a long concave
cylindrical surface as a function of speed ratio for different angles
of attack. The dotted curve in Fig. 8 was reproduced from
Stewart’s paper [8]. Excellent agreement is again observed be-
tween the present Monte Carlo results and the theoretical solu-
tions. Other results of Cg, Cp, and C7, for various flow conditions
are avallable. ‘ '

Gonclusions

A Monte Carlo modeling technique is developed and applied
to the calculation of free molecule flow over concave spherical
and cylindrical surfaces. The results indicate the following:
(1) A relatively large number of flow and physical parameters
can be analyzed using the present Monte Carlo caleulation
scheme; (2) solutions having a high degree of accuracy (error less
than 3 percent) can be obtained utilizing'a moderate sample size
(10,000 to 20,000 molecules); and (3) computation time is not
excessive (1 to 2 min on an IBM 7094 computer).
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Introduction

THE cLINICIAN has long utilized skin temperature as
a qualitative measure of blood flow. Correspondingly, research
workers have developed energy balances in which the tempera-
twre gradient of the skin is proportional to blood flow [1-3].t
Such models are not rigorous and yet provide reasonable results,
given the uncertainties of anatomy and thermal properties and
errors in skin temperature measurement [4], Regional and
whole-body thermal models have been developed. It has been
possible to include many details of physiological heat transfer in
the more sophisticated of these models [5], but as yet there has
been no solution which adequately characterizes the regulation of
tonvective heat ﬂux in the cardiovascular system [6].

Recently the skin temperature of the great toe was applied to
predict the entire cardiac output for the clinically significant
problem of shock [7].
shown on statistical grounds to predict with some accuracy the
tecovery from shock. These results have provoked interest
which leads to a more detailed analysis of the relation between
hlood flow and skin temperature.

Large and sudden changes in skin temperature occur at times
of elinical significance, and recent advances in understanding of
lthe thermoregulatory control system [8] may allow the rational
terpretation of these changes. According to modern concepts
of thermoregulation, a diffuse network of peripheral cold receptors
tnd g, congentrated warm receptor pool, in the anterior region of
the hypothalamus, provide the sensory basis for thermal control.

——

! Numbers in brackets designate References at end of paper.
W_Contributed by the Heat Transfer Division and presented at the
) Inter Annual Meeting, Washington, D. C., November 28-December

» 1971, of THE AMERICAN SOCIETY oF MECHANICAL ENGINEERS.
;g:PUScript received by the Heat Transfer Division August 11, 1971;
P Ised manuseript received March 22, 1972, Paper No. 71-WA/HT-

Yumal of Heat Transter

of the central and skin temperatures.
determined blood flow rates was made using ¢ modified technique of venous occlusion

Moreover the toe measurement was also.

Application of a Heat-Transfer Model to
Determine Regional Blood Flow Rate

The temporal patterns of central and skin temperature may provide imporiant pre-
dictive and diagnostic information during the recovery period from major surgery. Ex-
perimentally it 1s found that large changes in foe temperature occur al a predictable
time, early in the postoperative period.
and are related to modern concepts of thermoregulation. In order to explore the con-
tribulion of tHime-varying blood flow to heat transfer, ¢ heat-transfer model was applied
This model allowed prediction of ioe blood flow rate from measurements

These changes reflect cardiovascular dynamics

Experimental verification of the analytically

Via as yet unspecified pathways these signals reach a thermo-
regulatory control center located in the posterior hypothalamus.
Comparison with a temperature set point is made at that site and
signals are developed through multiple pathways which lead to
heat production or heat loss by a number of mechanisms (shiver-
ing, vasoconstriction, sweating, wvasodilation, behavioral re-
sponses).

" Tn the case of rewarming following open-heart surgery, body
heat is conserved during the first postoperative hours by vaso-
constriction in response to low hypothalamic and skin tempera-
tures. Metabolic heat production and shutdown of skin heat-
rejection mechanisms provide for increasing central temperature
until the set point is reached. At that time a strong vasodilation
takes place, warm blood flows to the hands and feet, and skin
temperature rises significantly (3 to 10 deg-C). Absence of this
response suggests one or more of the following problems: aberra-
tion of the thermal homeostatic control function, peripheral
vascular disease, or weak heart function. A strong correlation
exists between absence of the response and morbidity and mor-
tality. A study of 140 patients showed absence of the normal
thermal response in 47 cases: 18 of these 47 patients ultimately
died and 12 others developed severe early postoperative complica-
tions [9]. Only five of the cases with normal thermal response
died; these occurred, with one exception, due to arrythmia two
weels or later postoperatively.

A more intensive study of postoperative hemodynamics was
undertaken in order to explore the basis of these results, This
study provided an opportunity to apply a detailed heat-transfer
model to the indirect computation of regional blood flow, in the
context of the general postoperative course of cardiac-surgery
patients.

In the following, two typical cases (I and II) with few post-
operative complications will be presented and discussed in gen-
eral, and with particular reference to the central- and skin-
temperature responses. A case involving significant postopera-
tive complication (III) will also be presented and discussed. The
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heat-transfer model will be applied to predict toe blood flow, and
the results will be compared to those from the venous-occlusion
plethysmography technique.

Methods and Materials

Patients who have undergone open-heart surgery at Pacific
Medical Center are monitored through the early recovery period
by a computer-based system developed by IBM Corp. in con-
junction with the Institute of Medical Sciences. This system has
been described in detail {10] and provides measurements every 10
min of the hemodynamie, respiratory, and thermal parameters
listed in Table 1. Semiautomatic measurements were also per-
formed, every hour or at more frequent intervals, of arteriovenous
oxygen-content difference, cardiac output by Fick technique or
dye-dilution technique [11]. Parenteral fluid administration,
blood loss, and urine output were recorded every half hour, and
drugs were recorded as administered. The patients were supine
throughout the period of observation, which generally lasted
through the first six to 12 postoperative hours. Preoperative
diagnosis and the findings at cardiac catheterization were in-
cluded in the record.

Thermistor thermometers (Yellow Springs Instruments) were
attached to the pads of both great toes by sections of perforated
tape. These and a rectal thermistor probe were interfaced with
the patient monitoring system. Ambient temperature was
measured at half-hour intervals.

Water-bath calibrations were performed for 14 skin thermistors
against an ASTM 49C thermometer in the 27 to 40 deg C range.
The reference thermometer had been calibrated against melting-
point solutions. The calibration curves were linear. The range
of slopes was 0.94 to 1.02 (¢ = 0.011), with offsets at 30 deg C
varying from 0 to 1.10 deg C (¢ = 0.59 deg C). These thermis-
tors were utilized at random from day to day. The YSI skin
thermistors Ieave much to be desired in terms of size (0.63 em
diameter, 0.25 em thick) and thermal inertia. They were found,
however, to be robust, and the mode of attachment was practical
in view of the exigencies of the recovery-~room situation.

In addition to the toe and rectal temperatures, tympanic-
membrane temperatures were obtained with a Radiation Systems,
Inc. model A 3591-01 tympanic thermometer. Tympanic-
membrane temperatures were obtained at 20-min intervals during
the course of the experiment and recorded manually. This was
accomplished by inserting the probe in the external acoustic
meatus and gently bringing the probe to rest on the tympanum.
The probe was removed following each measurement.

Blood flow rates in the great toe were measured by a modifica~
tion of Whitney's method of venous-occlusion plethysmography
[12]. The technique assumes the venous return from the toe
may be occluded, without affecting inflow, such that rate of
change of circumference of the toe is proportional to flow at the

instant of occlusion. The many details of technique and analyg
are discussed in a series of papers in the physiological literatyy,
[13].

Analytical Model

In order to more fully understand the circulatory mechanisyg
which have been previously discussed, the bio heat equation wyg
used to model the heat-transfer process in the great toe. Thj
analytical expression, which has been successfully used in prig,
biological heat-transfer studies, is based on the fact that the hegy.
transfer mechanism in tissue must not only account for condye.
tion but also heat addition or removal by blood supply and met,.
bolic heat-generation. Thus for cylindrical coordinates ang
constant properties

of _ k2

o7
P T ar< ) el = L)+ 8

"o

where 8,, is the contribution from metabolic heat-generation ang
the quantity 7we(Ts — T') represents the heat exchange betweey
the blood and tissue. Both the physical and analytical implieg.
tions of the terms in equation (1) have received prior attention
[14]. Also, in applying the relation to the great toe, two assump.

Table 1 Physiologic parameters monitored by the IBM Institute of

Madical Science patient monitoring system
Hemodynamie parameters

Arterial pressure: systolie, diastolic, mean

Left atrial pressure: mean

Central venous pressure: mean

Pulse rate: from pressure

Heart rate: from EKG

Cardiac output: Fick and dye-dilution techniques

Respiratory parameters

Respiratory rate

Tidal volume and minute volume

Lung compliance

Work of inspiration

Frictional airway resistance

Oxygen consumption

Carbon dioxide production

Inspired oxygen concentration

End-expired oxygen and carbon dioxide concentrations

Thermal parameters
Rectal and skin {2] temperatures

Blood gas, urine, clinical chemistry data, plus nurse’s notes are
entered into the record via a bedside interactive terminal

e N N C AT UT €

a parabolic profile parameter, deg ro = radius for assumed ecylindrical Iy, I, = modified Bessel function of the
C/em? toe geometry, ocm first kind )
¢ = medium heat capacity, cal/gm- R = nondimensional radius (r/r) Jo, Ji = Bessel function of the first kind
deg C k S, = metabolic heat generation, cal/ um = eigenvalues of  wmd1(Un)
G heat capacity of blood, cal/gm- cm? hJo(um) = 0
deg C T = temperature, deg C « = thermal diffusivity, em?/sec
mp = blood flow rate, ml/cmi~sec T, = temperature at » = 0, deg C 8 = blood flow parameter (rhacora®/k)
k medium thermal conductivity, T; = ambient temperature, deg C p = medium density, gm/em®
cal/em-sec-deg C Ty = blood inlet temperature to toe, MAP = mean arterial pressure, mm HE
K gage calibration congtant, cm/ deg C OVP = central venous pressure, cm 10
mv Ty = Ty + Sn/rucy deg C CO = cardiac output, }/min
G = grid baseline (circumference), V =T—TsdegC TPR = total peripheral resistant®
cm Vo = T — Ts + Su/nucs, deg C dyne-sec/cms
AE voltage change of plethysmo- h = nondimensional  heat-transfer HR = heart rate from EKG, 1/sec
graph, v ‘ coefficient (Hro/k) PR = pulse rate from pressure curve:
! time, sec H = surface heat-transfer coefficient, 1/sec )
r = radial coordinate, cm cal/sec-cm®deg C OUP = oxygen consumption, ml/min
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tions must be noted. First, the heat-transfer process through
the toe is assumed to be in the radial direction, which implies
the model of an infinite cylinder. Experimental evidence of the
similarity of temperature responses of thermistors placed near
the ventrum and the tip of a great toe during a patient’s rewarm-
ing imply that this is reasonable. Second, the perfusion 7 is
assumed to be uniform over the cross section of the toe.

Tquation (1) can be cast into a more convenient analytical
form by introducing the following quantities:

TO = Tb + Sr)z/7nbcb V="7T- Ti
R = v/r Vo=Ty — T + Sp/mucs
$0 that
7V 13V 2 oV
o TRor " @ o " PV = AV @)
where 8 = #ucre?/k and can be considered as a blood flow

parameter. Equation (2) is solved by standard methods for sym-
metry of the temperature profile at the center line (QV /R = 0
at B = 0) and convective heat transfer from the surface of the
toe; that is,

where h = Hr/k

ab R=1 — = —hV

The solution is

V="V [:1

_ RI(V/BR) }
VBL(VB) + (V)

@ g~ (a/r)(untB I R

— f; o - YT
Ve 2 ot T B T Wl

m=1

(3)

Un 18 g1ven by Umd 1(Un) — hdo(un) = 0.

The solution of equation (3) is valid at all R, but the surface
temperature is of principal interest in this case. It can be ob-
tained by evaluating equation (3) where h, Vo, and 8 are invariant
with time. Knowing the values of the heat-transfer coefficient
at the surface of the toe and the temperature of the incoming
blood T4, agreement between the analytical and experimental
sface temperatures will result when the proper value of #y is
selected.  However, as will be further elaborated, treating # as
astep function with time will yield surface temperature profiles
which are not in agreement with experimental observations.
Equation (3) can be extended for variable blood flow rate by
employing an iterative procedure. Specifically, a test value of
iy is chosen and held constant over a time interval, typically 500
sec for the range of experimental variables being considered. The
aiterion on 7 is that computed surface temperature be within
0.1 deg C of measured temperature. At each interval a new ap-
proximate initial condition which is a parabolic form of the tem-
erature profile, namely ¥V = T, — ar? is generated and used as
the initial condition for the particular time interval. The parab-
olais an excellent fit to the computed temperature distribution.
With this modification equation (3) becomes

V= v, [1 _ _ hIDS\/ER) _ ]
VBL(VB) + oV B)
whare

+ Z Am!]o(umR)G—(a,/TuZ)(ule-ﬂ)t (4)

m=1

100 - 25
MAP +CVP
{mm Hg) {em H,0)
0 0
5 10000
co "
(L/min) O+O Od) e TPR
+ Dye o, (dynefsec)
o ynE— s
o Fick ‘g = em?
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Fig. T Summary of clinically measured variables, case |

Case Studies

Case Study |. Figure 1 presents a general record of the first 12
postoperative hours of a mitral-valve-replacement patient. The
mean arterial pressure (MAP) was typical for this type of patient,
showing an initially high value which declined and stabilized in
the first four postoperative hours. Atrial fibrillation was ob-
served at the second postoperative hour (A) by the decrement
between heart rate (HR) and pulse rate (PR), and was treated
with Digoxin. An initial blood loss was corrected by administra-
tion of Protamine and infusion of blood. The bleed and arryth-
mia caused an initially low cardiac output (CO) below the pre-
operative value. Total peripheral resistance (TPR), defined as
systemic pressure drop divided by cardiac output, declined at a
steady rate, modified only by the transient vasoconstrictive effect
of Bretylium (B). Urine output was on the low side of normal,
although improved by administration of Mannitol. Blood gases
and respiratory data were normal.

Turning to the temperature data, normal steady increases in
rectal and tympanic-membrane temperatures were observed in
the first hours, accompanied by a normal slight decline in toe
skin temperature. Tympanic-membrane temperatures sta-
bilized at the third postoperative hour, in conjunction with a
strong increase in toe temperature. This rewarming pattern is
typical in all features for patients with uneventful recoveries.

b, = DTon? + B) = 21V — 2ah(L — 4/1?)(un® 4 B) — 4a(un? + B8)

(um? + BY R + un?)o(tm)
The infinite series has a rapid rate of convergence so that only

ﬁ‘fe or six terms are required to yield a value of temperature
¥ithin 10-7,

Journal of Heat Transfer

The toe pattern may not be called a normal response, however, as
there were several drugs with cardiovascular activity given in
the hour preceding the onset of the toe rewarming. Following the

FEBRUARY 1973 / 11D

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



co
{£/min]
+ Dye
O Fick
100
HR “W
PR ]
(fsec) ]
LA B s S et e s S e s R S S A LA
40: L Reclal
~W
Jemp. 7] ~Toe
°cy |
1 © Tympanic
B e i e AL M e s s e e S S
1600+ 800
4 Urine
8lood | Urine
Loss ] Vol.
" r/ﬂkk»—/alood {ml)
04

Thorozine 4 Time {Hours)
Valium i

Morphine i i i

Fig. 2 Summary of clinically measured variables, case Il

initial rise the course of the toe temperature was affected by
Tylenol, fluid balance, and ambient conditions. The post-
operative course of this patient was uneventful following this
initial period.

Case Study . A second mitral-valve-replacement case is pre-

sented in Fig. 2. A strong pulse pressure (PP defined as systolic—
diastolic), stable heart rate, and stable central venous pressure
(CVP) characterize the first postoperative hours. An initially
low cardiac output responds to the vasodilational effect of Thor-
azine at the first postoperative hour; thereafter it was stable,
equal to the preoperative value at cardiac catheterization.
Bleeding rate was low and urine output initially high, becoming
normal later in recovery. Oxygen consumption was initially low,
but rose steadily in the first hours. There was no evidence from
blood gas data of impaired lung function. The low oxygen con-
sumption correlates with an initially low rectal temperature.
Rectal temperature did not begin to rise until the patient was
covered (except his feet) with warmed blankets (A). Despite
the initial low core temperature, the patient was awake and alert
and did not exhibit visible shivering. Toe temperature rose
initially due to the legs being covered with warm blankets, but
then exhibited a characteristic deeline in conjunction with rising
rectal temperature. The patient did not reach a steady tym-
panic-membrane temperature until the tenth postoperative
hour. The rise in toe temperature was strong, but slightly de-
layed. Recovery of this patient was good, despite the strong
initial hypothermia.

Case Study Ill. This patient (see Fig. 3) exhibited symptoms of
diabetes and peripheral vascular disease preoperatively, and was
operated for coronary artery disease, receiving two aorto-
coronary grafts. Postoperatively the mean arterial pressure
was elevated and the patient appeared pale and vasoconstricted.
Lidocaine was used to treat postoperative atrial fibrillation (which
is evidenced by the heart-rate/pulse-rate decrement). This ap-
peared to be unsuccessful, and Digitalis therapy, which had been
initiated during surgery, was reinstituted in the fourth post-
operative hour. A moderate bleed, primarily from the left chest
drain, was balanced by blood administration. Urine output
increased in response to apparent renal vasodilation with adminis-
tration of Thorazine, but then declined to low-normal rate.
Cardiac output was low initially and increased slowly as the
physician sought to correct arrythmia, bleeding, and vasocon-
striction. Total peripheral resistance was initially high (A) and
responded to the vasodilational action of Thorazine, but sta-
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bilized at a still elevated level. Oxygen consumption (OUP)
was normal, but this was accomplished at the expense of a large
A-V difference of blood oxygen content, and in the face of an in-
efficient alveolar ventilation.

Rectal temperature was quite low initially but increased
steadily, lagging tympanic-membrane temperature approxi-
mately one hour. Toe temperature rose in response to warm
blankets covering the legs (not the feet). The tympanic
membrane temperature stabilized midway in the fifth hour and 8
weak response was seell in both toes. At the beginning of the
seventh hour, a 1 deg C step in toe temperature took place, in
synchrony with increased oxygen consumption, cardiac output,
urine output, and increased mean arterial pressure. No single
therapeutic measure correlates with the sudden improvement. A
combination of improved circulating volume and cumulative ef-
fects of Digoxin might explain these changes in status. In any
event, the improvement was transitory. Vasoconstriction wss
countered again with Thorazine, which caused a decrease I
central venous pressure but also a drop in toe temperature. The
patient was seen through a difficult early recovery period, but
suffered cardiac arrest on the sixth postoperative day, declined
in status, and died five days later.

Results

Parametric-Model Evaluation. Equation (3) was evaluated for
range of 8 in order to obtain the response of the surface tempers:
ture to variations in the blood flow. The blood flow rate is treat
as a step function at time zero. The effects are shown in Fig. 4 for
typieal values of blood inlet temperature (T'y = 37), heat-transfel
coefficient (H = 1.355 X 10~4 cal/sec-cm?-deg C), and geomets:
It is important to note that the analytical toe temperature P_"D'
files do not necessarily resemble those of a typical rewarming
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pattern (cf. case II, Fig. 2, where the knee of the curve is less
sharply defined). Based on this evidence the analytical model
was modified to treat a variable blood flow rate, and equation (4)
was used for comparison with experimental data.

Blood Flow. The analytical and experimental toe blood flows
and the experimental temperatures are shown for case I in Fig. 5.
Blood inlet temperature was assumed to be 39 deg C, which is
the rectal temperature. Agreement with experimentally deter-
mined blood flow rates is achieved for values of the heat-transfer
cefficient between 3.2 and 4.0 X 10+ cal/sec-em?-deg C, which
arein the range of expected values for the particular experimental
eondition (Tambient = 25 deg C). The analytically determined
blood fow rates follow the trends of increasing and stabilizing
Swface temperature. The tympanic-membrane temperature
stabilized at the time indicated by the arrow in the figure. Ac-
tording to the thermoregulation theory discussed in the Intro-
duction, a chain of events culminating in peripheral vasodilation
md increased blood flow to the toes would occur soon after
stabilization of tympanic temperature.

The blood flow comparisons for case II are given in Fig. 6.
The analytical blood flow is computed with inlet temperature
dsumed equal to rectal temperature and a heat-transfer coeffi-
fent of 4.7 X 104 cal/sec-cm2-deg C. The detailed agreement
*f predicted and observed blood flow is not as good as for the
Pevious case. Trends are reproduced, but a decrement at the
rly times is apparent. A heat-transfer coefficient of 6.3 X
10‘.“ increases flow by onty 0.1 X 10—¢ ml/em3-sec at £ = 1000,
While increasing flow by 2 X 10~ ml/ecmsec at ¢ = 11,500.

learly the response is skewed by such a change in heat-transfer
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coefficient. It is not unreasonable in the light of clinical experi-
ence that blood inlet temperature to the toes should fall below
rectal temperature in the initial stages of rewarming. This was
tested by applying a ramp function to the toe inlet temperature
profile. As seen in Fig. 6 the experimental-analytical compari-
son is greatly improved.

Results from case IIT are presented in Fig. 7. A smaller in-
crease in temperature and lower specific blood flows, in general,
were observed for this terminal case. Stabilization of tympanic-
membrane temperature was not as sharply defined as in other
cases, indeed there may have been an adjustment of the set point
within the period indicated in Fig. 7. A strong increase in ex-
perimental blood flow is observed at the end of this period. This
would be in agreement with the thermoregulatory-response
theory. However, this pulse is unsupported by the skin-tempera-
ture-derived blood flow for constant inlet temperature. A
second increase in flow obtained at 6000 sec, which is reflected in
the analytical results; this second rise corresponds to the transient
improvement in status of the patient at the sixth postoperative
hour (see Case Studies). A ramp inlet temperature profile was
tried in order to improve the experimental-analytical comparison.
As in case IT the ramp function provided a better fit to the ex-
perimental data than did the case of constant inlet temperature.

Discussion

Although the model accounts for metabolic heat-generation,
cf. S./mucs, this term has been explicitly assumed to be small
compared to the blood inlet temperature. The model assumss a
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homogeneous isofropic medium, and the thermal properties used
are those for water [15]. In general, for constant values of
blood inlet temperature and swrface heat-transfer coefficient,
analytical values of the blood flow rates are determined when the
analytically computed surface temperature matches the experi-
mentally measured surface temperature. Under the experimen-
tal conditions of constant ambient temperature and a quiet
patient, large variations in surface heat-transfer coefficient are
unlikely.

Case I gives good agreement between theory and experiment,
whereas in cases 1T and ITI the model! (with constant blood inlet
temperature) predicts lower values of the blood flow rate during
early times in the rewarming pattern. In this instance the
model appears to be dominated by the trends established by the
surface temperature profile. There is an observable pattern
between changes in measured blood flow and skin temperature,
and the model on this basis correctly predicts the trends in the
blood flow rate.

In cases II and IIT there is a delay between stabilization of
central temperature and onset of the toe response. This may be
indicative of sluggish flow and increased residence time in the
peripheral bed. Cold limbs were observed in both these cases
and it is therefore reasonable that heat loss occurred prior to
blood entry into the capillary network of the toe. This provides
a rationale for application of a time-varying blood inlet tempera-
ture.

Several ramp-function inlet temperature distributions were
modelled in order to obtain the best fit with the plethysmo-
graphic data. Beginning the ramp at the time the set point was
achieved did not provide the best agreement. The time dura-
tions of the “best-fit” ramps were quite different for the two
cases (4000 and 1000 sec). Ramp height was also chosen for
best-fit results. More clinical data and experience in application
of the model will be necessary before rules can be developed for
construetion of the inlet temperature function. It is clear, how-
ever, that a time-varying inlet temperature substantially im-
proves the agreement of the model with measured blood flow rate.

The maximum measured values of toe blood flow in cases
I and II were 12.3 and 7.0 X 10~* ml/cm?sec respectively.
Skin blood flow has been estimated at 20 X 10~* ml/em3-sec
[16] Finger and toe blood flow rates have been measured by
water plethysmographs with values around 50 X 107* ml/cm?®-
sec (13]. Agreement with literature values was not really ex-
pected, since the patients considered in this study have weak
hearts and have undergone the trauma of surgery.

Our data suggest that there is no correlation between cardiac
output and toe temperature in the early recovery period following
cardiac surgery. This is in contrast to the results of Joly et al.
[7] for patients in shock. It should be noted that cardiovascular
status in shock is quite different than in early surgical recovery.
Hence the results are not necessarily inconsistent.

The detailed responses and interactions of multiple-organ
systems are not well understood, particularly so in states of dis-
ense. One therefore approaches correlations of physiological
parameters with caution. The physician must manage the
cardiac patient in spite of such difficulties, and places emphasis
on pump function and those indicators of pump function which
he can measure. It is therefore a curious but potentially signifi-
cant fact that a rise in toe temperature of 3 deg C or less, at the
stabilization of central temperature, should correlate with mor-
tality and morbidity. The hypothesis outlined in the Introduc-
tion may be amplified in light of the data presented herein.
When toe skin temperature is lower than 27 deg C, and hypo-
thalamic temperature is below the set point, impulses from cold
receptors in the toe do not lead to peripheral vasodilation. Once
the set point is achieved, as evidenced by stabilized tympanic-
membrane temperature, a vasomotor response takes place leading
to a steady increase in blood flow above a basal level of 1 to 3
X 107* ml/emé-sec. This is accompanied by an increase of 3 to
10 deg C in toe temperature. The case exhihiting a transient
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increase in toe blood flow was unable to sustain this perfusioy,
Why was peripheral flow not maintained? The peripheral vagg,
dilation is assumed to occur in two steps. First, vasoconstrictg,
tone must be released; this is assumed to be under control of th,
thermoregulator/vasomotor system. Next, a force is requireq
to open the peripheral bed; this is assumed to be provided by
pressure impulses transmitted down the arterial tree. If cardip,
output is low and vasoconstriction continues in the arteria)
arteriolar net upstream of the toes (which may involve a muyltj.
plicity of collateral pathways), the critical opening pressur
cannot be initiated or maintained. The control in this ease jg
transferred to vasomotor action at an as yet unspecified sitq,
The initial low to the toes is dictated by the need to lose heat i
order to maintain central temperature at the set point. Th,
results indicate that in the hierarchy of vasomotor controls this
a less significant requirement. As such, and in the light of the
predictability of the onset of toe blood flow, the physician has
tool for the eariy warning of cardiovascular dysfunction.

Gonclusions

The analytica' model predicts reasonable values of time.
varying toe blood flow. Including a physiologically reasonable
time-varying blood inlet temperature in the model provides good
agreement with blood flow measured by venous-ocelusion plethys.
mography.

Bxperimental measurements of the flow following peripheral
rewarming are lower than those reported in the literature for
normal subjects. There is no correlation between toe tempera-
ture and cardiac output in early recovery from cardiac surgery.

Heat convection predominates in the bulk of this tissue. The
model, which had previously been verified in a conduction-
dominated tissue, is validated for this situation.
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An Experimental Study of Combined Forced- and
Free-Convective Heat Transfer from Flat Plates to
Air at Low Reynolds Numbers

P. H. OOSTHUIZEN' and M. BASSEY*

Introduction

Muian heat-transfer rates from thin flat plates aligned with a
forced velocity have been measured under such conditions that
the effects of the buoyancy forces cannot be ignored, i.e., in the
region of combined- or mixed-convective flow. A number of
analytical studies of this problem have, of course, been under-
taken, see, for example, [1, 2].* However, these studies have all
been based on the use of the boundary-layer equations, while the
range of variables covered by the present tests is such that the
boundary-layer approximations are not applicable. The range of
variables is also different from those covered in previous experi-
mental studies [3, 4].

Apparatus

The tests were carried out in an open-return wind tunnel with
an 8 X 4-in. working section. The test plates consisted of
0.001-in-thick platinum ribbons which were mounted on the
center line of the wind tunnel and spanned the 8-in. width of the
tunnel as shown in Fig. 1. The plates were clamped between
aluminum blocks on the walls of the tunnel, and these blocks had
screw adjustments which allowed the ribbons to be kept taut and
aligned with the flow. Four ribbons were used, these having
lengths L as defined in Fig. 1 of 0.125, 0.25, 0.5, and 1 in.

The entire wind tunnel was mounted on a frame which could
be pivoted on a horizontal axis parallel to the test plates. In this
way the air stream and the test plates could be set at any angle «
to the vertical. Results are reported here for angles « of 0 deg,
1.e., for assisting flow, and 18C deg, i.e., for opposing flow.

The plates were heated by passing a d-¢ current through them.
The power dissipated was then obtained by measuring the cur-
rent passing through the plate and the voltage drop across the
entire plate. Some of the heat generated was, of course, con-
ducted from the plate to the clamping blocks, and in order to
calculate the heat-transfer rate a correction for this end loss had
to be made. This was done by calculating the end loss using a
one-dimensional fin-type analysis. In no case did the end loss
so found exceed 10 percent of the total heat generated in the plate.
The adequacy of this method of determining the end loss was
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Fig. 1 Arrangement of test plates in wind tunnel

confirmed by repeating some of the tests with voltage taps at-
tached to the plates at a distance of 1 in. from each clamping
block, thus allowing the heat generated over the central portion
of the plate to be found and eliminating the need to apply an end-
loss correction.

The mean temperature of the plates was determined by cal-
culating their resistance from the voltage and current readings
and using their measured resistance in the unheated state and
their measured temperature coeflicient of resistance.

In the present study the heat-transfer rate from the surface of
the plates to the air was not uniform due to internal heat conduc-
tion. An order-of-magnitude analysis suggests, in fact, that a
uniform-surface-temperature condition was more nearly simu-
lated than a uniform-surface-heat-flux condition.

The velocity of the air in the wind tunnel could be varied be-
tween 0 and about 1 fps. The velocity was measured using a
DISA low-velocity anemometer. Because of the low velocities
used in the present work, the boundary layers on the walls of the
tunnel were relatively thick and the velocity was not uniform
across the width of the plate. In all cases the Reynolds numbers
used to describe the results are based on the average velocity.
In no case did this differ by more than 5 percent from the center-
line velocity.

Results and Discussion

In combined convection
N = function (R, Gz, Pr, @) (D

where Nz = kL/k is the mean Nusselt number, G; = Bg(Tw —
To)L?/v? is the mean Grashof number, Pris the Prandtl number,
and « is the angle of the plate to the vertical. T is, of course,
the mean plate temperature which is also used in determining the
mean heat-transfer coefficient %.

In the present tests, Pr remained effectively constant. As pre-
viously mentioned, measurements were undertaken at o« = 0 and
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Fig. 2 Variation of Nusselt number with Reynolds number for various
Grashof numbers in assisting and opposing flow

180 deg. At each of these values of @, measurements were made
ab o series of different velocities and a series of different plate
temperatures. Results will, however, only be reported here for
s mean plate temperature of 120 deg F above ambient. This
temperature difference corresponds to Grashof numbers of ap-
proimately 190, 1450, 12,000, anid 105 for the 0.125-, 0.25-, 0.5,
and 1-in. plates respectively. The variation of Nz with Rz for
each of the plates for these values of Gy, for assisting and opposing
flow is shown in Fig. 2. Fluid properties have been evaluated at
the mean film temperature.

Also shown in Fig. 2 are the variations of Nz for the limiting
eases of purely free convection and purely forced convection.
The variation in purely free convection was obtained by carrying
out tests at zero velocity, the results so obtained being well fitted
by the equation

ATL free = 1 + 0-4!267!L0‘25 (2)

The tests did not extend to velocities which were high enough
W determine the variation in purely forced convection with the
same degree of confidence, but the following equation appears to
give an adequate representation:

Ny torcea = 0.4 + 0.59R.08 ®)

At large values of Rz this equation reduces, effectively, to
i toreea = 0.59R 0 5, the result given by boundary-layer theory.
.Fl‘om Fig. 2 it will be seen that in the combined-convection re-
Rlon in assisting flow the heat-transfer rate is higher than in either
Pllrf_ily forced or purely free convection. In opposing flow, how-
Wer, as Ry increases, the heat-transfer rate drops below the
Mrely free-convective rate, and at higher values of By it drops
°1°_W the purely forced-convective rate. It ther passes through
dinimum, and had tests been carried out at higher values of R,
1 would then have risen toward the purely forced-convection
vﬂri&tiol—l.

. I". 5] it was shown that the results for assisting combined-con-
%etive heat transfer from cylinders could be correlated using an
Mation of the form

NL = (NL free4,+ NL forced4)0'25 (4)

This equation was obtained by considering the similar forms of
l;“ Purely forced- and purely free-convection correlation equa-
™. Equations (2) and (3) for the flat plate do not show this

Mirnal of Heat Transfer

similarity, but equation (4) will here be regarded as purely em-
pirical and assumed also to apply to flat-plate assisting flow.
Substituting equations (2) and (3) into equation (4) gives

1 Gr \o.2s) ¢
Ny = R08 I:lRLO'E 4+ 0.42 <é;“2> }

0.4
+ Rits

i7Jo.2s
~|—0.59’ :l (5)

At large values of Ry, this gives Ni/R%% = function (Qz/Rp?)
as predicted by boundary-layer theory.

A comparison between equation (5) and the experimental re-
sults for assisting flow is shown in Fig. 2, and the agreement will
be seen to be reasonably good.
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Effect of Buoyancy on Forced Convection in a
Two-dimensional Wall Jet along a Vertical Wall
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Introduction

Ir1s known that the hedt-transfer rates in wall jets are an 6rder
of magnitude higher than those usually associated with gaseous
heat-transfer media. THowever, in wall jet flow, the forced con-
vection decreases rapidly due to the decay of jet velocity as it
expands alorig the solid wall. In turbulent wall jets, the heat-
transfer rate reaches a maximum at a short distance from the
nozzle exit and then decreases sharply with the iricrease of dis-
tance from the nozzle exit [1].2 For laminar wall jets, the heat-
transfer rate exhibits a monotonic decrease with the distance [2].
Akfirat. [2] has shown that the jet flow is of laminar type at
Reynolds numbers less than 190, The Reynolds number is
based on the nozzle width and the jet velocity at the nozzle exit.
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Fig. 2 Variation of Nusselt number with Reynolds number for various
Grashof numbers in assisting and opposing flow

180 deg. At each of these values of @, measurements were made
ab o series of different velocities and a series of different plate
temperatures. Results will, however, only be reported here for
s mean plate temperature of 120 deg F above ambient. This
temperature difference corresponds to Grashof numbers of ap-
proimately 190, 1450, 12,000, anid 105 for the 0.125-, 0.25-, 0.5,
and 1-in. plates respectively. The variation of Nz with Rz for
each of the plates for these values of Gy, for assisting and opposing
flow is shown in Fig. 2. Fluid properties have been evaluated at
the mean film temperature.

Also shown in Fig. 2 are the variations of Nz for the limiting
eases of purely free convection and purely forced convection.
The variation in purely free convection was obtained by carrying
out tests at zero velocity, the results so obtained being well fitted
by the equation

ATL free = 1 + 0-4!267!L0‘25 (2)

The tests did not extend to velocities which were high enough
W determine the variation in purely forced convection with the
same degree of confidence, but the following equation appears to
give an adequate representation:

Ny torcea = 0.4 + 0.59R.08 ®)

At large values of Rz this equation reduces, effectively, to
i toreea = 0.59R 0 5, the result given by boundary-layer theory.
.Fl‘om Fig. 2 it will be seen that in the combined-convection re-
Rlon in assisting flow the heat-transfer rate is higher than in either
Pllrf_ily forced or purely free convection. In opposing flow, how-
Wer, as Ry increases, the heat-transfer rate drops below the
Mrely free-convective rate, and at higher values of By it drops
°1°_W the purely forced-convective rate. It ther passes through
dinimum, and had tests been carried out at higher values of R,
1 would then have risen toward the purely forced-convection
vﬂri&tiol—l.

. I". 5] it was shown that the results for assisting combined-con-
%etive heat transfer from cylinders could be correlated using an
Mation of the form

NL = (NL free4,+ NL forced4)0'25 (4)

This equation was obtained by considering the similar forms of
l;“ Purely forced- and purely free-convection correlation equa-
™. Equations (2) and (3) for the flat plate do not show this
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similarity, but equation (4) will here be regarded as purely em-
pirical and assumed also to apply to flat-plate assisting flow.
Substituting equations (2) and (3) into equation (4) gives
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At large values of Ry, this gives Ni/R%% = function (Qz/Rp?)
as predicted by boundary-layer theory.

A comparison between equation (5) and the experimental re-
sults for assisting flow is shown in Fig. 2, and the agreement will
be seen to be reasonably good.
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Fig. 2 Representative femperature and velocity profiles; (1) no buqun‘y
force; adding flow: (2) { = 0.125, (3) { = 0.25; opposing flow: (4) t=
0.125, (5) { = 0.25

(b) )

Q)

Fig. ¥ Physical model and coordinates

It is for the l6w-speed laminar wall jet that the buoyancy effect
is expected to be significant in the region downstream of the jet
nozzle. The analysis of mixéd natural and forced convection in a
two-dimensional wall jet along a vertical isothermal wall is pre-
sented in this note.

Analysis

Several possible physical models are illustrated in Fig. 1.
Sketeh (a) represents an impinging jet and sketches (6) and (c¢)
show wall jets along or opposite to the gravitational field. For
the impinging jet, studies [1, 2] have shown that away from the
impinging region the flow is essentially a wall jet. The jet flows
can be desighated as aiding flows and opposing flows according to
the flow direction being parallei or opposite to the buoyancy force.
For the case of upward jet flow, it is required to have £, > i, for
aiding flow and t, < t, for opposing flow. The above criteria

will be interchanged for jets flowing downward. For laminar, a4l TG n
steady, and constant-propetty jet flow, the conservation equa- N Nug
tions, in dimensionless form, are 2k : _
QU 14 Ol_ L | i | |
ox Tor =0 @) 0 | 2 3
¢
U 03U 22U ¢fv(tw — tw)0 .
v ﬁ +V ﬁ = 5172 =+ U3 (2) Fig. 3 Ratios of Nusselt number, wall shear stress, volume flow rah,
n maximum velocity, and jet width ot Pr = 0.7; (1) adding flow; (2) opps+
Y 20 1 o ing flow
UL+ V=5 3)
X oY  ProY:? _
and 0(n, ) = 0(n) + $60u(n) 4 {a(n) + . .. &
where the Glauert transformations [3] have been modified as
U=u/Un V=0v/Un Y = yUn/y
6498ty — o)}
0 =10 ta)/(to ~l) X =2aUnfy n=YX"/4 =X, ¢ = _g§<_UT__,
m
where x and y denote distance along and normal to the wall; » — 64 Gr/Re

and v are the corresponding velocity components; Un, is & constant

reference velocity related to the exterior momentuin flux [3]; ¢ is Using the above transformations and the proposed velocity and
the static temperature; and v, g, B, and Pr are the kinematic temperature variables, equations (1)-(3) are reduced to a set of
viscosity, gravity force, coefficient of thermal expansion, and  ordinary differential equations governing the functions f: and &
Prandtl number, respectively. The last term on the right sideof (4 = 0, 1, 2, . . .). The solution of these ordinary differentis
equation (2) Flenotes the buoyancy force due to the temperature  equations provides the approximations of the present problem:
difference. The positive sign refers to the upward flow and ‘

negative sign to the downard flow. The boundary conditions are  Discussion of Results

U@©) =0 V©) = 0 0(0) = 1 N.umerical solutions were obtained'for the first three appf"l;‘;
: (4) mations at Pr = 0.7. Representative graphs of tempef{“'
U(e) =10 (=) =0 and velocity profiles are shown in Fig. 2. It is seen that in pidiod

flow the buoyancy force acts like a favorable pressure gl'adie"‘“
and the flow is accelerated in the inner region near the wall. *

, acceleration increases the temperature gradient at the wall whict
o, § = fln) + $AMY + $Rlg) + ... (5) results a higher heat-transfer rate. On the other hand, the e

To solve the above equations, the reduced velocity f and tem-
perature § are expanded in series
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pecomes Narrower with the increase of the buoyancy effect. The
idth of the jet § is defined such that.u = YjUmax at ¥ = 0.
These offects are reversed in the opposing ﬂo.w_ as indicated in
Fig. 2 The effect of buoyancy on th'e wall jet is indicated in Fig.
3 by the ratio of the local Nu and 7 in the presence of bt.loyancy
to that of Nug and 79 in the absence of buoyar'lcy. It is noted
that the shear stress and the heat—transfer rate increase with the
huoyancy in aiding flow and decrease in opposing flow. How-
ever, the effect on the shear stress is much stronger than that on
the heat-transfer rate. At { = 0.25, the wall shear stress de-
creases 77 percent in opposing flow and increases 57 percent in
aiding flow due to the buoyancy force. For the same value of {,
the reduction of heat-transfer rate is 25 percent in opposing flow
and the increase is only 13 percent in aiding flow.

The volume flow rate in a wall jet is known to increase in the
Jownstream direction due to the entrainment of fluid particles by
miction. The effects of buoyancy on volume flow rate, maximuam
velocity, and the jet width are also illustrated in Fig. 3. In
general; the buoyancy effect is significant only at higher values

of {.
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free Convection at a Vertical Plate with Uniform
Flux Condition in Non-Newtonian Power-Law Fluids

T.Y. W. CHEN' and D. E. WOLLERSHEIM?

Thx recent work by Selman and Newman [1]3 can be extended
to include non-Newtonian fluids by applying a technique similar
to that developed by Aecrivos [2] for non-Newtonian laminar free
convection with an isothermal boundary condition.

Under the same assumption as that of [1, 2], the governing
partial differential equations are transformed to ordinary differen-
tial equations using the following substitutions:*

y  Gret/W+9 PreN/ON +2

L 2| NIGN +2) 1)
[(31\7 + 2) i:l

t — to GI‘C“(N +4) PrCNI(3N +2)

6 = ()
g, Ev_ NI(3N +2)
! [orn]

(N +2) /(BN +2) 5y
[(3N +2) ﬂ f

w = k /2
GI‘ClI[Z(N +4)]PI'C'<N +2) /(3N +2)
gBqL*

(3)
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N
v = [(3\7 N E]NI(:{/\'H)
N + 2) I
2(N +1
T
X - 4)

N
T Grod/[20V +0] Pre2W +D/GN +2)
gBqL?

where Gr¢ and Pr¢ are the generalized Grashof number and gen-
eralized Prandtl number defined as

T A
m k

Pro = pep (m /(N +4) T 2N—1)/(N+4) _Q@_Q 3N —1) /(N +4)
P k

3 (6)

in which m and N are the consistency index and the power-law
fluid index defined from an empirical shear-stress-strain-rate rela-
tionship known as the characteristic equation of power-law fluids
ou
oy

N-1

T =m —
oy

(")

The set of coupled ordinary differential equations, namely the
equation of motion and the equation of thermal energy, becomes

d
0+ Fre ('™ =20 (8)
0" + 2(N + 1)1’ — Nf'§ = 0 )

The boundary conditions in the inner (diffusion) region are
F10) = f(0) = 6'00) + 1 = f"(@) = () =0

where primes denote differentiation with respect to {.

Equations (8) and (9) and their boundary conditions have been
solved using the procedure of Nachtsheim and Swigert [3] to
find the starting values for the fourth-order Runge-Kutta nu-
merical integration scheme. These starting values are given in
Table 1.

The local temperature difference &y — f» and the local shear
stress 7o at the plate are

x
to - tm = [(3N+ Q)ZJ

NI(3N +2) (jL

6(0)

& Grol/V ) ProN iy +2 (10)

To = PmlN F () NGI‘CN/(N+4) ProN /G 4
L [: x INIGBN+2)
L

(11)

Whel‘e
T (N +2) /(3N +2)
P mLN+2 gBg \ N F1 W+ (8N + Q)E

) ’ * PI‘C

On any given surface along the vertical plate, equation (10) in-
dicates #, — i, is proportional to z¥/3¥ 2 Thus the variation
of the wall temperature with distance along the wall is

Table 1 Numerical values of dimensionless femperature difference,
shear stress, and average heat-transfer parameter

l\Tu/GrA“ (2N +1]Py N/ (BN+D)

Uniform

Uniform Flux Temperature
present Acrivos Chen

N 77(0) 6(0) work (2] 7]
0.1 5.0558 1.3188 0.6063 0.60 0.6246
0.5 1.1145 1.3026 0.6176 0.63 0.6212
1.0 0.811846 1.1474 0.6697 0.67 0.6703
1.5 0.7497 1.0286 0.7013 0.71 0.6998
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T
Fig. 1 Comparison hetween predicted wall temperature variation
{ty — t)/lts — 1)1 along plate sutface and experimental results for

N = 0.888
lo — to (x>N/(3N+2)
(=t \L

where L is the length of surface for which the flow is laminar.
Note that equation (12)is the same ag the exact solution for New-
tonian flow derived by Sparrow and Gregg [4] when N equals 1.
It indicates the rate of increase of the wall temperature is greater
near = 0, and the variation increases as N decreases.

Tt is interesting to observe, as has been discovered in [4] for
Newtonian fluids, the relationship between the uniform-wall-
temperature case and the uniform-surface-heat-flux case. If we
define a mean heat-transfer coefficient  as

(12)

R
(to - tcn)L/2

the mean Nusselt number Nu is then obtained from equations
(5), (6), and (12)

. 9 NIGN +2) Cipgl! (¥ +6 PrgN iGN +)
No=(—"—
VTSN 12 6(0)

h o=

(13)

Furthermore, we may redefine the generalized Prandtl number
and the generalized Grashof number for the uniform-surface-
heat-flux case in the same manner as Acrivos [2] for the case of
uniform wall temperature.

Gra - (i)zmwtgﬁ(to ~ a)plry (14)

2I(1+N)
PI‘A . p_;p <7E/> [Lﬁg(to — tm)L] 3(N—1)/[2(N+1))L(1—N)/(1 +N)
p
(15)
Equation (13) can be rearranged to obtain
( 92 )N /(3N +1)
Nu 3N + 2
_ |8Vt 2/ (16)

Gra MW +01 Py NG +1) [6(0)]5N +2

Tiquation (16) is compared with the results for a uniform-tem-
perature plate for variois power-law fluid indices in Table 1.
The agreement of the values of Nu/GraV/[W+DIPp,N/GN+1
evaluated using ({y — {w)rs; for the uniform-heat-flux case with
those for the uniform-wall-temperature case verifies the poinf
made by Sparrow and Gregg, and is extended now to include non-
Newtonian fluids. This has been recently applied with success
in correlating the experimental data of Emery et al. [5].

Finally, the present theoretical work is compared with the ex-
perimental data reported very recently by Dale and Emery [6]
in Figs. 1 and 2. Further details regarding the present work may
be found in [7].
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Nomenclature
¢ = dimensional constant, equation (1)

F = velocity function, equations (5) and (6)
f = nondimensional stream function, equation (1)
g = acceleration due to gravity
Grs* = local Grashof number, gBgxt/(kv?)
k = thermal conductivity

Nu, = local Nusselt number, equation (14)
constant surface heat flux
t = temperature

u,v = velocity components along z and y directions
2,y = coordinates along and normal to plate
B = coefficient of thermal expansion of fluid
v = constant, equation (6)
7 = similarity variable, equation (1)
¢ = transformed similarity variable, equations (5) and (6)
f = nondimensional temperature, equation (1)
@& = nondimensional transformed temperature in innef

layer, equation (5)
= kinematic viscosity
dimensional stream function, equation (1)
= Prandtl number, equation (3)
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Subscripts
w = wall conditions
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(12)

R
(to - tcn)L/2
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No=(—"—
VTSN 12 6(0)

h o=

(13)
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Gra - (i)zmwtgﬁ(to ~ a)plry (14)

2I(1+N)
PI‘A . p_;p <7E/> [Lﬁg(to — tm)L] 3(N—1)/[2(N+1))L(1—N)/(1 +N)
p
(15)
Equation (13) can be rearranged to obtain
( 92 )N /(3N +1)
Nu 3N + 2
_ |8Vt 2/ (16)

Gra MW +01 Py NG +1) [6(0)]5N +2
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» = conditions atlarge distance from plate surface
| = inner layer
9 = outer layer

Introduction

FREK-CONVECTIVE heat transfer to a high-Prandtl-number
guid from a heated semi-infinite flat vertical surface has been
studied by many, including LeFevre [1],2 Stewartson and Jones
21, Kuiken [3], Roy [4, 5], Eshghy [6], and Selman and New-
man [71- Of these, the first six dealt with isothermal surfaces.
particularly, [3-6] presented results in which the Prandtl number
oceurred explicitly; [7] provided solutions for the uniform-heat-
flux poundary conditions for inﬁnite Prandtl number.

We shall in this communication study the uniform-heat-flux
case by the double-boundary-layer method described in detail
ny Roy [5]. We shall present results in series in powers of ¢~ '/
and compare them with the exact results of Sparrow and Gregg
(8] and the approximate ones of Sparrow [9] obtained on applica-
tion of the Karman-Pohlhausen integral method.

Mathematical Formulation

gparrow and Gregg [8] obtained similarity solutions of the
houndary-layer equations for the conservation of mass, momen-
tum, and energy in the following form:

oy oy

WSy VT T MmO
' (1)
1/5 6 1/5
= Wl o —t=%"8 ¢ - (1
Y = B0 1) o 0n) o

where f and 0 satisfy the coupled ordinary nonlinear differential
equations

f,” + 4ff” — 3(f/)2 — 0 — 0 (2)
0" + o(4f0’ — f'6) = 0 (3)
subject to the boundary conditions
J0) =70y =0 6(0) =1
(4)
ff—20 00 as N —

Inner and OQuter Layers

For large values of ¢ the whole boundary layer can be divided
info two regions: one of thickness O(e~'/%) in which the tem-
perature difference is brought to zero and one of thickness
0(¢*/*) in which the velocity parallel to the surface is brought to
wero again., It has been shown already that in the case of iso-
thermal surfaces these thicknesses are O{o~'/*) and O(a*/*) re-
spectively. We shall deal with these layers separately, call them
the inner and outer layers, and introduce different transforma-
tions suitable for each as follows:

loner layer:
o= oo
fn) = o7 F(5) (5)
0n) = o=/ ®u($)
Outer layer:
fo = yo =
Fn) = yo TRF($) (6)
6(n) =0
“:he“e ¥ is a constant to be specified suitably later. The func-
lans i) @, and F, satisfy the equations
By — & 4 o4 F — 3(FyY )R} = 0 (7
@1” + 4F1¢1/ - F“@l = 0 (8)

—

br;el;hlmbers in brackets designate References at end of technical

hurma of Heat Transfer

and

Fz’” + 4F2F2” - 3(le>2 = 0 (9)

In the above, a prime denotes differentiation with respect to
the appropriate variable {; or {5. Also, it should be noted that
the boundary conditions at 7 = o are redundant for F; and
those at n = 0 are so for F;. Turther, the equations (7)-(9)
suggest that series solutions in some negative powers of o exist.
The appropriate series and the boundary conditions at {; =
and at {» = 0 are determined by matching the inner solutions for
large values of {; with the outer solutions for small values of (.
Proceeding up to terms O(g 1), they are obtained to be

2
F, = Z AR
1=0

2
B = Y o, (10)
=0
2 .
Fy, = Z 0.—1/2F2i
1=0
and
Fm”(m) = 0
on(o) = 0
Fp'(0) = 1 [assuming 2 = lim Fo’({1)]
{1—3
Fp''(o) = v37y''(0)
. 1
Fyu(0) = lim [— Fio($1) — ’YQ]
f1— o Y
. 1
Fy'(0) = lim |:sz Fu'($1) — ’Y§1F20”(0)] (11)
1>
Frp''(0) = v?lim [Fu''(0) + 3v{4]
{1

Fzz(o) = lim

fH—ow

i
["’1 Fu($y) — OF'(0) — = ’Y2§'12F20”(0)j|
¥ 2

Pa/(0) = lim [, re) = vt - e
The rest of the boundary conditions are
F0) = Fi/(0) = Fy'(w) = $'(0) — 1 (12)
= &;(0) = Pn'(0) = P() = 0

For the details of matching see Roy [5].

Solutions

The nine equations obtained from (7)-(10) and subject to the
boundary conditions (11) and (12) are solved numerically on an
electronic computer and the following results are obtained:

v = 0.663902

Fio''(0) = 0.811546  ®,(0) = —1.147565

Fn''(0) = —0.173879  $y(0) = —0.226844

Fy''(0) = 0.134655  ®5(0) = 0.030392

Fu0) = 0.0  Fyu'(0) = 1.0 Fay''(0) = —1.837319 (13)

Fyu(0) = —0.300701
Fau''(0) = —1.399446
Fy'(0) = 0.804204

Fyu'(0) = 0.732916
Fu(0) = —0.311263
Fy''(0) = —1.578787

Heat Transfer
The corresponding Nusselt number has been defined by Spar-

row and Gregg [8] as
Nux = qx/[k(tw - tm)]

With the help of (1), (5), (10), and (13) we have equation (14)
reduced to

(14)
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(aGr;*/5)'/5 = Nug(1.1476 + 0.2268¢ "> — 0.030401) (13)

In Table 1 we compare our results with those of Sparrow and
Gregg {8] and Sparrow [9] for ¢ = 1, 10, 100, the three large
Prandtl numbers dealt with by Sparrow and Gregg [8].
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Finite-Element Method Applied to Heat Conduction in
Solids with Nonlinear Boundary Conditions

R. E. BECKETT! and 5.-C. CHU?

By use of an tmplicit iteration technique, the fintte-element method
applied lo the heat-conduction problems of solids is mo longer re-
stricted to the linear heat-flux boundary conditions, but is extended
to include nonlinear radiation—convection boundary conditions.
T'he varialion of surface temperatures within each time increment is
taken into account; hence a rather large time-step size can be assigned
to obtain lransient heat-conduction solutions without iniroducing
instability in the surface temperature of a body.

Introduction

Since Zienkiewicz and Cheung [1]% and Wilson and Nickell
{2] used the finite-element method to solve steady and transient
heat-conduction problems, the application of this method to
heat-transfer analysis for solids has attracted considerable atten-
tion. However, very little work has been done on the finite-
element imethod for a solid with nonlinear radiation-convection
heat-flux boundary conditions. Recently, Richardson and
Shum [3] discussed the application of the finite-element method
to the solution of heat-conduction problems involving nonlinear
radiation boundary conditions. However, in their analysis the
contribution due to radiation and convection was calculated en~
tirely from the information available at one time step earlier,
rather than from consideration of the variation of swrface tem-
peratures between each time increment. This modification, in
which the effect of radiation is considered, introduces a source of
instability in the surface temperature; therefore a small time-
increment size is necessary to keep it under control. The pur-
pose of this investigation is to extend the finite-element method
to heat conduction in solids with nonlinear boundary conditions
so that surface femperature can be varied within each time
increment.
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Analysis

The variational principles introduced by Gurtin [4] and applied
by Wilson and Nickell [2] are used in this investigation. The
details of the analysis will not be repeated. However, some maig
assumptions and results will be reviewed for the convenience of
the reader.

The region of interest is divided into a finite number M o
subregions with a finite number P of nodal points. The tem-
perature at any position within the element m can be expressed
in terms of nodal-point temperatures of a complete finite-element
system by the matrix equation?

em(xy ) = (bm(x»{e(t)} (1)

Differentiation of equation (1) with respect to the spatial coordi
nates gives a column vector of temperature gradients

{0m.i(x, t)} = [CLm(X)] { 6(t)} (2)

Substituting equations (1) and (2) into a functional proposed by
Gurtin [4] gives the generating functional for the complete finite
element system in the form of a summation over all M elements

m

M 1
Z [fg Pmcmem*em + om.i*kij*em.j - 2pm*pm*0n
m=1

we 7/’\1
- 2pmcmgo*0m$ (X; t)de - f 3Qini*0m$ (X, t)d‘sﬂl} (3)

Q=

Performing the first variation of equation (3) and noting that
the resulting expression must vanish for an arbitrary variation
60; vesults in

[C1{6)) + [K1*{01)} = 10160 — Ap} + {Qu)} @

in which the heat-capacity matrix [C], the conductivity matsh
[K], and the thermal-force vector {Q(¢)} ave defined in [2, 3].

If linear variation of temperature within each time increment
(t —~ At t)is assumed to be valid, then equation (4) becomes

<[O} + %t [K]> {0y} = ([01 - %t [K1> {00 — A +{F
(5

where the vector {#} can be determined by substitution of the
linear variational temperature expression into the thermal-for®
vector { Q. (f)} which is defined in [2, 3].

1 All notations in this technical brief are the same as in [2, 4] excep?
those which are defined here,
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Prandtl numbers dealt with by Sparrow and Gregg [8].
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element system in the form of a summation over all M elements

m

M 1
Z [fg Pmcmem*em + om.i*kij*em.j - 2pm*pm*0n
m=1

we 7/’\1
- 2pmcmgo*0m$ (X; t)de - f 3Qini*0m$ (X, t)d‘sﬂl} (3)

Q=

Performing the first variation of equation (3) and noting that
the resulting expression must vanish for an arbitrary variation
60; vesults in

[C1{6)) + [K1*{01)} = 10160 — Ap} + {Qu)} @

in which the heat-capacity matrix [C], the conductivity matsh
[K], and the thermal-force vector {Q(¢)} ave defined in [2, 3].

If linear variation of temperature within each time increment
(t —~ At t)is assumed to be valid, then equation (4) becomes

<[O} + %t [K]> {0y} = ([01 - %t [K1> {00 — A +{F
(5

where the vector {#} can be determined by substitution of the
linear variational temperature expression into the thermal-for®
vector { Q. (f)} which is defined in [2, 3].

1 All notations in this technical brief are the same as in [2, 4] excep?
those which are defined here,
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In [2, 3] equation (5) is written in the form

At
<[01 + %t {K]> {ow)} = <{C] -5 {K]) {0 — An}

A A
+5 e} + 5 lee - 80} ©

Fhig is true only if the boundary conditions are linear. If non-
linear boundary conditions are involved, the thermal-force vector
ig difficult to separate into the two thermal-force vectors at two
discrete times { — At and ¢,

Nonlinedr Heat Transfer at the Surface

Since linearity is fundamental to Gurtin’s variational principle,
to consider the radiation-convection boundary condition, the
fotlowing expression for surface heat flux was assumed to be valid:

g = ROz + 0220 + 00 + 0°)*(0r — 0) + H*(6c — 0) (7)

where R and H are constants related to the effects of radiation
and convection at the surface, respectively. The surface with
temperature # is exposed to radiation (temperature 8z) and con-
veetion (temperature 0¢).

The inclusion of radiation—convection boundary condition,
equation (7), leads to the following form of the element thermal-
force mabrix:

1Qu) = — % At ([04¢ — AL + 630 — ADE@)
+ 0%t — ADB2@) + 0¢ — ANOE) + 64

X () T D) X ) TS
Sﬂl

_ A0 — Ab) + 8()]) (A Y1),

2 S

+ f 0R4*Rm(dm>TdSm + f 00*H1n<dnl>TdSm

m m

Qjmnj<b:n>TdS7n (8)

+ f Pm *pm<bm>Tde +
Vn Sm

and
M

> {Qa (9)

m=1

{r} -

From equations (8) and (9) one knows that the thermal-force
vector {7} cannot be separated into two vectors that include the
information at times ¢ — A¢ and ¢, respectively, since 8(t — At)
and 8(2) are coupled in the first term of equation (8).

Substituting equations (8) and (9) into equation (5) results in
the following equation for the finite-element system:

At
T {04} + {0— 008} + {62 mb2) + {04 a6.))

At

At .
+ <[01 + 5+ [H]) {6} - ([01 -2

A A
+ { [H]) {002 + { [41{6%_ ) + (G} (10)

Whel'e
( M M
11] = Z [A’"] [H] = Z [Hm]
m=1 m=1
M
few} = X {e.0} ay
m=1
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Each of the m-subscripted matrices represents the result of the
appropriate integration over the mth element, e.g.

[An] = j‘ Bl {din ) )T {don XA YT DS
Sﬂl

[Hm] = Hm<dm>T<dm>dSm (12)
Snl
and
{Gm(t)} = f Pm *pm<bm>de + f 0C*Hm<dm>TdSm
T,7"/ m
m
+ f 01(’,4*Rm<dm>Tdsm + Qini<bm>TdSm
Sm Sm

It should be emphasized that equation (10) represents a set of
nonlinear algebraic equations of nodal-point temperatures for the
complete finite-element system which can be solved by the
direct iteration technique used in [5]. This method has been
proved [6] to be absolutely convergent and the order of con-
vergence is quadratic. The detailed discussion of the con-
vergence, the speed of convergence, and truncation errors of this
method will not be presented here; however, they can be found
in [6]. In the subsequent transient-temperature problems, if the
initial temperature distribution is assumed to be an estimated
solution, then a satisfactory solution can be obtained with only
two or three iterations for each time increment. If the maximum
difference of solutions for two successive iterations is less than a
specified limit €, say =107 the solution is considered to be
suitable for all calculations in the following examples.

Examples

To illustrate the solution technique on a transient heat-conduec-
tion problem of a solid subjected to nonlinear boundary condi-
tions, a plane slab of thickness 2L (0 < & < 2L) through which
heat is exchanged with a radiating and convecting environment is
considered. The initial temperature of the slab is assumed to be
uniform with value 6,. The radiation—convection boundary
conditions are assumed to be

qg = P(BR*‘i — 0W*4) —I— B(ec* - Ow*) at
n=0 n=2 (13)

The solution for 8*(%, 7) depends upon the four parameters I,
B, 0r*, and 0¢*. In this investigation the decision was made to
consider 0z* = O¢* = 0 and to vary I' and B. Hence the re-
sults obtained by the present approach can be compared with
those of the solution by Haji-Sheikh and Sparrow [7] based on the
same input data.

The finite-element solution was obtained by use of a step-by-
step technique. TFor each time increment A, an implicit itera-
tlon process [5] was used to solvé equations (10). A variable
time-step size was chosen. A value of A7 = 0.001 was chosen
initially. After 7 = 0.02, A7 was increased to 0.0025. After
7 = 0.2, AT was increased to 0.01. After 7 = 0.4, A7 was
increased to 0.025. After 7 = 1.0, A7 was increased to 0.05.
The magnitude of A7 was increased with time since the change in
the stuface temperature decreases with an increase in time. The
temperature history at the surface and at the center plane of the
slab obtained by the present method ard by the probability
method is provided in Fig. 1 for B = 1.0 and I' = 0, 1, and 4.0.
Excellent agreement has been found, as shown in Fig. 1, between
the present results and those of Haji-Sheikh and Sparrow ob-
tained by use of the Monte Carlo method.

A comparison of the surface temperature predicted by use of
the Richardson and Shum approach [3] and by use of the present
method for a slab (B = 1.0, I' = 1.0) with total elapsed time of
one unit exposed to radiation and convection cooling is also
shown in Fig. 1 by the dash-and-dot line and by the dash line,
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Fig. 1 Transient femperature results for a slab with radiation=convection boundary conditions

respectiveiy. The time-increment sequence (in that order) A7,
= 0002, A’I‘z = 0010, A’Ta = 0088, A’T4 = 010, A’T, = 020,
7

A7y = 0.30, and Ar; = 0.40 (note that >, Ar; =

i=1
to compute temperatiiie distribution so that the total elapsed di-~
mensionless time equals one unit. The difference between the
solutions presented by the open and solid upright triangles is due
to different time-increment sizes used to obtain solutions. The
solution presented by open upright triangles can be consideied
closer to the exact solution since smaller time increments, as indi~
cated, were used. However, the difference of those two solu-
tions is insighificant for practical engineering problems. This
points out that with the present method & satisfactory solution
can be predicated even with large time increments. Since no
iterative correction procedure is involved for the computing of
temperatures in the Richardson and Shum method, the larger
error introduced by use of their method may be due to the calcu-
lation of the cortribution of radiation and conveetion at the sur-
face based entirely on the surface temperatiure at one time step
earlier (e.g., at A7 = 0.012) rather than on consideration of the
variation of strface temperatures between each time step (e.g.,
between time interval Ar = [0.012, 0.1} ).

An alternative explicit successive-substitution iteration tech-
nique [8] was also used to obtain the transient temperature dis-
tribution of the plane slab subjected to radiation—convection
boundary conditions as mentioned previously. With this ap-
proach, the new computed surface temperature was used to esti-
mate the contribution of radiation and conveetion on the surface
of the slab. The detail discussion of this explicit iteration tech-
nigue will not be presented here; however, it can be found in [8].
For comparison of the resulfs obtained by use of both the explicit
and the implicit iteration techniques presented in this investiga-
tion, the spatial coordinates of all nodal points were assigned as
the same. Tence the size of banded matrices formulated by use
of both methods is the same and so with almost the same required
core storage space. Various time-step sizes aré considered.
Both the explicit and the implicit solutions are considered to be
satisfactory if the maximum difference of results for two successive
iterations is less than ¢ = 1074 A comparison of the number
of iterations required to obtain a satisfactory solution by use of
explicit and implicit methods for various time-step sizes and
various I' and B is given in Table 1.

From Table 1 the'following conclusions are obtained:

L The speed of convergence of the explicit iteration technique
not only strongly depends upon the size of time increment A7 but
also strongly depends upon the values of ' and B. However, the
size of time increment A7 and the vaiues of I' and B do not much
affect the speed of convergence of the implicit iteration technique.

1.0) was used
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2 The speed of convergence of the implicit iteration tech.
nique is much faster than the speed of convergence of the explicit
iteration technique. The implicit iteration technique used here
has been proved [6] to be quadratically convergent; in other
words, the number of correct decimal places is doubled at each
iteration.

3 The implicit iteration technique used in this investigation
is always convergent [6] even with large time-increment size (e.g,
A7 = 0.5). Of course, if large time incremerits arve used, the re-
sult will not converge to the exact solution.

Conclusions

With the use of iteration techniques, the finite-element. method
is extended to solid heat conduction with nonlinear hedt-flux (rs-
diation—convection) boundary conditions. The speed of con
vergence of the imiplicit method is faster than that of the explicit
method. This may be due to the fact that the implicit methed
requires iteration of temperatures not only at the surfaces but ale
at all nodal points in the solid. The disadvantage of applying.
the implicit iteration method is that it is more difficult to pro-
gram than the explicit iteration method; however, an experienced
programmer can readily reduce the complexity of programming.
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Conductive Shape Factors for a Gircular Cylinder
Centered in a Rectangular Slab Having One and
Two Adiabatic Surfaces
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Introduction

Many practical heat-transfer problems pertain to heat con-
duetion between two isothermal surfaces through.an intervening
medium posing a variable cross-sectional area to the heat flow.
For such cases, the influence of variable geometry is commonly
included in a conductive shape factor defined by

q = SkAT 1)

Many configurations have previously been investigated and
typical shape factors are reported in [1-4] .4

In this note, attention is directed to the case of a circular eylin-
der centered in a rectangular slab, Fig. 1(a). For this arrange-
ment with both the inner and outer surfaces at constant but
different temperatures, an expression for the shape factor has
heen obtained by means of conformal mapping and reported by
Balcerzak and Raynor [1] as

§- 2)
4a
In — — 2K
T
where K is a function of the ratio b/a. Two variations of this
arrangement, which are considered in this note include the case
where one side of the rectangle is adiabatic and the case where
two opposing sides are adiabatic. Shape factors for the first
¥ariation apply directly to a symmetrical half of the arrange-
ment shown in Fig. 1(b), while those for the second variation
flpply directly to a symmetrical section of the arrangement shown
i Fig. 1(c). Results for the two variations may be useful in
'PSﬁmating heat-transfer rates for situations such as that shown
In Fig. 1(d), provided some caution is exercised since the geo-
metrieal dividing line between the two cylinders at an end is not a
brecise line of thermal symmetry.
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Fig. 2 Conductive shape factors for a rectang containing a
heated or cooled fube—two sides isothermal and two sides adiabatic

Computations and Results

A symmetrical section of Fig. 1(¢) was isolated for numerical
study. 1In the first variation considered with one wall adiabatic
and the other three isothermal, this amounted to a half-section.
For the second variation with two opposing walls isothermal
and the other two adiabatic, this corresponded to a quarter-
section. In each case, the selected section was subdivided into
a square-grid network.

Appropriate finite-difference equations relating nodal-point
temperatures to those of adjacent points were formulated as
presented in the conduction literature. For those nodal points
adjacent to the interior curved boundary, use was made of frac-
tional nodal spacings in accordance with the technique outlined
in [5]. A suitably small grid spacing, using from 288 to 2560
grid points for the symmetrical section analyzed, was chosen to
insure accuracy of the numerical solution for each configuration.
Computations were carried out using an IBM 360/40 digital
computer.

The integrity of the numerical technique was ascertained by
computing shape factors for the range of ratios a/r and b/a of
this study corresponding to the case of all four surfaces isother-
mal. These numerical predictions agreed in each case within 2
percent of the exact solution given by equation (2), and this is
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Many practical heat-transfer problems pertain to heat con-
duetion between two isothermal surfaces through.an intervening
medium posing a variable cross-sectional area to the heat flow.
For such cases, the influence of variable geometry is commonly
included in a conductive shape factor defined by
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Many configurations have previously been investigated and
typical shape factors are reported in [1-4] .4

In this note, attention is directed to the case of a circular eylin-
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Computations and Results

A symmetrical section of Fig. 1(¢) was isolated for numerical
study. 1In the first variation considered with one wall adiabatic
and the other three isothermal, this amounted to a half-section.
For the second variation with two opposing walls isothermal
and the other two adiabatic, this corresponded to a quarter-
section. In each case, the selected section was subdivided into
a square-grid network.

Appropriate finite-difference equations relating nodal-point
temperatures to those of adjacent points were formulated as
presented in the conduction literature. For those nodal points
adjacent to the interior curved boundary, use was made of frac-
tional nodal spacings in accordance with the technique outlined
in [5]. A suitably small grid spacing, using from 288 to 2560
grid points for the symmetrical section analyzed, was chosen to
insure accuracy of the numerical solution for each configuration.
Computations were carried out using an IBM 360/40 digital
computer.

The integrity of the numerical technique was ascertained by
computing shape factors for the range of ratios a/r and b/a of
this study corresponding to the case of all four surfaces isother-
mal. These numerical predictions agreed in each case within 2
percent of the exact solution given by equation (2), and this is
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considered to be indicative of the accuracy of the results reported
herein. The results are summarized in Figs. 2 and 3, where the
indicated “‘points’” in these figures correspond to specific numeri-
cal computations.
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Introduction and Background

AnavyTic formulas for steady temperatures in rvectangles with
broken boundary conditions are obtained. These results supple-
ment standard formulas for corresponding continuous boundary-
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mensionless coordinates (£, 7) the rectangle is 0 < £ < 1 and ¢
< 9 < § (this includes the semi-infinite rectangle for whigy
B = «). The temperature 7' satisfies Laplace’s equation apg
the boundary conditions

oT
huT - ]Cu -
on =0
oT
l:hmT — ks “—:]
on 7=0

T dT
hoT - ko — = 0 T — k. ~:' =0
[ i a%]e=1 [ ! O Je=o

0<9<B @

where the constants ha/k are Biot numbers (o being a chargq
teristic length) (2, p. 12], v is a point between 0 and 1, and the
functions f are given. If 8 = «, then T is bounded as » — o,
whereas if 8 < «, then

= fu(f) 0<E<y o0

=ful®) v<E<1 )

oT
[haT + ks g‘] = fs(§) 0<é<t 0]
Ndy=8

Note that & = 0 and h = 0 correspond, respectively, to boundary
conditions of the first and second kind [2, p. 7]. For brevity, we
exclude the case in which both hy and k4 are zero. This case cay
be solved by slightly modifying the answers given here, cf. (1, pp,
18, 101].

The difficulty in finding 7 is due entirely to conditions (1) and
(2), the “broken’’ or “discontinuous’” boundary conditions, which
correspond to a discontinuity in the differential boundary opera.
tor, i.e., the left-hand sides of (1) and (2), at & = v. The
continuity properties of the functions f are not important.

We separate variables to find a solution in £-eigenfunctions
satisfying all the boundary conditions except along the base
The solution is fitted to the base boundary conditions by an in-
tegrated least-squares critevion [3, 4]. The procedure we use iz
related to the method of dual trigonometric series [5, 6] often
used in continuum mechanics (7] and electrostatics [6, 8]. Itis
easier to apply than dual series since it involves no manipulation
of special functions or use of integral equations, and for hest
transfer has the advantage of applying to problems with boundary
conditions of the third kind. Thus the present technique com-
bines for the rectangle the principal advantage of dual series
[6]—a neat eigenfunction solution—with the main advantagesof
integrated least-squares boundary fitting [3, 4]—the flexibility
0 handle all linear boundary conditions and computational sink
plicity. -

A related problem is finding the temperature U which satisfies
equations (1)-(4) modified as follows: the right-hand sides of
(1), (2), and (4) are set equal to zero; the right-hand sides of the
equations in (3) are replaced by given functions fi(y) and fi(1)
In finding T there is a discontinuity in the differential boundary
operator along an edge with a nonhomogeneous boundary cow
dition, whereas in finding U the discontinuity is on an edge wi‘tha
homogeneous boundary condition. One uses §-eigenfunction
for finding T and 7-eigenfunctions for finding U. Since £ and 7
do not enter either problem symmetrieally, a very different
method was used [9, 10] to find U than is used here to find T.
This stands in sharp contrast to the case of continuous bolmd’“}“
operators for which, since £ and 7 enter the problem gymmetrr
cally, solutions involving £-eigenfunctions are obtained from those
involving 7-eigenfunctions by simply interchanging ¢ and 1
11, 2].

Application of the Method

Separating variables in the usual fashion leads to the followiu;
solution for the semi-infinite rectangle:

T ) = i U sin (A€ + @ode™ M7 (5:

n=1
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considered to be indicative of the accuracy of the results reported
herein. The results are summarized in Figs. 2 and 3, where the
indicated “‘points’” in these figures correspond to specific numeri-
cal computations.
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mensionless coordinates (£, 7) the rectangle is 0 < £ < 1 and ¢
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oT
huT - ]Cu -
on =0
oT
l:hmT — ks “—:]
on 7=0

T dT
hoT - ko — = 0 T — k. ~:' =0
[ i a%]e=1 [ ! O Je=o

0<9<B @

where the constants ha/k are Biot numbers (o being a chargq
teristic length) (2, p. 12], v is a point between 0 and 1, and the
functions f are given. If 8 = «, then T is bounded as » — o,
whereas if 8 < «, then

= fu(f) 0<E<y o0

=ful®) v<E<1 )

oT
[haT + ks g‘] = fs(§) 0<é<t 0]
Ndy=8

Note that & = 0 and h = 0 correspond, respectively, to boundary
conditions of the first and second kind [2, p. 7]. For brevity, we
exclude the case in which both hy and k4 are zero. This case cay
be solved by slightly modifying the answers given here, cf. (1, pp,
18, 101].
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correspond to a discontinuity in the differential boundary opera.
tor, i.e., the left-hand sides of (1) and (2), at & = v. The
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We separate variables to find a solution in £-eigenfunctions
satisfying all the boundary conditions except along the base
The solution is fitted to the base boundary conditions by an in-
tegrated least-squares critevion [3, 4]. The procedure we use iz
related to the method of dual trigonometric series [5, 6] often
used in continuum mechanics (7] and electrostatics [6, 8]. Itis
easier to apply than dual series since it involves no manipulation
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transfer has the advantage of applying to problems with boundary
conditions of the third kind. Thus the present technique com-
bines for the rectangle the principal advantage of dual series
[6]—a neat eigenfunction solution—with the main advantagesof
integrated least-squares boundary fitting [3, 4]—the flexibility
0 handle all linear boundary conditions and computational sink
plicity. -

A related problem is finding the temperature U which satisfies
equations (1)-(4) modified as follows: the right-hand sides of
(1), (2), and (4) are set equal to zero; the right-hand sides of the
equations in (3) are replaced by given functions fi(y) and fi(1)
In finding T there is a discontinuity in the differential boundary
operator along an edge with a nonhomogeneous boundary cow
dition, whereas in finding U the discontinuity is on an edge wi‘tha
homogeneous boundary condition. One uses §-eigenfunction
for finding T and 7-eigenfunctions for finding U. Since £ and 7
do not enter either problem symmetrieally, a very different
method was used [9, 10] to find U than is used here to find T.
This stands in sharp contrast to the case of continuous bolmd’“}“
operators for which, since £ and 7 enter the problem gymmetrr
cally, solutions involving £-eigenfunctions are obtained from those
involving 7-eigenfunctions by simply interchanging ¢ and 1
11, 2].

Application of the Method

Separating variables in the usual fashion leads to the followiu;
solution for the semi-infinite rectangle:
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Fig. 1 Isotherms are displayed for an illustrative example in which T
safisfies the boundary conditions shown along the sides of the square;
the temperature increment between isotherms is 5; the break in boundary
conditions along the base occurs at y = %; to the left of  the base is
insulated, while to the right convective heat transfer occurs by Newtonian
cooling

where A, is the nth positive root of

(kokal® — hohy) tan N = N(hoks + haks) (6)

and

$n = arvctan (kahn/hs) (7

This solution satisfies (3). To satisfy conditions (1) and (2) the
{aa} are chosen to minimize the integrated least-squares deviation
glong the base, i.e.,

¥ oT 2
I= f <|:k11 — + huT — fujl > d!;'
0 377 n=0
1 oT 2
+ f <[k— + hneT — fu:l > dt
v 577 7=0

To find the minimum we set I /da, = Oforn = 1,2, ..., and ob-
tain (after some straightforward algebra) the equations for {an}

ZApnan=Fp p=12...,

n=1

8)

where

Fp = ()\pkll + hy) f“/ fu(g) sin O\pf -+ ¢)p)d£
0

1
+ (Apkiz + hya) f Jro(E) sin (\E + @p)dE  (9)
¥

For conveniently expressing A,. we introduce the notation Apn*
= ’\1’ £S }\n; Gpn* = Py == ¢n; and

Opn = '?in Apn™Y + Ppn™) — sin Ppn™

2Apn”~
sin Mpn™Y + Ppn*) — sin @pn ™
B : 2f:n+) 2 pn
b, - 1 [, _sin @\ + 2¢,) — sin 24,
2 |7 2\p
€ = Sin (Apn™ -+ @pn™) — sin Apn™Y + Gpn™)
Dhpn™
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_ sin Apn® + @pn™) — sin Mpn ™y + dpn™)
20pn T

pH#En

1 1 sin (27, + 2¢hp) — sin (2N 4 2¢,)
O L 2N
4

In this notation
Apn = ()\pkll + hll)()\nkll + hll)apn
4+ Mpkiz + hiz)Nnkiz + hiz)epn  (10)

For the finite rectangle, T is found in exactly the same way.
The answer here ig

w©

T n) = . {aa] — sinh A9 + ua cosh Aayl

n=1
+ Gacosh My} sin (\ak + @) (11)
where u, = (hs tanh \o8 + Esh\i)/(hs + ksh, tanh A.8),
1
4\, sech A\, f f2(&) sin (A& + ¢n)dE
_ 0
T (hs + ks, tanh AaB) (2N, — sin (2N, + 26.) - sin 2¢,)

and {a.} is the solution to (8) with

Fp = (hups + kudy) f7 Fu(§) sin Aok + ¢p)d
0

1
+ (iapip + Kr2p) f J12(E) sin (NpE 4 ¢p)dE
Y

- Z Gn[hll(hll,u«p + kll>\p)6pn + hlz(hmﬂ«p + k12>\p)€pn] (12)

n=1

Apn = (husptp + ko) PBarptn + ]011>\n)5pn

+ (haaptp -+ Frodp)(Pazpin + kiha)epn  (13)

The nth-order approximation to T is found by truncating the
series in (5), (8), and (11) at the nth term. For most applica-
tions, n < 20 suffices. Computations were performed on a CDC
6400 with a program written in FORTRAN IV. Our program
generates on command isotherm curves which are automatically
displayed on a cathode-ray tube and recorded on 35-mm film.
Figure 1 was produced this way with n = 20. Little change was
seen in these curves in going from the 20th- to the 100th-order
approximation. We have obtained gimilar results for other ex-
amples.

In summary, integrated least-squares boundary fitting is an
analytically simple and numerically effective procedure for ex-
tending separation-of-variables formulas to steady temperatures
in rectangles with discontinuous boundary conditions.
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A Numerical Solution of the Graetz Prohlem
with Axial Conduction Included

F. H. VERHOFF! and D. P. FISHER?

Nomenclature
Cp = specific heal

k = thermal conductivity
K = constant of axial transformation
Nu = Nusselt number, 2Rgw/[k(Tw — Tb)]
Pe = Peclet number, 2pRuC,/k
¢w = heat flux at wall
7 = radial dimension
R = pipe radius
T = temperature
Ty = bulk temperature
% = mean velocity
uy = velocity
z = axjal dimension
7 = dimensionless axial dimension
# = dimensionless temperature
¢ = dimensionless radial dimension
p = density
Introduction

TraE familiar Graetz problem of laminar-flow heat transfer in
a pipe has traditionally been solved by neglecting the effect
of axial heat conduction because the mathematical prob-
lem is simplified from an elliptic equation with boundary condi-
tions at infinity to a parabolic equation with this assumption.
However, for low Peclet numbers the effect of conduction is
significant; Hennecke [1]® has presented numerical solutions
with axial conduction included for constant-wall-temperature
and uniform-heat-flux cases. By trial and error he approxi-
mated the boundary conditions at infinity. Hsu [2] has de-
veloped an exact solution to the uniform-wall-heat-flux case by a
separation-of-variables technique. Petukhov and Tsvetkov [3]
solved the constant-heat-flux case by using an approximate tech-
nique that Hsu found to contain considerable error. Jones [4]
recently presented an analytical solution for the constant-wall-
temperature case.

The solutions of these authors are complicated by the use of
boundary conditions at infinity. This work presents a numerical
solution that avoids the infinite boundary conditions. Constant-
wall-temperature, uniform-heat-flux, and insulated constant-
wall-temperature cases are all investigated; however, detailed
results are given only for the case of flow from an insulated pipe
into a constant-temperature pipe since these results (possibly
more useful) are not as yet to be found in the literature.
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Relevant Equations

The equation for heat transfer to a laminarly flowing fluiq in
a tube can ‘be written [5]

1o
r or

oT
(%)

0T
= =pZu

Co

oz? k

oT

oz

1

where u, is the parabolic velocity profile. Various sets of bounq.

ary conditions are given below:

Constant Insulated
Uniform wall constant
heat flux tempera- tempera-
ture ture
2 = — ™ T =1T, T=1T T=T0
oT QQw
= + oo — = = T =T T=T
2= 2z pCrulk ! !
oT oT oT
. = Pl =0
! 0 or 0 or 0 or @
oT oT
A -= = T =T — =0
r=FBz<0 or 0 ’ or
oT w0
=R 2z>0 = T =Ty T =T
or k

The infinite boundary conditions can be eliminated by making
a variable transformation of the form 7 = tan~z.
Introducing the dimensionless variables

R KRt g L =T )
r=£§ z = an T = o7 )
so that n = L tan—! 2 results in the following dimensionless
T KR

equation:

trpof 020 108
Pe(l_gz)cis_lrﬂ_zﬁ Lo

#K on of  f 0f

! - 2m cos® 7 sin 7Y 60] )
cost Ty —— — in w1y —
(K T on? K on
Transformed boundary conditions for the constant-walk
temperature case and the insulated constant-temperature case.
were obtained and only contain zeros or ones.

Constant Insulated
wall constant
temperature temperature
7 = —0.5 6=0 =0
7 = 405 6 =1 9 =1
o of
= — = — =0 @)
£=0 of of
0 ¢} 0 0_0 =
§=11< = oy =
E=17>0 g =1 0 =1
on 1 2
These results follow from the fact that — = —>—= cos® T
oz 7KR
M /dzt = —2m cos®wn sin wy/(wKR)?, and Pe = 2pRuCy/k.

Finite-Difference Technique

The finite-difference equations, which were an approximatio?
of equation (4) with the boundary conditions, were develo
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Fig. 2 Bulk temperature us a function of axial distance for constant-
temperature and insuvlated constant-temperature cases

using the techniques given by Carnahan et al. [6]. The first
derivatives were approximated with the central difference opera-
tor, and the second derivative also was approximated with an
accuracy to the second order. The boundary condition at the
center of the tube was handled in the usual way (see [6]). Other
boundary conditions are straightforward.

The computer was programmed to solve this set of equations
by the Gauss—Seidel iteration technique. The radial and axial
directions were divided into grids with from 10 to 40 divisions.
A good approximation to the equations was achieved for 10 radial
divisions and 30 axial divisions. The transformation constant
K was varied between 0.5 to 2.0; a satisfactory value was 1.0.
Convergence was quite rapid and was terminated when the di-
Mensionless temperature values changed less than 0.01 percent
In an iteration.

Results

The constant-wall-temperature case was run for various values
0{ the Peclet number; the radial temperature profiles with axial
distance as a parameter were compared with those of Hennecke
[l and rather close agreement was observed. The Nusselt
lumbers obtained were also compared with those of Hennecke;
food comparison was obtained for the downstream section but
the results for the upstream numbers were slightly higher than
those of Hennecke. The uniform-heat-flux case was also solved,
and the results compared very well with those of Hennecke [1]
ind Hgy [2]

Journal of Heat Transfer

T T T

[N N RS

———e-  CONSTANT' TEMPERATURE ]
INSULATED, CONSTANT TEMP

toluat T S | I RN
1072 10! 10

z (z>0)
R Pe
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Fig. 4 Nusselt number as a function of upstream axial distance for

insulated constani-temperature case

Figure 1 is a plot of radial temperature profile with axial dis-
tance as a parameter for the case of insulated upstream section
and constant downstream temperature with the Peclet number
equal to 5. The temperature profiles in the upstream section
differ markedly from the constant-temperature case and this
difference extends into the downstream section of the tube. The
bulk temperatures as a function of downstream distance for the
two cases and for different Peclet numbers are plotted in Fig. 2.
The results of this study and those of Hennecke are essentially
identical for the constant-temperature case, but these results
differ significantly from those of the insulated case as can be seen
from the graph.

Local Nusselt numbers for the insulated constant-temperature
case were calculated from the defining equation. The Nusselt-
number results as a funetion of axial distance for the insulated
constant-temperature case are shown in Figs. 3 and 4 for various
Peclet numbers. The entrance-region Nusselt numbers for this
case are much lower than for the constant-temperature case.
Thus the extra heat transfer expected in the entrance region
would be much less for the insulated upstream case in comparison
with the constant-temperature case.

Conclusions

The inverse-tangent transformation permits the conversion of
the infinite boundaries for the Graetz problem into finite bounda-
ries. The resulting equations are easily solved by finite-difference
techniques. Results for the constant-temperature and uniform-
heat-flux boundary conditions compared well with the results of
Hennecke [1] and Hsu [2]. The insulated upstream and
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constant-temperature downstream results are presented and
indicate the bulk temperature and Nusselt numbers differ sig-
nificantly from those of the constant-temperature case.
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Variable-Property Turhulent Flow in a Horizontal
Smooth Tube during Uniform Heating and Constant
Surface-Temperature Cooling

J. ZUCCHETTO! and R. S. THORSEN?

Durine the investigation of friction and heat-transfer behavior
in turbulent swirl flow of air with both heating and -cooling [1],?
it, was evident that existing correlations for turbulent convection
in circular tubes which adequately accounted for temperature-
dependent properties were not available over the entire range of
temperatures investigated. This was particularly true for the
case of cooling, i.e., the case of a hot gas and a cold surface. It
therefore became necessary to independently establish Nusselt-
number correlations for both heating and cooling to serve as a
base line for comparison with the twisted-strip-induced swirl-flow
results.

The results for uniform heating are briefly repeated here since
they are somewhat obscured by the emphasis on swirl flow in [1]
and because some of the equipment used in the present cooling
study, e.g., orifice flowmeter and reverse-flow adiabatic mixing
chambers, were calibrated and used in the heating experiments.
The constant-property Nusselt-number correlation, denoted by
subseript 0 and obtained from low-heat-flux data, was

Nu, = 0.021 Re0-8Py0-4

(1)

Equation (1) is in agreement with results reported by McEligot
et al. [2] and Kays [3].

At large heat fluxes, and therefore large differences between the
local surface temperature 7's and bulk temperature T's, the effect
of temperature-dependent properties is important and the
Nusselt number can be correlated according to

Nu = Nuy(7T,/T5)"°

(heating, uniform heat flux)

(2)

In equation (2) the temperatures are measured on an absolute
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scale. In [1] values of Ts/Tp ranging from 1 to 1.9 were cop.
sidered and a least-squares error fit of the data indicated a valye
of & = 0.32. As reported by both Kays and Jackson [4], the
analytic results of Deissler and Eian [5] correspond to @ = 0.34.
For the experimental Reynolds-number range of 18,000 to 215,000
the results reported in [1] are therefore seen to be in agreement
with [5].

For the cooling experiments reported in [1], two factors con.
tribute to the uncertainty of the no-swirl Nusselt-number corre.
lation reported. First the range of 7,/Ts was not very great
and second the test section L/D ratio was only 36. This wag
adequate for the swirl-flow experiments but the question of
thermal-entrance-length effects was left unresolved for the case
of no-swirl cooling. These two uncertainties motivated the study
reported herein. The horizontal brass test section used is shown
schematically in Fig. 1. Copper-constantan thermocouples
(30-gage) were used to measure the water temperature and sur-
face temperature of the test section. The air inlet and exit bulk
temperatures were measured in reverse-flow adiabatic mixing
chambers. The air flow rate was measured using an orifice flow-
meter and was heated to temperatures up to 700 deg I* prior to
entering the test section. The maximum Mach number en-
countered was 0.34 but was generally much less. Further details
of the experimental facility are reported in {6].

Results

The test-section surface temperature was measured with nine
copper—constantan thermocouples attached at various axial and
circumferential positions on the tube. For the entire rangeof
experiments the surface temperature 7, varied from 39 to 62 deg
F depending on water-supply conditions. However, in no case
was there a temperature variation of more than 4 deg F between
thermocouples, confirming that a uniform-temperature boundaty
condition was achieved. The total heat-transfer rate from the
flowing air, Q, was calculated from the measured mass flow rate
and bulk temperature change from inlet to exit with the constant-
pressure specific heat evaluated at the arithmetic-mean bulk
temperature. In order to maintain isothermal wall conditions
the water flow rate was maximized. This resulted in very small
changes in’ the bulk temperature of the water and precluded an
accurate energy balance. However, the flowmeter had beeu
separately calibrated as had been the mixing chambers during the
heating runs reportedin [1]. There a heat balance was possible
and @ caleulated as described above was generally found to b
well within 4 percent of the value predicted from the hest
balance.

By removing the exit mixing chamber a traversing t,herl‘no‘
couple could be attached to the end of the test sections. Vertical
and horizontal traverses were made and they revealed comple!¢
symmetry with respect to the tube axis. No circumferenti®
asymmetry due to superimposed free convection was detectable
[6]. The heat-transfer coefficient was therefore calculat
according to
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constant-temperature downstream results are presented and
indicate the bulk temperature and Nusselt numbers differ sig-
nificantly from those of the constant-temperature case.
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dependent properties were not available over the entire range of
temperatures investigated. This was particularly true for the
case of cooling, i.e., the case of a hot gas and a cold surface. It
therefore became necessary to independently establish Nusselt-
number correlations for both heating and cooling to serve as a
base line for comparison with the twisted-strip-induced swirl-flow
results.

The results for uniform heating are briefly repeated here since
they are somewhat obscured by the emphasis on swirl flow in [1]
and because some of the equipment used in the present cooling
study, e.g., orifice flowmeter and reverse-flow adiabatic mixing
chambers, were calibrated and used in the heating experiments.
The constant-property Nusselt-number correlation, denoted by
subseript 0 and obtained from low-heat-flux data, was
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Equation (1) is in agreement with results reported by McEligot
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At large heat fluxes, and therefore large differences between the
local surface temperature 7's and bulk temperature T's, the effect
of temperature-dependent properties is important and the
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scale. In [1] values of Ts/Tp ranging from 1 to 1.9 were cop.
sidered and a least-squares error fit of the data indicated a valye
of & = 0.32. As reported by both Kays and Jackson [4], the
analytic results of Deissler and Eian [5] correspond to @ = 0.34.
For the experimental Reynolds-number range of 18,000 to 215,000
the results reported in [1] are therefore seen to be in agreement
with [5].

For the cooling experiments reported in [1], two factors con.
tribute to the uncertainty of the no-swirl Nusselt-number corre.
lation reported. First the range of 7,/Ts was not very great
and second the test section L/D ratio was only 36. This wag
adequate for the swirl-flow experiments but the question of
thermal-entrance-length effects was left unresolved for the case
of no-swirl cooling. These two uncertainties motivated the study
reported herein. The horizontal brass test section used is shown
schematically in Fig. 1. Copper-constantan thermocouples
(30-gage) were used to measure the water temperature and sur-
face temperature of the test section. The air inlet and exit bulk
temperatures were measured in reverse-flow adiabatic mixing
chambers. The air flow rate was measured using an orifice flow-
meter and was heated to temperatures up to 700 deg I* prior to
entering the test section. The maximum Mach number en-
countered was 0.34 but was generally much less. Further details
of the experimental facility are reported in {6].

Results

The test-section surface temperature was measured with nine
copper—constantan thermocouples attached at various axial and
circumferential positions on the tube. For the entire rangeof
experiments the surface temperature 7, varied from 39 to 62 deg
F depending on water-supply conditions. However, in no case
was there a temperature variation of more than 4 deg F between
thermocouples, confirming that a uniform-temperature boundaty
condition was achieved. The total heat-transfer rate from the
flowing air, Q, was calculated from the measured mass flow rate
and bulk temperature change from inlet to exit with the constant-
pressure specific heat evaluated at the arithmetic-mean bulk
temperature. In order to maintain isothermal wall conditions
the water flow rate was maximized. This resulted in very small
changes in’ the bulk temperature of the water and precluded an
accurate energy balance. However, the flowmeter had beeu
separately calibrated as had been the mixing chambers during the
heating runs reportedin [1]. There a heat balance was possible
and @ caleulated as described above was generally found to b
well within 4 percent of the value predicted from the hest
balance.

By removing the exit mixing chamber a traversing t,herl‘no‘
couple could be attached to the end of the test sections. Vertical
and horizontal traverses were made and they revealed comple!¢
symmetry with respect to the tube axis. No circumferenti®
asymmetry due to superimposed free convection was detectable
[6]. The heat-transfer coefficient was therefore calculat
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where (AT)rar is the logarithmic-mean temperature difference
hetween the air and the tube surface. The area 4 in equation (3)
was computed on the basis of the inside diameter of the test
section and an adjusted length. The adjusted length consists
of the test-section length exposed to the cooling water, i.e., 97.7
in. as shown in Fig. 1, plus a correction to account for cooling that
takes place between the upstream and downstream mixing
chambers and the end of the test-section flanges. The physical
length involved was 4 in. at each end. Since these 4-in. end
fing"” were not isothermal, an effectiveness had to be determined
to compute the equivalent isothermal lengths to be added to the
17.7-in. water-cooled length. Thus

A = DL + il + neLe) (4)

In equation (4), D is the test-section inside diameter, L is the
water-cooled length (97.7 in.), L; and L. are the lengths of the
tubing joining the water-cooled section to the inlet and exit mix~
ing chambers respectively, and 7; and 7. are the effectivenesses
of these lengths evaluated using the insulated end condition.
(This was consistent with the nature of the connection between
the brass tube and mixing chambers and with measured tem-
peratures along these ‘‘“fins.”’) Since the effectivenesses in
equation (4) depend on A, an iterative scheme was required to
wmpute ~ from equations (3) and (4). Details of the data re~
duction are described in [6].

The constant-property diametral Nusselt-number correlation
wis obtained using the experimental data for Ts/Ts =~ 0.95.
These results are shown as circles in Pig. 2 and showed good
agreement with the relation

Nug = 0.0207 Pio-33Re0- (cooling, T's = constant) (5)

In the presence of large fluid-to-surface temperature dif-
[erenees, account must be taken of property variations by the

telation
T, \®
6
TB) ®)

Iequation (6) the properties were evaluated at the average bulk
tenperature, i.e.,

Nu = Nug <

Ts =Ts + (AT)iu )

‘With decreasing values of T,/7 5 the experimental points were
tisplageq farther above the curve corresponding to equation (5).
E .multiple regression analysis was therefore performed to deter-
Mine the coefficient in equation (7), the Reynolds-number ex-

hurnal of Heat Transfer

ponent, and b. Using all of the data in Fig. 2 resulted in

T, \ 017
Nu = 0.0207 Pros Rets ( - > ®)

B

It is noted that the value b = 0.17 is somewhat larger than the
value of 0.1 recommended by Kays [3] but agrees with the ana-
lytic results of Deissler and Eian [5] which correspond to a value
of b = 0.19 for cooling [3].

Isothermal and diabatic friction factors were obtained and they
compared well with the Karman-Nikuradse data for smooth
tubes. No significant temperature-ratio effect could be found
during cooling. This is in agreement with the recommendation
of Kays [3].
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Film-Cooling Effectiveness in the Presence of a
Backward-facing Step

L. MATTHEWS and J. H. WHITELAW!

Introduction
Tz influence of slot geometry on the effectiveness of film cool-
ing has been shown to be of considerable importance both for two-
and three-dimensional slot configurations and stems from the
different flow conditions which a particular slot creates in the
plane of its exit. The present paper is concerned with two-
dimensional slots and extends the work of [1-3]? to include
measurements of the influence of a backward-facing step, located
as shown in Fig. 1, on the downstream impervious-wall effective-
ness.? Since the velocity ratio, density ratio, and lip-thickness-
to-slot-height ratio are known to have significant influence, and
also to be of practical importance, they- are regarded as param-
eters.
" The range of parameters investigated is particularly relevant
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3 Defined as 7 = (mw — mg)/(mc — me) where m is mass concen-
tration of the injected gas and W, C, and G refer respectively to the
impervious wall, the slot, and the free stream.
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where (AT)rar is the logarithmic-mean temperature difference
hetween the air and the tube surface. The area 4 in equation (3)
was computed on the basis of the inside diameter of the test
section and an adjusted length. The adjusted length consists
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takes place between the upstream and downstream mixing
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to compute the equivalent isothermal lengths to be added to the
17.7-in. water-cooled length. Thus
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In equation (4), D is the test-section inside diameter, L is the
water-cooled length (97.7 in.), L; and L. are the lengths of the
tubing joining the water-cooled section to the inlet and exit mix~
ing chambers respectively, and 7; and 7. are the effectivenesses
of these lengths evaluated using the insulated end condition.
(This was consistent with the nature of the connection between
the brass tube and mixing chambers and with measured tem-
peratures along these ‘‘“fins.”’) Since the effectivenesses in
equation (4) depend on A, an iterative scheme was required to
wmpute ~ from equations (3) and (4). Details of the data re~
duction are described in [6].
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These results are shown as circles in Pig. 2 and showed good
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It is noted that the value b = 0.17 is somewhat larger than the
value of 0.1 recommended by Kays [3] but agrees with the ana-
lytic results of Deissler and Eian [5] which correspond to a value
of b = 0.19 for cooling [3].

Isothermal and diabatic friction factors were obtained and they
compared well with the Karman-Nikuradse data for smooth
tubes. No significant temperature-ratio effect could be found
during cooling. This is in agreement with the recommendation
of Kays [3].
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to the cooling of gas-turbine combustion-chamber walls. In
practice, cooling rings result in three-dimensional flows, but, with
improving design, tend toward configurations which result, at
very short distances from the slot exit, in two-dimensional flows.
Thus, the two-dimensional limitation of the present work implies
that the results conform to the optimum effectiveness for pre-
seribed values of the parameters specified above.

Equipment

The experiments were carried out in the wind tunnel pre-
viously described in [4] with a free-stream velocity of 60 fps and
a slot height of 1/, in. The two-dimensionality of the flow had
previously been checked, but, because separation regions are par-
ticularly sensitive to three-dimensional effects, the two-dimen-
sionality of the reattachment line was confirmed visually for the
largest step height of 1/, in. A mixture of mineral oil and ti-
tanium dioxide was used for the swrface-flow visualization and re-
sulted in reattachment lines which were parallel to the slot exit
to within 5 percent of the distance from the slot exit over the
central 15-in. section of the tunnel.

The experimental techniques were modified from those de-
seribed in [1-4]. The mass concentration of either a tracer gas
(helium) in air or Arcton 12 in air was measured after drawing
samples through static-pressure holes in the base plate of the
wind tunnel. The need for rapid, on-line concentration measure-
ments precluded the use of the chromatographic technique used
earlier.

Since only two-component mixtures were employed, the chro-
matograph was replaced by a sensitive katharometer (Servomex
MK 158) which combined sensitivity with stability, low internal
volume, and the ahility to sustain high flow rates. The katha-
rometer consisted of two chambers, each of 1.6 X 107 in.? in-
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Fig. 3 Effect of step height on film-cooling effectiveness: p¢/pe = 2,
t/yc = 1/8; pclic/paUq = for @, 2.0; for A, 1.0; for B 0.7

ternal volume and containing a matched pair of platinum fils.
ments. The two sets of filaments formed a Wheatstone bridge
and were supplied with constant voltage by an external unit with
zeroing and signal-attenuation controls. The balance voltage
which resulted from one set of filaments being exposed to a gasof
composition different from the reference gas, was scanned con.
tinuously by a data logger and recorded on punched tape. The
flow rate of both streams was regulated by matched needle valve
and measured on matched rotameters and the kathavometer and
preheating coils were located in a thermostatically controlled
oven; these precautions insured that the balance voltage wasa
funetion of concentration alone.

The katharometer was calibrated for mixtures of Arcton 12in
air and for helium in air by injecting samples of known concen-
tration. The Arcton-12 calibration was nonlinear and that for
helium was linear for volume concentrations of less than 1 per
cent. Air was used as the reference gas in these calibrations.

To measure values of wall concentration, samples were in-
duced from the static-pressure holes through equal lengths of hy:
podermic tubing to a fluidics-type selector valve which permitted
any one of 10 sample lines to be switched to the katharometer,
The flow was induced by a vacuum pump, and a choked orifice

THICK  LIP
Uyes V.

| |
05 10 15 20
yH/yC

Fig. 2 Effect of step height on film-cooling effectiveness: pofpe = 1; polc/pale = for

O, 2.0; for A, 1.0; for [, 0.7
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petween the pump and the katharometer insured that the flow was
gteady- This arrangement permitted measurements of mass
I(.Oncentration to a precision of =1 percent and with a response
t’ime of less than 2 sec.

Resulfs and Discussion

The measured values of impervious-wall effectiveness are
hown in Figs. 2 and 3. Figure 2 indicates the influence of the
.bnckwm-cbfacing step for three velocity ratios, for three down-
gtream distances, and for two values of t.he lip-thickness-to—slot—
height ratio. The measurem'ents shown in Fig. 2 were obtained
using & tracer of helium gas in the slot flow, and they conform,
therefore, t0 uniform density. It is clear that in the case of the
thin lip the decrease in effectiveness with step height is greatest
for the lower velocity ratios; the maximum decrease in effective-
ness corresponds to approximately 15 percent of unity for a step-
height-to-slot-height ratio of 2. For the case of the thick lip,
the highest velocity ratio resulted in the greatest decrease in
effectiveness close to the slot exit; this trend is reversed with
downstream distance and at x/yc of 56; the largest decrease in
elfectiveness was recorded with the lower velocity ratios.

Tigure 3 presents measurements corresponding to the thin lip
and for a density ratio of 2. These results were obtained by in-
jecting a mixture of Areton 12 and air through the slot exit and
they relate particulaily to gas-twrbine combustor practice
where similar density ratios are encountered. It is clear that the
influence of the step height is considerable; for example, a de-

crease in effectiveness of 50 percent was recorded at z/yc of 16
for the lowest blowing rate and for a step-height-to-slot-height
ratio of 2. The measurements with a density ratio of 2 were not
reported with the thick-lip geometry because it was anticipated
that the influence of the step height would be less in this case.

The measurements of Figs. 2 and 3 may be replotted against
downstream distance, and for the case of the thin lip and uniform
density they indicate that the separation region immediately
downstream of the step causes a maximum in the effectiveness
curve at the reattachment line. Upstream of the reattachment
line the effectiveness drvops to a minimum. In contrast, the
measurements obtained at a density ratio of 2 decrease mono-
tonically,
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Heat Transfer through a Rankine Vortex

M. GHIL' and A. SOLAN?

TuE object of this note is to present a closed-form solution for
the heat transfer through a Rankine vortex. It turns out that
for certain conditions, satisfied in many actual flow situations,
this solution gives a square-root dependence of the Nusselt num-
ber on the Peclet number, irrespective of the details of the tem-
perature boundary conditions. This result plays a role in the
heat transfer from the rear of bluff bodies.

Consider a Rankine vortex, composed of a core of radius r, ro-
tating in solid-body rotation with tangential velocity wr and a
potential-vortex outer flow with tangential velocity I'/(2wr).
Assume that at a radius 7 the temperature is prescribed, and it
is required to calculate the heat transfer through the rotating
vortex and to compare it with the heat transfer through a sta-
lionary fluid under the same boundary conditions. (The prob-
lem thus defined is an extension of the basic idea of Cole [1],3
who considered only the two limiting cases of 7y = 0 and 7 = r3.)
The typical situation we shall have to deal with is that in which
the heat enters through one half of the circumference and exits
through the other half. In this situation we may think of the
vortex as located between two regions of the flow field far away
r.l'Om each other, the one hot and the other cold. Due to the
linenrity of the problem it is possible to study each Fourier
tomponent of the temperature boundary condition separately,
and, as will be seen, an interesting general result can be obtained
tven without specifying the details of the boundary condition.

The equations governing the temperature field are:
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After separation of variables, for equation (1) we obtain by
standard manipulations the solution
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n=1
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petween the pump and the katharometer insured that the flow was
gteady- This arrangement permitted measurements of mass
Ioncentration to a precision of =1 percent and with a response
fime of less than 2 sec.

Resulfs and Discussion

The measured values of impervious-wall effectiveness are
hown in Figs. 2 and 3. Figure 2 indicates the influence of the
.bnckwm-cbfacing step for three velocity ratios, for three down-
gtream distances, and for two values of t.he lip-thickness-to—slot—
height ratio. The measurem'ents shown in Fig. 2 were obtained
using & tracer of helium gas in the slot flow, and they conform,
therefore, t0 uniform density. It is clear that in the case of the
thin lip the decrease in effectiveness with step height is greatest
for the lower velocity ratios; the maximum decrease in effective-
ness corresponds to approximately 15 percent of unity for a step-
height-to-slot-height ratio of 2. For the case of the thick lip,
the highest velocity ratio resulted in the greatest decrease in
effectiveness close to the slot exit; this trend is reversed with
downstream distance and at x/yc of 56; the largest decrease in
elfectiveness was recorded with the lower velocity ratios.

Tigure 3 presents measurements corresponding to the thin lip
and for a density ratio of 2. These results were obtained by in-
jecting a mixture of Areton 12 and air through the slot exit and
they relate particulaily to gas-twrbine combustor practice
where similar density ratios are encountered. It is clear that the
influence of the step height is considerable; for example, a de-

crease in effectiveness of 50 percent was recorded at z/yc of 16
for the lowest blowing rate and for a step-height-to-slot-height
ratio of 2. The measurements with a density ratio of 2 were not
reported with the thick-lip geometry because it was anticipated
that the influence of the step height would be less in this case.

The measurements of Figs. 2 and 3 may be replotted against
downstream distance, and for the case of the thin lip and uniform
density they indicate that the separation region immediately
downstream of the step causes a maximum in the effectiveness
curve at the reattachment line. Upstream of the reattachment
line the effectiveness drvops to a minimum. In contrast, the
measurements obtained at a density ratio of 2 decrease mono-
tonically,
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TuE object of this note is to present a closed-form solution for
the heat transfer through a Rankine vortex. It turns out that
for certain conditions, satisfied in many actual flow situations,
this solution gives a square-root dependence of the Nusselt num-
ber on the Peclet number, irrespective of the details of the tem-
perature boundary conditions. This result plays a role in the
heat transfer from the rear of bluff bodies.

Consider a Rankine vortex, composed of a core of radius r, ro-
tating in solid-body rotation with tangential velocity wr and a
potential-vortex outer flow with tangential velocity I'/(2wr).
Assume that at a radius 7 the temperature is prescribed, and it
is required to calculate the heat transfer through the rotating
vortex and to compare it with the heat transfer through a sta-
lionary fluid under the same boundary conditions. (The prob-
lem thus defined is an extension of the basic idea of Cole [1],3
who considered only the two limiting cases of 7y = 0 and 7 = r3.)
The typical situation we shall have to deal with is that in which
the heat enters through one half of the circumference and exits
through the other half. In this situation we may think of the
vortex as located between two regions of the flow field far away
r.l'Om each other, the one hot and the other cold. Due to the
linenrity of the problem it is possible to study each Fourier
tomponent of the temperature boundary condition separately,
and, as will be seen, an interesting general result can be obtained
tven without specifying the details of the boundary condition.

The equations governing the temperature field are:
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the principal value of tan—1 (A/n). Note that X is a Peclet num-
ber, based on an arbitrary radius » and its corresponding velocity
I'/(2wr) in the potential vortex, Pe = or/a = ['/2ra = A.
As it turns out to be more convenient to work with complex
quantities, to the physical real part of T'(rs, 6) in (3) an imaginary
part is now added, which, thanks to the linearity of equations
(1) and (2) in the temperature 7, may be discarded in due time.
The nth Fourier component of the complex boundary condition
is then

Tulrs, 0) = Aneino + 'L.Bne_—ing n=12... )

The constants in the solutions (6), (7) must then satisfy the
following system of six linear equations for each n:

anta* + b7172 TH = An
Cn7'2p' + dore “H = 4B,

Ean(’l:ShiIh) = quri* 4 bpry TH

(— Ly n(3"200) = card® + dur™#
n=12 ... (10)

d

€ T Jn(ia/ﬂibl) = (l;,,/.n'll"_l — bnMTI*#MI
dr

4

-1 -} —
dr Jn(7/ /2131) = (}nMrlM !

(_— l)nfn

- dn,a'rl —R-l

where A,, B, are real; a,, b, ¢u, dn, €, fx are complex; 7, = (wn/
a)'/%y; and
Ja(322) = beryx 4 het,x

(11)
Ja(i%) = (—1)M(bernz — ibetyz)

with ber,z, bei,x Kelvin functions of order n.  Writing the system
(10) in block matrix form, we invert it in two steps by partitioning
to yield

Uy =11 # (1 + L2 % /Aa-An

T A2

I
b e <1 o /Aa-An
1 Ig
il I
o= =t (ﬁ + 4>/Aa1.z'B,,
7 1
_ I n=12 .. (12)
dy = —nft (ﬁ - = /Aal.iB,L
™ 1
M 1
bn = - Iz'Aa.A"
K .
o A
; e
where
I = Jn('b‘s/z 1)
L : |
I, = -(;—T Jn(iﬂ/zx/wn/ar)Jr:rl _ ia/z(wn/a)l/ﬂjnl(i /le)
(13)

_k 4L
e Iy

- Aay = (7'2/7‘1)[‘ <E -+ —I}‘> + (7‘1/7‘2)'Ed <E - Q)
| 1 st I

Aa = (r/m)* (1 - %

With (12) we may finally get down to our purpose of calculat-
ing the heat transfer through the Rankine vortex. Obviously
the heat transfer will be obtained by integration of the radial

derivative of the temperature along the “circumference” r = 1.
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of the vortex between appropriate limits. For the tyDicay
situation in which the heat enters through half the cireumfereng,
and exits through the other half, the heat flux is

/2 DT
=k =
! f—r/Q or

Due to the linearity of the problem already mentioned, jt j
possible to study each Fourier component of the boundary cong;.
tion (3) separately. The heat transfer corresponding to the
nth cosine component

. 7‘zd0

(19)

r2

T(rs, 8) = C, cos nf (15)
is then the real part of
s(n
q =2k —(n—) w(n)(a@nre® — bara™#) (16)
where
0 n=2k
s(n) = 1 n=4k+1 (17
-1 n=4f -+ 3

(The heat flux corresponding to the sine components vanishes,)
By referring now the heat transfer (16) to the heat transmitteg
through the same volume of fluid at rest (A = 0) by conduction
alone, gy = 2ks(n)C,, we define a (complex) Nusselt number

u I

L m® 4 —= (1 = e
A d
" (nA) (_Jn(,i“/z @)
T
N n = = - I
u. (]/!Io n , " Jn(iﬂ/le) 2
I“T*”—FWT_‘*(IJ(-?‘*“)
— Ju(5"2a)
de
(18)
where 7« = r/r, is dimensionless. (This includes as a special

case Cole’s solution [1] for a potential vortex, 7« = O and n = |,
g/t = V1 + ih.) Though in general this appears to be a
rather complicated function of the Peclet number Pe = A (re-
call that u = ~/n? + {An) and the core radius 7+, the interesting
result is that for r+ < 0.5 and Peclet number Pe > 30n we have
|r*2”l < 0.01, and, by taking the real part of (18), we obtain the
very simple relation*

Nu, = Pe'/2/(2n)"/? (19)
The overall Nusselt number
Z (‘LL/?'L) F(ﬂ, T, Pe)'s(n)-On
Nu = 27 ~ (20)
> sm)Ca
n=1

where F(n, r«, Pe) denotes the second fraction on the right side
of (18), then reduces to

Nu = cPe' @
where the constant ¢ depends on the temperature boundary
condition. It may be seen that irrespective of the details of the
boundary condition and of the vortex core radius, the Nussel
number is proportional to the square root of the Peclet number
(i.e., the circulation/diffusivity ratio). Thus, although ther

1 As seen from equation (18), [r42#| — 0 insures Nu, — u/m, if the
ratio of the Bessel functions Ja/[(d/dx)(Jx)] appearing in it stay®
bounded for all values of the parameters involved. This is inde
so (although the functions themselves diverge for large values of the
arguments), as can easily be seen by using asymptotic expansions 0
the polar form of these functions (cf., e.g., Abramowitz and Stegu

(2.
Transactions of the ASME

Downloaded 26 Dec 2010 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



i normally be difficulties in ascertaining the temperature dis-
w.l-butioll (3) at some radius 7 by measurements or analysis, one
twt aafely ignore its details and rely on the general square-root
Inn)};ndence on Pe, equation (20), leaving the numerical coeffi-
(l.(;lnt which will have to express the averaging over all n’s, to
;;10 d’ebermined experimentally in any given flow and heat-
ransfer configuration. -Such square-root dependence can be
ﬂpplied: for instance, to correlate the heat transfer from the rear
of pluff obstacles [3].
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Unsteady Heat Transfer and Temperature for
Stokesian Flow ahout a Sphere®

R. G. Waits.2 Dr. Konopliv and Professor Sparrow are to be
complimented on their elegant treatment of a very timely prob-
lem. Analytical solutions of the problem of transient heat
transfer from a constant-temperature sphere to a fluid at a dif-
ferent temperature have now been presented for three important
limiting cases. Chao and Chen [2]® published a solution for the
special case of large Reynolds number and small Peclet number.
The present paper (first part) treats the case of small Reynolds
number and large Peclet number. Choudhury and Drake [11]
recently presented a solution for the case of Re < 1 and Pe < 1.
The corresponding steady-state solutions have been given re-
spectively by Watts [12], Acrivos and Goddard [9], and Acrivos
and Taylor [4]. Judging from the dates of publication, the
paper by Choudhury and Drake seems to have appeared while
the present paper was in press. I suspect the authors would like
to comment on its significance in relation to their own work.

I would like to discuss the relation between the results ob-
tained by the authors and those presented by Choudhury and
Drake, particularly as regards the range of validity of the
authors’ results and the approach to steady state.

The authors state that “During the conduction regime (0 <
v < 0.5), the Nusselt-number results are unaffected by the
thermal boundary-layer assumptions” and that “there is no
Peclet-number limitation for r < 0.5.” This is not true. When
the Peclet number is large the steady-state Nusselt number is
given approximately by Nu* ~ 0.922 + 0.991 Pe'/* as stated
by the authors and given in [9]. However, when Pe < 1, Nu* ~
2 + Pe/2 [4]. 1t is unlikely that the Nusselt number ever falls
below 2, corresponding to pure conduction. Fig. 7 is a repro-
duction of Fig. 3 with appropriate steady-state results for Pe < 1
sketched in. Clearly the authors’ solution cannot be valid when
7 < 0.5 for all Pe because for small Pe their solution curve falls
well below the steady-state values, except for very small values
of 7. The limitation of Pe is shown more clearly in Fig. 8 where
the authors’ results for low Pe are compared to those of Choud-
hury and Drake. The range of validity of the authors’ results
evidently depends strongly on the Peclet number. For example,
Fig. 8 indicates that when Pe = 0.5, their results are already far
too low when » = 0.05.

The reason for this is most probably because when the Peclet
number is small the thermal boundary layer thickens very
rapidly, making the boundary-layer assumption invalid even for

1 By N. Konopliv and E. M. Sparrow, published in the Aug. 1972
issue of the JoURNAL oF HrAT TRANSFER, TRANS. ASME, Series C,
Vol. 94, No. 3, pp. 266-272.

2 Associate Professor, Department of Mechanical Engineering,
Tulane University, New Orleans, La. Mem. ASME.

3 Numbers in brackets designate References in the paper under
discussion as well as Additional References at end of discussion.
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Steady-state values for low Pe

o

Fig. 8 Comparison of present resulis with those of Choudhury and
Drake [11] for low Pe

very small . The extent of the thermal boundary layer can be
estimated from Fig. 4. If 87/7 = 0.5 is taken to be an upp&
limit for the assumption of a thin thermal boundary layer, and
if Pe = 0.5, then (3r/m) (3/s Pe)"/* = 0.361. Assuming

outer edge of the thermal boundary layer to be located wher
(Ty* — Ty) / (Ti — Tw) = 0.25, we find that 87/r = 0.5 whes
7220.05. The thermal-layer thickness is already quite large.

Avthors’ Closure )
The authors are grateful to Professor Watts for his interest!t
the article and for his kind remarks.
Equation (30) can be rewritten in a form which shows the &
plicit dependence of Nu* on Pe
19

2
Nu* = et + BovE Pe Fo + O(Fo''/?)

where Fo is the Fourier number. During the conduction regit¥
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deﬁnCd to be 0 < 7 < 0.5), the Fourier number does not exceed
0_5/(3Pe/4)2/“. Consequently,. the fractional deviation of Nau*
from ¢hat of transient conduction does not exceed 19/(180-2%/2)
. 3.74 percent. We thus take issue with the challenge of Pro-
fessor Watts that our statement that “there is no Peclet-number
[jmitation for 7 < 0.5 is not true. It is true, keeping in mind
{hat our study applies to large values of the Peclet number and
u such should not necessarily be applicable to low values of the
peclet number.

The solution of Choudhury and Drake [11], when expressed in
o form similar to the foregoing, is

Nu* = 2 + 2+ 9 Pe?Fo’/2 + O(Fo?)
vnFo 1604/

i we utilize the conduetion-regime criterion for this case to be
{hat of the previous, then the fractional deviations of Nu* from
that of pure conduction are also small. Clearly then, the
Nusselt numbers within this regime differ uniformly by two, and
Fig. 8 of Professor Watts shows this to be the case. However,
in view of the implicit dependence of the abscissa on Pe, this
figure shows an explicit dependence on Pe, whereas for all prac-
ieal purposes Nu* depends only on Fo (r < 0.5): Nu* = 2/+/7Fo
+2for Pe < 1and Nu* = 2/+/wFo for Pe > 1.

[n order to explain the aforementioned discrepancy, it is neces-
sqry to examine the nature of the physical processes involved
and to explain the asymptotic solutions uded in each of the limit-
ing cases.

The Pe < 1 case, being conduction-dominated, exhibits nearly
pherical isotherms around a sphere for the entire duration of the
heat transfer, whereas for the Pe >> 1 case this holds only during
the initial stage, and with passage of time the isotherms are
nearried away’’ from the sphere into the fluid in the divection of
the luid flow, exhibiting the maximum extent at steady state at
the rear stagnation point.

The solution of Choudhury and Drake is derived in essence via,
the perturbation around the spherical isotherms and is applicable
to all spherical coordinates, but our solution is not—it excludes
the region in the proximity of the rear stagnation point where the
thermal boundary layer as such may not exist. Infact, at ¢ = ,
0* = 0is the only admissible solution and consequently the local
Nusselt number at that location is zero. A more detailed con-
sideration (of steady-state heat transfer) by Shi and Newman [13]
shows that the local Nusselt number there is not zero, but is 1.192,
The contribution to the total surface heat transfer from this region
is small, so that the boundary-layer assumption is justified over
the entire surface of the sphere.

The authors were aware of the discrepancy of two due to
steady-state conduction, a discrepancy which apparently led to
the other comment of the discusser: that our statement is not
true that ‘“during the conduction regime (0 < 7 < 0.5), the
Nusselt-number results are unaffected by the thermal boundary-
layer assumptions.” The comment is well taken but here also
the statement applies only to the Pe > 1 case, so that the “pure
conduction solution” is 8* = erfc({/2+/7) and Nu* is indeed
2/+/7Fo.

Once again, the authors wish to express sincere thanks to Pro-
fessor Watts for a rather detailed review of the first part of our
paper.
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Appendix W
v
For the purposes of the present compilation, k, o, ¢, p, B*, and % ol < '/
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DIMENSIONLESS LOAD FACTOR, W*=W/62M
# 1/
A= B (g 2 Fig. 2 Variation of dimensionl ductance with di less logg
M \p for contacts in vacuo
Table 1 The contacts considered
Contact specification
invar invar aluminum  rough invar PTFE AlO, gold
to to to to to to to
invar mica invar smooth Invar invar invar quartz
Harmonic mean thermal conduc- .

tivity, & (Wm—tK-1) 15.00 1.12 28.00 15.00 0.88 16.60 13.20
Effective rms voughness, ot

(106 m) 0.52 0.52 0.68 9.12 0.51 1.10 0.94
Effective mean absolute surface

slope, ¢ (mm™1) 302.00 300.00 339.00 25.60 3240* 3320 1980
Harmonic mean peak radius of

curvature, g (1076 m) 34.87 69.82 34.41 0.99 13.70* 10.45 2.20
Effective mean elastic modulus, £*

(108 Nm™2) 745 840 515 745 14.5 945 458
Plasticity index, A 3.60 830.00 16.80 74.20 3.70% 10.30 14 .40
Nominal contact area (mm?) 163.00 166.00 168.00 169.00 168.00 162.00 125.00
Number of observations 47 30 86 98 59 139 96
Number used for correlations 11 7 18 22 13 17 17
Symbols on Figs. 1 and 2 X + | O v A A
Hardness of the softer contacting

material, M (102 Nm~2) 30.3 1.0 4.3 30.3 0.6 30.3 6.4

* Where values of y or  of either of the contacting materials could not be assessed, estimates were made.

T All surfaces were nominally flat, i.e., the waviness undulations

were of the order of the roughness.

Nongray Radiative Transport
in a Cylindrical Medium*

Z. Chiba? and R. Greif.2 In a study of the radiative transport in
a eylindrical medium, Habib and Greif noted that their gray gas
results differed from those obtained by Kesten [1].2 The reason
for this difference has been pointed out to us by Guy [2]. Equa-
tion (24) of Kesten is the correct result for the radiative flux,
but in going to equation (27) an error appears to have been
made. However, the numerical results of Kesten were appar-
ently based on the correct equation (24), while Habib and Greif
utilized the incorrect equation (27). Thus the numerical results

1 By I. 8. Habib and R. Greif, published in the February, 1970,
issue of the JourNaAL oF HEa® TraNSFER, TrANS., ASME, Series C,
Vol. 92, No. 1, pp. 28-32.

2 Department of Mechanical Engineering, University of Cali~
fornia, Berkeley, Calif.

5 Numbers in brackets designate Additional References at end of
discussion.
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presented by Kesten are correct and those by Habib and Greif
are incorrect.
The question of the validity of the approximation

1 Me—x/u du 5

sz —bx/4
(1 — pry K

Du(w) = @

0

was therefore reexamined. Results obtained using equation (I
were now found to be in very good agreement with the gray ¥
caleulations of Kesten (Chiba [3]). Expressions for the spoetrs
radiative flux using equation (1) have also been obtained and ate
available in [3].

Additional References )

1 Kesten, A. 8., “Radiant Heat Flux Distribution in a Cy ”“d":
cally Symmetric Nonisothermal Gas with Temljel'ature—Del)end°“1
Absorption Coefficient,” Jowrnal of Quantitative Speciroscoby o
Radiation Transfer, Vol. 8, Pergamon Press, 1968, pp. 419-434. -

2 Guy, A. G., Pilkington Research and Development Lubof,
tories, Lancashire, England, personal communication.

3 Chiba, Z., “‘The Study of Heat Transfer with Radi
in Turbulent Flow within Tubes,” PhD dissertation,
California, Berkeley, Calif., 1972.
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